Unit-1 Sequences of Real Numbers 


1. INTRODUCTION (SEQUENCES OF REAL NUMBERS) 


By a sequence, we mean an arrangement of numbers in a definite order according to some rule. 
We denote the terms of a sequence by a,, a, a, ..., etc., the subscript denotes the position of the term. 

In view of the above a sequence in the set X can be regarded as a mapping or a function f : N 
— X defined by 

ffn)=a,vneN 

Domain of f is a set of natural numbers or some subset of it denoting the position of term. If its 
range denoting the value of terms is a subset of R real numbers then it is called a real sequence. 

A sequence is either finite or infinite depending upon the number of terms in a sequence. 

We should not expect that its terms will be necessarily given by a specific formula. 

However, we expect a theoretical scheme or rule for generating the terms. 

Sequence following certain patterns are more often called progressions. In progressions, we 
note that each term except the first progresses in a definite manner. 

A sequence of real numbers is a function whose domain is a set of the form {(n «¢ Z| n =m} 
where m is usually 0 or 1. Thus, a sequence is a function f: N + IR. Thus a sequence can be denoted 


by f(m), f(m + 1), f(m + 2), ... Usually, we will denote such a sequence by {a}”,, OF {8,. Q.jy) Anse «be 
where a, = f(i). If m = 1, we may use the notation {a}... 


Definition : Every function defined from the set N of natural numbers to a non-empty set X is 
called a sequence. 
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2. REAL SEQUENCE 
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Every function defined from the set N of natural numbers to a non-empty subset X of the set of 
teal numbers R is called a real sequence. denoted by f: N — R. 


Thus the real sequence f is set of all ordered pairs {n, f(n)} | {n = 1, 2, 3, ...} i-e., set of all pairs 
(n, f(n)) with n a positive integer. 


iff: N — R is a sequence, then for each n € N, f(n) is a real number. It is conventional to write 
f(n) as f,. 

Notations: Since the domain of a sequence is always the same (the set of positive integers) a 
sequence may be written as {f(n)} instead of {n, f(n)}. 

1 
Example. The sequence {1, 1/2, 1/3, 1/4, 1/5, ...} is written as )7/ _. This sequence can be 
net 

thought of as an ordinary function f(n) = 1/n. 

Example. Consider the sequence given by a, = (-1)° for n > 0. The terms of the sequence look 
like, (1, -1, 1, -1, 1, -1, ...}. Note that the function has domain N but the range is {-1, 1}. 


an 
3 


Example. Consider the sequence a, = cos }. n é Q. The first terms in the sequence is 


1 
cos = cos 60° = 2 and the sequence looks like 


Note that the function takes on only a finite number of values, but the sequence has an infinite 
number of elements. 


Example. If a, = n‘, n < N, the sequence is 
1y2,3"7,4",... 


Example. Consider the sequence b, = (1-3) ne N. This is the sequence 


3y (ay 75% 

(3) (3) G}~ 

Representation of A Sequence 
The real numbers x,, X,, 


the first term, x, the second term, 
os Xyoe) OF KY Or {x}. 


are called the terms or elements of the sequence. x, is called 
x, the nth term of the sequence {x,). It is denoted by (x,, XX 


< 
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Example. 


Preere) 
(1+(-")=(0, 2 0, 2... 


(m’)=(1 4, 9, 16,...). 


(0) =(-4.4-1,1,..). 

A sequence (a,) may be defined by a recursion formula : 
aes =,f2a,, a,=1. 
a, = 2a, =V21=2 
a, = /2a, = v2.2 


Here the terms of the sequence are 1, V2.4 22... 
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3. RANGE OF A SEQUENCE 
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The set of all the distinct elements of a sequence is called the range set of the given sequence. 
Example. 
The range sets of the sequences given in Example are respectively 


11 
(0) h 33° a (i) 0, 2} 
(i) 1,4, 9, 3 (iv) 41, 1} 


) — Av2,a2N2,..3 
Note : The range set of a sequence may be finite or infinite but the sequence has always an 
infinite number of elements. 
Particular Sequences 
(a) Constant Sequence : If the n term of the sequence is constant i.e. a, = c < R, Vn, 
then the sequence obtained (c, c, c, ...) is known as constant sequence. 
Example.: (5,5, 5,5,...  ) = (5) 
(0,0, 0,0,... ) = <0) 
(b) Identity Sequence : If the n® term of the sequence is a, = n, then the obtained sequence 
is called Identity sequence. 
Example.: 1, 2, 3,.......) 
Equal Sequence 


Two sequences <a,> and <b,> are equal, if their n® terms are equal. 
ie. a,=b,,vneN 
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4. BOUNDED AND MONOTONE SEQUENCES 
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Bounded Sequence 
Bounded above : A sequence (a,) is said to be bound above, if 3 a real number K s.t. 
a,<K vneN. K is called an upper bound of the sequence (a). 


nont+1 


Figure. Bounded above sequence 
Bounded beiow : A sequence (a,) is said to be bounded below, if 3 a real number k s.t. 
k<a,vneN. kis called a lower bound of the sequence (a,). 


Bounded : A sequence (a,) is said to be bounded, if it is both bounded above and bounded 
below. 


Equivalently, (a,) is bounded, if there exist two real numbers k and K such that k < a, < K V 


neN. 
Kt 


og.123... nnt+i 


Figure. Bounded sequence 
Examples 


Wit \, 1 
1. Vs is bounded, as0< 7 <1 V¥neN. 


2. (1 + (-1)) = (0, 2, 0, 2, ...) is bounded, 

Supremum and Inflmum of a Sequence 

The minimum value of the upper bounds of sequence is known as Supremum or least upper 
bound (lub) of a sequence. 

The greatest of the lower bounds of a sequence is known as the Infimum or greates! lower bound 
(glib) of a sequence. 


Examples 
1. The sequence {n?} is bounded below: n? > 0 Vn < N but not bounded above; 
2. The sequence {—n} is bounded above: -n < 0 Vn < N but not bounded below; 


3. The sequence {(-1)" + 1} is bounded : |(-1/ + 1]<2V¥neN. 
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Infinitely large sequences represent an important subset of unbounded sequences. 

Definition : A sequence {a,} is called infinitely large if VK e R 3 n, € N such that 
lal>Kv nan. 

As an example, we show that the sequence {(—1)" n?} is infinitely large. 

Indeed, for any number K, we can find n, such that |(-1)" n’] > K vn 2 n,. 


To this end, we solve the inequality n? > K, and n > YK.t 
Let n, = [YK] + 1, where [c] is the integer part of c. 
Then for n > n, we obtain. 

non, >¥K => noK > (ar n’[>K. 


From above Definition it follows that any infinitely large sequence is unbounded. However, the 
converse is not true: there exist unbounded sequences that are not infinitely large. 


For example, such is the sequence {(1 — (—1)")n}. 
Definition. A sequence {a,} is called infinitely small if 


lim a, =0, 
ie 

that is for any « > 0 there exists n, such that 
ja,|<e Vn2n,. 


For example, the sequence {q"} for {ql < 1 is infinitely small. Indeed, for any < > 0 let us find n, 
such that |q"| < « V n 2 n. To this end, we solve the inequality |q"| < «, assuming that 0< «<1 (for 
© 2 1, this inequality is clearly true for any n < N): 


nin(ig))<Ine => ae Ze, ns Bale 


where Ine < 0, and In |ql < 0, since « < 1, and |q| < 1. Thus, for n > n, we have 


nen, > 775 cine > |q<e 


nal 


The fact that {a,} is not infinitely small means the following there exists ¢, > 0 such that for any 


ne N there exists k, > n with la | > ey. 


Unbounded Sequence 

Sequence which is either unbounded above or below is called an unbounded sequence. 
Monotone Sequences 

Monotonically Increasing : A sequence (a,) = (a), a,, a, ..., a, ...) is said to be monotonically 
increasing, ifa,.,2a,vneN. 

Monotonicaily Decreasing : A sequence (a,) = (a, @,, ay ..., a, ...) iS said to be monotonically 
decreasing, if a,,,<a,VneN. 

Monotonic : A sequence (a,) is said to be monotonic (or monotone) if it is either monotonically 
increasing or monotonically decreasing. 


Strictly monotonic sequence : either strictly increasing or strictly decreasing. 
In particular, monotonically increasing is the same as increasing, strictly monotonically increasing 
the same as strictly increasing. 
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Examples 
1. The sequence (2°) = (2, 4, 8, 16, ...) is monotonically increasing. 


Since a,=2<a,=4<a,=8<..... 


2. The sequence a =(1 A a. Ha is monotonically decreasing. 
n 234 


; 1 1 
Since a "3 


1 11 1 
3. The sequence {al =4, a9’ 16° 25°" is a bounded monotone decreasing sequence. 
t 


Its upper bound is greater than or equal to 1, and the lower bound is any non-positive 
number. The least upper bound is number one, and the greatest lower bound is zero, that 
is, 


a 
O0<s<s1 
n 
for each natural number n. 


4. The sequence (25) me) 2 3 s 5 .. is a bounded monotone increasing sequence. 
+ 


The least upper bound is number one, and the greatest lower bound is 1/2, that is, 


for each natural number n. 


5. The sequence ‘a =a ... iS an unbounded sequence, because it does not 


have a finite upper bound. 
6. Monotone increasing sequences : 
{n} = 1, 2, 3, ... 
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Eventual nature of a sequence 


Definition. A sequence {a,} of real numbers is called non-decreasing if a, < a,,, for all n, and 


it is called non-increasing if a, 2 a,,, for all n. It is called strictly increasing if a, < a,,, for all n, and strictly 
decreasing if a, > a,,, for all n. 


net 

A sequence {a,} of real numbers is called eventually non-decreasing if there exists a natural 
number N such that a, < a,,, for all n 2 N, and it is called eventually non-increasing if there exists a 
natural number N such that a, > a,,, for all n 2 N. We make analogous definitions of “eventually strictly 
increasing” and “eventually strictly decreasing.” 


net 
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Let {a,} be any sequence and a < B we say a is limit point of {a,} if every neighbourhood of a 
contains infinite members of the sequence {a,}. 
ie. for any 5 >0 
a, € (a — 3, a + 8) for infinite values of n. 
Ex. = (i). a, = (17 
a=-1 
for any 5 > 0 
a,¢ (-1-8,-1+8) Vn=2k-1,k=4,2,.. 
-. 1 is a limit point. 
pat. 
for any 5 > 0 
ae (1-8, 148) Vn= 2k, k= 1, 2,.. 
“. 1 is a limit point. 
{a,} has two limit points {-1, 1}. 


= 2; n=1or prime. 

(i). Zi i pin and p is the least prime doing so. 
‘oom 2 
for any 8 > 0 


a, ¢ (2-5, 2+ 8) Vn=1 or prime 
2 is a limit point. 
Let p be any prime. 
for any 5 > 0 
ave (p-8,p+d Vn=pik=1,2,.. 
Pp is the limit point of a,. 
Hence, every prime no. is a limit point of {a}. 
As set of prime no. are infinite 
{a,} has infinite no. of limit points. 
Theorem : Every limit point of the range set of a sequence is limit point of a sequence. 
Solution : Let S be range set of sequence {a}. 
ie. S = range of {a,} 
letae S’ 
fore > 0 
(a - &, a + &) M S\{a} has infinite no. of points 
Letq « (a-¢, a+) Sa} 
= qe(a-cate)andgeS 
As qeS 
=) q = a, for some k « N 
Soa ¢ (a-— «6, a +) 
Hence, (a - ¢, @ + £) contains infinite no. of terms of sequence 
a is limit point of sequence {a} Proved 
Remark : Areal no. is a limit point of sequence <> it appears in the sequence infinite many times 
or it is the limit point of the range set. 
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Theorem : Every bounded sequence has a limit point. 
Proof : Let (a,) be a bounded sequence. 
Let S = {a : n © N} be its range. 
Since the sequence is bounded, therefore, its range S is also bounded. 
Case I. Let S be a finite set. 
Then there must exist at least one element a < S such that 
a, = @ for an infinite number of values of n. 


For any e > 0, the nbd. (a - ¢, a + & ) of a, contains a, = a, for an infinite number of values 
of n. Therefore, a is a limit point of (a). 


Case Il. Let S be an infinite set. 


The range S being an infinite bounded set has a limit point, say p, So each nbd (p — «, p + &) 
of p contains an infinite number of elements of S 


ie, a, € (p—«, p + ¢) for an infinite number of values of n. 
Hence p is a limit point of (a,). 
Remark 


An unbounded sequence may or may not have a limit point. 
Counter example, Since a, = n is an unbounded sequence with no limit point and a,= 1, if n is 
even; a,= n, if n is odd is an unbounded sequence with a limit point 1. 
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Definition 


A sequence < a, > is said to have a limit ‘l' if for sufficiently large values of n, | a,— 1 | can be 
made as small as we please. 


I js the limit of a sequence, if for givene > O3n, e Nstt. 
la,-li<e, vnan 
or lima, =1 
Some Important Limits 


4: Lim(1+-2) =e 
mnl A 
1 


1 
3. lim —7= 0, when p> OandpeR 


4 Lim r= 0,when|r]<1andreR 
5 Lim r= 1, whenr>Oandre R 

1 F 
Example : Let a, = n and let us show that lim a, = 


1 
Solution : Given an « > 0, let us choose a N such that nite 


Now, if n > N, then we have 


yo1 1 
b--[]-2 eh ce 


which is exactly what we needed to show to conclude that lim a= 0. 

Example : Let a, = (2n + 1)/(1 - 3n), and let L = —2/3. Let us show that L = lim a,. 

Solution : Indeed, if « > 0 is given, we must find a N, such that if n > N then la, + (2/3)| < «. 
Let us examine the quantity |a, + 2/3]. Maybe we can make some estimates on it, in such a way that 
it becomes clear how to find the natural number N. 


2n+1 2 
la, + (2/3) = |7=3_ * 3] 


6n+3+2-6n 
3-9n 
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for all n > 1. Therefore, if N is an integer for which N > 1/e, then 
la, + 2/3] < In < 1/N < «, 
whenever n 2 N, as desired. 


Example: Let a, = 11h, and let us show that lim a, = 0. 


Solution : Given an < > 0, we must find an integer N that satisfies the requirements of the 
definition. It's a little trickier this time to choose this N. Consider the positive number <?. We know, that 
there exists a natural number N such that 1/N < e2. Now, if n 2.N, then 


p= n | T e o 
fa l= eee 6 


which shows that 0 = lim 1/vn. 

Theorem : Prove that a bounded sequence with a unique limit point is convergent. 

Proof : Let | be the unique limit point of a bounded sequence (a,). Then for any « > 0. 
a, € (l- ¢, 1 + &) for infinitely many values of n. 

We show that there exists only finitely many values of n, say m,, M,, ..., m, such that 8, 8m, 

1 +14 @,, dO not belong to (I — ¢, | + e) reason being the infinitely many terms of the given sequence 

not belonging to (I - c, | + e) will have a limit point other then I (by Bolzano-Weierstrass Theorem), 

which is a contradiction. 


Let m-1=max {m,,m,,..., mJ. It follows that 
ae (l-el+e) forall nem 
ie. la,-U<e forall n>m. 


Hence (a,) is convergent to L 


‘“ 
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8. LIMIT SUPERIOR AND LIMIT INFERIOR OF SEQUENCE 


Let {a} be a bounded sequence then the sequence has the least and the greatest limit point. 


The least limit point of {a,} is called limit infinite of {a,} and is denoted by Lt inf a,. 
The greatest limit point {a,} is called limit superior of {a} and is denoted by Lt sup a,. 
Note : 1. If {a} is unbounded above the Lt supa, = « 


If {a,} is unbounded below then Lt inf a, = —, 
2. Since the the greatest limit point of sequence {a,} > the least limit point of sequence {a,} 
Lt supa, > Lt inf a,. 
Ex. (i) a, = (1). 
Set of limit point = {-1, 1} 


A sup a, =1 and At inf a, =-1. 


@ a-2 


n 
Set of limit point = {0} 
& Lt sup a, =0= Lt inf a,. 
ne nox 
Gil) a, = Cty 
As sequence is neither bounded above nor bounded below. 
Lt supa,=+ and Lt inf a,=-» 
Note : 


(i) If sequence is bounded below then Lt inf a,= infimum of set of limit point of sequence a,. 
(ii) If sequence is bounded above then Lt sup a, = supremum of set of limit point of sequence a,. 
(ili) If sequence is bounded then Lt sup a,= supremum of set of limit point of sequence a,. 


Lt inf a, = infimum of set of limit points of sequence a. 


Classification of Sequence 
1 A sequence is said to be convergent <> 


Lt sup a, = Lt inf a, (finitely) 
2 A sequence is said to be divergent 
Lt sup a, = Lt inf a, (infinitely) 


3. A sequence is said to be oscillatory = 


Lt sup a, Lt inf a,. 
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Important 
A sequence of purely irrational number can converge to a rational number 
And, a sequence of purely rational number can converge to a irrational number. 
Let ae Qe 
for any ne N 


re(a-Lort}raia 
non 


1 
then Ix,-al< 4 (1) 


Any By Archimedean property ; for any « > 0 
am é N such that 


tee vnzm (2) 


From (1) & (2); 


1 
k,-al< 7 <evnem 
ie. k,-al<evnem 


xX, #O 


Lt x, * forneN 


oo x, <Q 


Hence, sequence of purely rational number can converge to irrational number. 
Similarly, we can prove the other statement. 
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9. CONVERGENT AND DIVERGENT SEQUENCE 
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Convergent Sequence 

Definition : A sequence of real numbers is said to converge to a real number L if for every 
e > 0 there is an integer N > 0 such that if k > N then ja, - L| < ¢. The number L is called the limit 
of the sequence. 


If {a,} converges to L we will write {im a, = L or simply a, - L. If a sequence does not converge, 


then we say that it elther diverge or oscillate. 


Note that the N in the definition depends on the ¢ that we were given. If you change the value 
of ¢ then you may have to “recalculate” N. 


a 


ore n & N. Now, if we look at the values that the sequence takes 


Consider the sequence a, = 


2 4 


Be 
22 


NI= 


xni2" 

0.5 

0.5 

0.375 

0.25 

0.15625 

0.09375 

0.0546875 

0.03125 

9 0.0175781 

10_| 0.00976562 

we might think that the terms are getting smaller and smaller so maybe the limit of this sequence 

would be 0. Let's take a look and compare how N would vary as « varies. Let's start with some simple 
small numbers and let ¢ be 0.1, 0.01, 0.001, and 0.0001, and 0.00001. 

For « = 0.1, we need to find an integer N so that 


OuYAKHRWN = 


0<0.1 


rae 


Look in the table of values here and we see that for N = 6 we have satisfied the above condition. 
Following this we get the following by using a calculator or a computer algebra system: 


N > 0 implies pe <1 
N > 5 implies 4 <01 
N > 9 implies law < 0.01 
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N > 14 implies OQ} < 0.001 


jae 


N > 18 implies < 0.0001 


N 
Pal 


N > 22 implies < 0.00001 


N 
peo 


A sequence is said to be convergent if its limit is finite. 


lim xed 
Definition : A sequence <a, > converges to any number I iff for given ¢ > 3N, €N (depending 
on «) 
la,-T]<e Vnj>n 
Divergent Sequence 
A sequence is said to be divergent if lim a, = + « or—2 


Definition : A sequence is said to be divergent if and only if for any k > 0 3 ano. n, st. 
a>kvVn>=n, 
For Example, 
(i). The sequence {a} = {n} = {1, 2, 3, 4, 5, 6, 7, ...} diverges since its limit is infinity (x ). 
(ii). The sequence {a,} = {n’} = {1, 4, 9, 16, 25, 36, 49, ...} diverges 
(ii), = V,= (1p: 
This sequence diverges whereas the sequence is bounded : 
-1<Vi<1 
(iv). | Another example would be x, = In n, since 


In n > » but Inn - In(n - 1) = in-S_ in 1=0. 


(v). The sequence {sin(nn/2)},., diverges because the sequence is 
{1, 0,-1, 0, 1, 0, ...), 
and hence it does not converge to any number. 
Oscillatory Sequence 
The sequence which is neither convergent nor divergent is said to be an oscillatory sequence. 
i.e., Sequences that tend to nowhere are always oscillating sequences. 
For ex. (i). (- 1)" + nowhere (ii). (- 2)" + nowhere 
We remark that an unbounded sequence that does not diverge to « or — x oscillates infinity. For 
example, the sequences 
{C1 nh, 1 4}, (C ny} 
are all unbounded and oscillate infinitely. 
Theorem : Every convergent sequence is bounded. 
Proof : Let us suppose that (a,) be a convergent sequence and 


wim a, =. 
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Let = 1. Then there exists a positive integer m such that 


laj-l]<1 vnem 
> l-t<a<l+1 Vnem. wo (1) 
Let K = max {a,, a, nw b+ 1h (2) 
k = min {a,, a, ..., a, L- 1}. (3) 


From (1), (2), (3), we get 
ksa<K Vn. 
Hence (a,,) is bounded. 
Converse of this theorem is not true, counter example a, = (-1)° 


Theorem : If lim a, = J, then [is the unique limit point of (a,) 
Proof : Since lim a, = I, there exists a positive integer i such that 


ja, -WJ<e/2 vn2i w(1) 


Since I’ is a limit point of {a,), there exists a positive integer j such that 


ae (T- ze vt ze ) for n > j (i.e., for infinitely many values of j). 


> la, - | < 2/2 for n > j. (2) 
Let N > max{ i, j } 

Since N > i, so by (1), lan - | <e/2 (3) 
And since N > j, so by (2), la, — 1] <e/2 (4) 


Now {I - U'} = Ia, — 0) - (a, - DI 

<la,—U'| + |a,- Il <cl2 + e/2 = e, by (3) and (4). 
Since ¢ is arbitrarily small and|!-|<e, soll-l|=Oie,l=0. 
Hence | is the unique limit point of <a,>. 


Converse of this theorem also doesn't hold, such as a,= 1, if n is even; a, =n, if n is odd is 
a sequence with a unique limit point 1 but it does not converge to 1. 


Theorem : A necessary and sufficient condition for the convergent of a monotonic sequence is 
that it is bounded, 

Proof : The condition is necessary(=>) 

Let (a,) be a monotonic and convergent sequence. 

We know that every convergent sequence is bounded. 

Hence (a,) is bounded. 

The condition is sufficient (<) 

Let (a,) be a monotonic and bounded sequence, 

Since (a,) is monotonic, we may suppose that (a,) is monotonically increasing. We shall prove 
that (a,) is convergent. 

Let S = {a, : n © N} be the range of (a). 

Then S is bounded above, since the sequence {a,) is bounded above By order completeness 
property, S has the least upper bound. 


Let p = Lub. S. We shall show that (a,) converges to p. Let « > 0 be any number. Since 
Pp — € < p, p —« Cannot be an upper bound of S and so there exists some a, ¢ S such that a, > p 
— 8 
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Since (a,) is monotonically increasing, therefore 
aza, ¥n2m 


or a2a,>p-e€ Vn2m or a>p-evn2m wi) 
Also p=supS >a <p<pte Vn. (ii) 
i p-e<a<pte Vn2m, using (1), (il) 

or la,-pl<e VY n2zm 


Hence (a,) converges to p. 

Theorem : (i) Every monotonically increasing sequence which is bounded above converge to its 
least upper bound. 

(ii) Every monotonically decreasing sequence which is bounded below converge to its greatest 
lower bound, 

Proof. (i) Let {a,} be monotonically increasing sequence which is bounded above. 

Let u be the least upper bound of sequence {a} 

Lette >0 

Since u-e<u 

u-— eis not an upper bound of {a} 
> 3 mes. thata,>u-e, 
Since a, is monotonically increasing 


a2a,>u-e vn2m 
— a>u-e vnzm (1) 
Also, u is least upper bound of {a} 

a,su vneN 
= asute Vn2m (2) 


From (1) & (2) 
u-e<a<cutevn2m 

> la,-ul<eVn2m 
atu. 

Similarly, we can prove (2). 


Ex. Find the value of a for which the sequence (a,) converges to 1 where a, = a, a,,, = 2 Jia +a) 
forn2=1 
Sol. (a) = (1,1, 1,... ), fa = 1. Hence a, > 1, ifa = 1. 
Ex. If the sequence (a), where a, witedny cL els +o. ol converges then what is the value 
n 3°3? ra cag 


of lim a? 


1041 
Sol. We have a, eTtg+o “tao 


1 
which is a geometric progression with common ratio 3 


ee 
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Ex. 


Sol. 


nt 
Now Jim 2, = 3— in (3) =F ps0 ae [- lim r = 0, if Pr |< 1). 


Hence (a,) is convergent and fim a, -3. 


The sequence (x,) is bounded and monotone where x, = V2 and x,.,= 2x, , then it converges 
to 2. 
Observe that x, > x,. Since xi,,-x2 = 2(x, — x,,), by induction (x,) is increasing. It can be 


observed again by induction that x, < 2. 


Given x, = J2, 
Kg = Y2Xq 
Let fim x, = 


(f - 2) =0 
#=0,2 
Since ¢>0 


> 
=> 
> e@-26=0 
> 
> 


€=2 
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10. THE ALGEBRA OF CONVERGENT SEQUENCES 


Theorem. If the sequence {a} converges to L and c « R, then the sequence {ca,} converges 


e., lim ca, =c lim a, 
noe pa 


Proof. Let's assume that c + 0, since the result is trivial if c = 0. 
Let « > 0. Since {a,} converges to L, we know that there is an n < N so that ifn > N. 


la, -Ul< 


| 


Thus, for n > N we then have that 


|ea, - cL] =|ella, -L]< 


kl 
which is what we needed to prove. 
Theorem. If the sequence {a,} converges to L and {b,} converges to M, then the sequence 
fa, +b} converges toL + M;ie., lim(a, +b) = lim a, + lim b. 
Proof. Let « > 0. We need to find an N ¢ R so that ifn > N 
Wa, +b) -(L + I< e. 
Since {a} and {b,} are convergent, for the given « there are integers N,, N, < N so that 


ifn > N, then fa,-Ll< > and if >N, then [b, - Ml < > 
Thus, if n > max{N,, N,} then 
I(a, +b) —(L + ML < la, -L1+ Ib, MI< S45 =e. 


Theorem. If the sequence {a,} converges to L and ha converges to M, then the sequence 


- b} converges to L - M; i.e., tim (a, -b,) = li 


The trick with the inequalities here is to look at the inequality 
la,b, — LM] = Jab, - a.M + aM — LM| 
< la,b, — a,MI + la.M — LMI 
= la|ib, — MJ + |Mila, — LI. 
So for large values of n, Ib, — M| and fa, — L| are small and |M| is constant. Now, by Theorem 
shows that |a,| is bounded, so that we will be able to show that |ab, — LM| is small. 
Proof. Let « > 0. Then there is a constant K > 0 such that la,| < K for all n. Since {b} is 
convergent, for the given « there is an integer N, € N so that 


ifn > N, then Ib, — MI < 5 


Also, since {a} is convergent there is an integer N, € N so that 


& 
ifn > N, then la, -L} < 2M +1) ° 


Thus if N = max{N,, N,} then ifn > N 
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€ & 


M hare 
ra lara < a" 


=e 
Lemma. (limits preserve inequalities) 
If the sequence {a,} converges to L and {b,} converges to M and if a, < b, for all n > m, then 


Proof. Consider the sequence {c} defined by c := b —a,. 


The Sum Rule for Limits grants that c, >M-Lasn—x. 


Furthermore, the assumption that a, = y, for all p<eN means that c,>0 for all nen. 
Applying the main result to the sequence {c,} leads to the conclusion that M-L20. 
That is, Ls M. 
OR 
Let if possible L>M. 
Since lim a, = L, therefore for « = (L-M)/2, there exists n, such that | a, — L | < (L-M)/2 for all 


ie.. L - (L-M)/2 < a, < L + (L-M)/2 for alln2n, 

ie. (L+M)/2 < a, < (3L-M)/2 for all n =n, 

Similarly, for b,, there exists n, such that | b, — M | < (L-M)/2 for all n 2 n, 

ie. M - (L-M)/2 < b, < M + (L-M)/2 for all n > n, 

ie. (-L+3M)/2 < b, < (L+M)/2 for all n 2 n, 

Let N = max (n,, n.) 

Then, for all n 2 N, b, < (L+M)/2 < a, 

Let M = max (N, m) 

For all n > M, b, < a,, a contradiction 

Hence L < M. 

Lemma. If the sequence {a,} converges to L, if a, 4 0 for all n < N, and if L + 0, then gibf{la,| In 
e N} > 0. 


1 
Proof. Let « = gill > 0. Since {a} converges to L, there is an N < N so that if n > N then 


fa, - LI < (Ly2. 
Now ifn > N we must have that |a,| > ILI/2. If not then the triangle inequality would imply 
Li oik 
Ill = IL-a, +a} <IL-al + lal< ot IL. 
Now we set 


{Ll 
min. {a|.[a,| 


Then clearly m > 0 and |a,| 2 m for alln < N. 


Theorem. if the sequence {a} converges to L, if a, + 0 for all n < N, and if L + 0, then the 


sequence {1/a,} converges to 1/L; i.e., fim Va, = Vi lim a, 


Proof. Let c> 0. By Lemma there is a n, m > 0 such that |a,| > m for all n. Since {a} is 
convergent there is an integer N < N so that if n > N IL — aj] < e-mlLI. 
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Then forn > N 


Proof. We use two of the previous theorem to prove this. By Theorem {1/b,} converges to 1/M, so 
tim 22 = tim a, aig ik, 
me be” B, MM 


Theorem : Let {a} be a sequence converging to a then the sequence {la,|} converges to al : 

Proof : This one, we break into three cases. 

If a > 0, then (applying the definition of lim, a, = a with c = a) there exists M, so that a, > 0 
for n > M,. In this case, we have |a,| = a, for n > M, and lal = a, and so |a,| — [all = Ja, - al. Since there 
is M, so that Ja, — al << for n > M,, we have that |la,| — [all < ¢ for n > M = max(M,, M,), and so lim, 
la,| = lal. 

If a < 0, then (applying the definition of lim, ,. a, = a with © = [al) there exists M, so that a, < 0 
for n > M,. In this case, we have |a,| = - a, for n > M, and [al = - a, and so |Ja! - Jal] = -a, + al = |a, 
— al. Since there is M, so that la, — al <« forn > M,, we have that |la,| — lajl < forn >M= max(M,, 
M,), and so lim, ,, la,] = lal. 

If a = 0, then the definition of lim, a, = a becomes : for every ¢ > 0, there exists M so that la, 
— 0| = |a,| < for n > M. Since |la,|I = |a,|, we have that the definition of lim, = 0 is satisfied without 
any further work. 


OR 
Let e > 0 be given. Since lim a, = a, therefore there exists n, such that |a, — al < ¢ for all n > 
n,. Hence, | Ja, - lal | < la, - al <e for all n 2 n,. Thus, lim la, = lal 
Note : Converse of the theorem holds only for a = 0. Thus, lim a, = 0 iff lim Ja,| = 0. Converse 
does not hold in general. For example, if a= (-1)", then lim la] = 1 but a, does not even converge. 


Example. Let p > 0 then lim 4. 0. 


1p 
1 1 1 
Let « >0 and let N = (3) . Then n > N implies that n? > @ and hence « > ar Since 


> 0, this shows that n > N implies 


Example. Let |al < 1, then lim a" = 0. 


Suppose a = 0, because lim a" = 0 is clear for a = 0. Since lal < 1, we can write 


=—— where b > 0. By the binomial theorem 
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gl 
(1+b)" nb" 


so a" — 9 


1 
Now consider ¢ > 0 and let N “oo 


1 1 
Then if n > N, we have n >—— and hence la" - 0| <— <e. 
eb nb 


Example. lim (n'")=1. 


Let a, = (n'") — 1 and note that a, > 0 for all n. 

By Theorem it is sufficient for us to show that lim,,. a, 
Since 1 + a, = n'", we have n = (1 + a)". 

For n 2 2 the binomial theorem gives us 


1 1 
n=(1+ajrp>14+na+ ann - 1a? > nn - 1)a?. 


1 2 
—nin= ta2, Bue * . 
Thus, n> zn 1)a,?, so a? < aot 


Thus, we have shown that a, < for n 2 2. 


Thus, lim a, = 0. 
Example. lim (a'*) = 1 for a > 0. 


Suppose a 2 1 then for n > a we have 1 < a'= <n". Since lim n'" = 1, it easily follows that 


Vie 
lim a'" = 1, Suppose that 0 < a< 1. Then i > 1, so that im(2) 1. 


1" 
Thus, im(2) =1 
a 


lima 
lim av" = 1 
Recall : For a sequence {a,} we write lim a, = + provided for each M > 0 there is a number 
N such that n > N implies that a, > M. 
In this case we will say that {a} diverges to +0. 
We can make a similar definition for lim a, = —». 
Of course, we cannot use the previous theorem when dealing with infinite limits. 
Theorem. Let {a,} and {b,} be sequence such that lim a, = + and lim b, > 0. Then lim a,b, = 


Proof. Let M > 0. Choose a real number m so that 0 < m < lim b,, Whether lim b, = +2 or not, 
there exists N, so that ifn > N, then b, > m. Since lim a, = +o there is an N, so that if n > N, then 


M 
a, 
m 
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Setting N = max{N,, N,} means that forn > N, a,b, > nme M. 

Theorem. For a sequence {a} of positive real numbers lim a, = +0 if and only if lim Je 0. 


hn 


Proof. Let {a} be a sequence of positive numbers. We need to show 


If lim a, = +2 then lim 0 wo (1) 


and if tim —- = 0 then tim a, = +0. .-.(2) 


To prove (1) we will suppose that lim a, = +x. Let ¢ > 0 and let M = 1/e. Since {a} diverges 
to +x, there is an N so that if n > N then a, > M = 1/e. Therefore, if N > n then ¢ —~ 1/a, > 0, so 


1 


if n>N then 


Thus, this proves lim 1/a, = 0. 
To prove (2) suppose that lim 1/a, = 0 and let M > 0. Let e= 1/M. Then since ¢ > 0 there is an 


N so that if n > N then . Since a, > 0 we then know that 


if n>N then Getedt 
M 


and hence 
ifn > N then a, > M. 
This means that lim a, = +: and 2 holds. 
Theorem. All bounded monotone sequences converge. 
Proof. Let {a,} be a bounded monotonically increasing sequence and let S = {a, ; n < N}. Since 


the sequence is bounded, a, < M for some real number M and for all n < N. This means that the set 
S is bounded, and thus it has a least upper bound. 

Let u = lub S and < > 0. Since u = lub S and « > 0, u—« is not an upper bound for S. This means 
that there must be some N so that a, > u — «. Since {a,} is monotonically increasing we have that for 
alln > N a, >a, and hence for all n > N it follows that u— < a, <u. Thus, la, — ul <¢ for all n > N. 
Thus, lim a, = u = lub S. 

The proof for bounded monotonically decreasing sequences is the same with the greatest lower 
bound playing the role of the least upper bound. 


Theorem. Let {a,} be a sequence of real numbers. 
() If {a} is an unbounded monotonically increasing sequence, then lim a, = +. 
(ii) If {a} is an unbounded monotonically decreasing sequence, then lim a, = —». 


Let {a} be a bounded sequence of real numbers. While it may converge or may not converge, 
the limiting behavior of {a,} depends only on the “tails” of the sequence, or sets of the form {a, | n > N}. 
This leads us to a concept that if a given sequence converges or diverges. 
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Let u, = gib{a, | n > N} = inffa, | n > N} and let v, = lub {a, | n > N} = sup{a, | n > N}. We have 
seen that if lim a, exists, then it must lie in the interval fu, vl: As N increases, the sets {a, | n > N} 
get smaller, so we have 
u <u, <u,<.. andv,2v,2V,2... 


By the above theorem the limits u = lim,,, u, and v = lim, v, both exist and u < v since u, 
< V, for all N. If the limit exists, then u, < lim a, < v,, exists or not. 

Theorem. A monotonic sequence of real numbers {x} converges if and only if it is bounded. 

Proof : We already know that a convergent sequence is bounded. Hence we just need to show 
that a monotone and bounded sequence of real numbers is convergent. 

Suppose {x,} is a bounded increasing sequence. 

Let S denote the non-empty bounded set {x,:n € N}. 

By the completeness axiom S has a least upper bound, and we let x = sup S. 

We claim that lim x, = x. Given any ¢ > 0, x — ¢ is not an upper bound for S. 

Thus there exists an integer N such that x, > x — «. 

Furthermore, since {x} is increasing and x is an upper bound for S we have 


X-E<X, SX, SX<oKtE 
or equivalently 
kk, -— x] <¢ 
for all n 2 N. Hence lim x, = n. 
In the case when the sequence is decreasing, let x = inf S and proceed in a similar manner. 
Lemma (On nested Intervals). Let the sequence of the intervals {{a,, b,]} be such that [a,,,, b,,,] 


c la, b] vn € N (such intervals are called nested), and their lengths converge to zero, i.e., tim {b, - 
a.) = 0. Then there exists a unique point & that belongs to every interval, i.e., & € la, b] vn ¢ N, and 
é= lim a, = sup{a,} = fim b, = inf{b,}. 
Proof. The sequence {a} and {b,} are monotonic and bounded: 


asasa,sb,,sb,<b, vn eo N. 
By Theorem, they are convergent, and 


lim a, = sup{a,} = a, lim b, =inf{b,} =b. 


However, lim (b, — a) = 0 implies that a = 


6 and clearly 


ajsa=G=b<b wneN. 
Next we show that there is no point other than é that belongs to all the intervals [a,, bj]. Assume 
the opposite: 3n < [a,b] vn and n # & Then by Theorem 


b,-a,2|§-n]>0 vn = lim (b, a, 


—n[>0. 


This contradiction completes the proof of the lemma. 
Example : Determine if the following sequences are monotonic and/or bounded. 


®t, 
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27° 

a oe 
) ie Joes 
Solution. 

=n2l” 
(@) {Wh 
This sequence is a decreasing sequence (and hence monotonic) because, 

—n > (n+ 1P 

for every n. 
Also, since the sequence terms will be either zero or negative this sequence is bounded above. 


We can use any positive number or zero as the bound, M, however, it's standard to choose the smallest 
possible bound if we can and it's a nice number. So, we'll choose M = 0 since, 


-nr<0 for every n 


This sequence is not bounded below however since we can always get below any potential bound 
by taking n large enough. Therefore, while the sequence is bounded above it is not bounded below. 


we can also note that this sequence diverges (to —<). 


wo) {(-"}., 


The sequence terms in this sequence alternate between 1 and -1 and so the sequence is neither 
an increasing sequence or a decreasing sequence. Since the sequence is neither an increasing nor 
decreasing sequence it is not a monotonic sequence. It is an oscillatory sequence. 


The sequence is bounded however since it is bounded above by 1 and bounded below by —1. 
Again, we can note that this sequence is not divergent, it is oscillatory. 

2)" 
(c) (2 Lg 


This sequence is a decreasing sequence (and hence monotonic) since, 


ees 
n” (n+)? 
The terms in this sequence are all positive and so it is bounded below by zero. Also, since the 


sequence is a decreasing sequence the first sequence term will be the largest and so we can see that 
the sequence will also be bounded above by 2/25. Therefore, this sequence is bounded. 


We can also take a quick limit and note that this sequence converges and its limit is zero. 
Example. Determine if the following sequences are monotonic and/or bounded. 


@ fh, 


n? Z 
() la oe 


n=0 


Solution. 


fash, 
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We'll start with the bounded part of this example first and then come back and deal with the 
increasing/decreasing. 

First, n is positive and so the sequence terms are all positive. The sequence is therefore bounded 
below by zero. Likewise each sequence term is the quotient of a number divided by a larger number and 
so is guaranteed to be less than one. The sequence is then bounded above by one. So, this sequence 
is bounded. 


Now let’s think about the monotonic question. First, we will often make the mistake of assuming 
that because the denominator is larger the quotient must be decreasing. This will not always be the case 
and in this case we would be wrong. This sequence is increasing. 


To determine the increasing/decreasing nature of this sequence we will need to calculate 
I technique. First consider the following function and its derivative. 
1 
x f’(x) =——_; 
f(x) =—— (x) 
Or (x+y 


We can see that the first derivative is always positive and so from calculation we know that the 
function must then be an increasing function. Notice that, 


+1 0° 


Therefore because n < n + 1 and f(n) is increasing we can also say that, 


A =i(n)<f(n+t)= 


n+ 
n+t+1 


Aya = 8, <A 


In other words, the sequence must be increasing. 

Note that now that we know the sequence is an increasing sequence we can get a better lower 
bound for the sequence. Since the sequence is increasing the first term in the sequence must be the 
smallest term and so since we are starting at n = 1 we could also use a lower bound of % for this 
sequence. It is important to remember that any number that is always less than or equal to all the 
sequence terms can be a lower bound. 


i 5 
() { né+ Toa 


This is a messy looking 


Now, let's move on to the increasing/decreasing part. As with the problem, many of us will look 
at the exponents in the numerator and denominator and determine based on that sequence terms must 
decrease. 


This however, isn't a decreasing sequence. Let's take a look at the first few terms to see this. 


a, = '_ = 0.00009999 a, =—_ = 0.0007987 
70001 7252 
27 4 
=—27_ 0.005678 = x0.006240 
® = 70081 ey i 
a, = = 0.011756 a, = 22. ¥0.019122 
85 1412 
343 32 
2, = ego # 0.02766 ay = gy ¥ 0.08632 
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a, - 779 ~0,04402 a, =e 0.05 
16561 20 

The first 10 terms of this sequence are all increasing and so clearly the sequence can’t be a 
decreasing sequence. Recall that a sequence can only be decreasing if ALL the terms are decreasing. 

Now, we can’t make another common mistake and assume that because the first few terms 
increase then whole sequence must also increase. If we did that we would also be mistaken as this is 
also not an increasing sequence. 

This sequence is neither decreasing or increasing. The only sure way to see this is to do the 
Calculus approach to increasing/decreasing functions. 

In this case we'll need to the following function and its derivative. 


? (x4 30000 
f(x)= i 
x’ +10000 (x* +10000) 
This function will have the following three critical points, 


x=0, x = 430000 = 13.1607, x =-¥30000 = -13.1607 


Remember these are the only points where the function may change sign! Our sequence starts 
at n = 0 and so we can ignore the third one since it lies outside the values of n that we're considering. 
By plugging in some test values of x we can quickly determine that the derivative is positive for 0 < x 


< {30000 ~= 13.16 and so the function is increasing in this range. Likewise, we can see that the 


derivative is negative for x > 430000 = 13.16 and so the function will be decreasing in this range. 


So, our sequence will be increasing for 0 < n < 13 and decreasing for n > 13. Therefore the 
function is not monotonic. 


Finally, note that this sequence will also converge and has a limit of zero. 


6 
Example : Let x, = 6 and x,,, = 5 ~— for alln <¢ N then the sequence converges to. 


Solution : x, = 6 


6x2 35-12 23 
aaa ae ea 


& , 6x7 _115-42 73 


We have x, > 3 and if we assume that x, > 3 for some k < N, then x,,, > 5 - 2 = 3. Hence by 
the principle of mathematical induction, x, > 3 for alln < N. Therefore (x,) is bounded below. Again, x, 
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= 4< x, and if we assume that x,,, < x, for some k € N, then x,,. —X,,, = (¢ 7}: O>x,,< 
Mat 


X41 Hence by the principle of mathematical induction, Kear © % for all n ¢ N. Therefore (x) is decreasing. 


6 
lim x,, 


<x,> is bounded and monotonic. Hence <x,> is convergent. Let ¢ = limx,. Then limx,,, = 5— 


£= 5S (since x, > 3 for alln @ N, (#0) = (F— 2-3) = 0 6 =20rs=3. But x, > 3 for all 
neN, so f 2 3. Therefore f = 3. 


Example : The series > 


2, (2k)! ’ 
=| ger tr | converges or diverges 


Solution : The given series is a sum of two series. We will look at each of them separately and 
hope that the two results can be put together. First consider the series 


2 


This is a series that can be converted to a geometric series. 
y2-2yt-2yf! 
eS 5 5 


Since q = 1/5 satisfies [q| < 1, this series converges. 
Now we will look at the series 


(2k)! 
aa 


When we see factorial, we immediately think of the Ratio test. 


eke (2k + 2)! 3k 
aes Qin) 3 = +2)! 
n= (2 =n) oer = tn (2K)! | 
= 


2k): (2k +1)-(2k +2) 1 
= (2k) 3 


wim (ORME) 


Since 2 > 1, this series diverges. 


Since the given series is the sum of a convergent and a divergent series, it is divergent. 
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Definition : Let (a,) be any sequence. Let (n,, n, ..., n, ...) be a sequence of positive integers 
such that i > j => n, > n. Then the sequence (ayia sondigan), written as (a,.), is called a 
subsequence of (a.). 

Let {a,};, be a sequence. When we extract from this sequence only certain elements and drop 
the remaining ones we obtain a new sequences consisting of an infinite subset of the original sequence. 

That sequence is called a subsequence and denoted by {a, }j., 

(@,q, 8; @,y, --) is a subsequence of (a,). 

Theorem : If sequence bdd., then every subsequence is bdd and conversely. 

Proof. Let {a} be any bdd. sequence 

then 3m, M « R such that 

msa<MvneN (1) 


Let fa,, | be any subsequence of {a,} 
> ms 4, <m (from (1)) vn, e N 


fa, } is also bdd subsequence 


Conversely 
Let every subsequence of {a} be bdd. 
As every sequence is a subsequence of itself. 
{a} is bdd. 
Note : If we have to show {a} is unbounded. 
Then show 3 a subsequence of {a} which is unbounded. 
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So, {a,| is unbounded 


Hence, {a,} is unbounded. 
Observation 


(i). A sequence has a constant subsequence iff 3 a real no. which appears in the sequence 
infinite many times. 


(ii). If range of a sequence is a finite set then there exist a real no. which appears in the 
sequence infinite many times. 


Theorem : If a sequence (a,) converges to I, then every subsequence of (a,) converges to I. 

Proof : Let (a,) be a subsequence of (a,). 

Since a, — I, therefore, for any « > 0, there exists a positive integer m such that 

la,-<e Vn2m. 

In particular, [a, -Il< ¢ vn,2m. 

Hence {a,,) converges to I. 

Remark : The converse of the above theorem may not be true. 

Theorem : Every bounded sequence has a convergent subsequence. 

Proof : Let <x,> is bounded 

Case 1: When the range of the sequence is finite. 

If the range of <x,> in finite then at least one element ‘a’ repeats infinitely because a sequence 
has infinite number of terms, if we choose this element ‘a’ again and again then the subsequence <a, 
a, ...> formed is convergent. 

Case 2 : When the range of the sequence is infinite 

<x,> is bounded and range is infinite bounded subset of set of real no. R we know that set of 
bounded real no. has at least one limit point. Therefore, let {is the limit point of <x,>. 

For each ne N, Jv, e N st. 


Let KX oXyreXy, n> be a subsequence of <X>. 
* 1 
for gvene > O53 n,e Nstt. x é 
0 


Tl u 
then |x, -Ile—<— <4, Vn>n, sti Se 
i non y 


limx, =1 


..>iS convergent. 


Theorem : If the subsequences {a,, ,} and {a,,} of a sequence {a,} converge to the same limit 
|, then the sequence {a,} converges to I. 
Proof. Let « > 0 be given 
{a,,,} converges to 1 


=> Fore > 0, 3 a positive integer m, such that la,,-U<e Vv nom, 
{a,,,) converges to | 

> For ¢ > 0, 3 a positive integer m, such that la,-ll<e VY n2>m, 
Let m = max. {m,, m,}, then la,,,-I<eand la,-i<e vn2m 


u 


lan-<e vVn2em 
{a} converges to I. 


U 
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Take the sequence {(—1)'}7,. Extract every other member, starting with the first. Then do the 


same, starting with the second. 

The sequence in question is 
(1 ={-44-14-41,..4 

If we extract every second number, starting with the first, we get: 
CAA Aya} 

This subsequence now converges to —1. 

If we extract every second number, starting with the second, we get: 
Uy, Tee decent 

This subsequence now converges to 1. 


1 1)) 
e Examples : The sequence (¢ 7} in R? is a subsequence of the sequence (¢ +) 
i] ‘al 


(in this case, n, := j?). The sequence 1, 1, 1, 1, ... is a subsequence of 1, 0, 1, 0, 1, ... 


Take the sequence {y} . Extract three different subsequences of your choice and look at the 
it 


convergence behavior of these subsequences. 
The sequence in question is : 


iy ={1.1/2, 13, 14, 1/5, 1/6, ..} 
i 


which converges to zero. Now let us extract some subsequences: 
Extracting the even terms yields the subsequence 
{1/2, 1/4, 1/6, 1/8, 1/10, ...} 
which converges to zero. 
Extracting the odd terms yields the subsequence 
{1, 1/3, 145, 1/7, 1/9, ...} 
which converges to zero. 
Extracting every third member yields the sequence 
{1, 1/4, 1/7, 1/10, 1/13, ..} 
which converges to zero. 
Hence, all three subsequences converge to zero. This is an illustration of a general result: If a 


sequence converges to a limit L then every subsequence extracted from it will also converge to that limit 


L. 


e On the other hand, it is possible for a subsequence to be convergent without the sequence 
as a whole being convergent. For example, the sequence 1, 0, 1, 0, 1, ... is not convergent, 
even though certain subsequences of it (such as 1, 1, 1, ... converges). 
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Definition. A sequence <a,> of real numbers is said to be a Cauchy sequence if for every <> 
0 there exists a natural number N such that for all natural numbers n, m > N, the terms ay a, satisfy 
laj-a,b<e 
Definition. A sequence (a,) is said to be a Cauchy sequence if for any « > 0, there exists a 
positive integer m such that 
la, - a,| < e, whenever n > m. 
Note: It can be easily shown that the two definitions are equivalent. Most of the authors use the 
1* one as definition but in practice we'll often use the latter one. 
Theorem : Cauchy Sequence is bounded. 
Proof : Let (a,) be a Cauchy sequence. 
For «= 1, there exists a positive integer m such that 
la, -— al < 1, whenever n 2 m, 
or a,-1<a<a,+1, whenever n 2 m. 
Let k=min fa, a, 
K = max {a,, a, 
Then k<a,<K for alln. 
Hence (a,) is bounded. 


Theorem : If a subsequence of a Cauchy sequence converges to | , then the sequence also 
converges to I. 


Proof : Let <x, > be a cauchy sequence, then by definition for any e > 0 3 n, s.t. 
1X, 7 Xq 1 ef vmn>0 (1) 
Let <x, > be the subsequence of <x,> and lim X, = 1, then for! >0 a n,< Ns.t. 
|x, - L] < 2 vv, >No (2) 
Now [x,- 1] = 1x,0 1 [%, 7%al + 1%,- U1 
< e/2 + 6/2 vn>v, [by (1) and (2)] 
> Ix, -ll<e vn>v, 
> limx,= 1 
Theorem : A sequence X = <x,> in R is convergent if and only if it's Cauchy. 
Proof : “=” 


If x := lim X, then given <> 0 there is a natural number K such that if n > K then IXn- x1 < 
</2. Thus, if n,m > K, then we have Ix, - x I= I(x, -x) + (x- x) 1 < Ik,- xl tix, -xb< 6/2 + 
¢/2 = ¢.Since ¢ > 0 is arbitrary, it follows that <x,> is a Cauchy sequence. 

(Here we used the first definition) 

“<=” let X = (x,) be a Cauchy sequence; we will show that X is convergent to some real number. 
First we observe that the sequence X is bounded. Therefore, by the Bolzano-Weierstrass Theorem, 


there is a subsequence X' = <X,, > of X that converges to some real number x*. We shall complete the 
proof by showing that X converges to x* . 


Since X = (x,) is a Cauchy sequence, given > 0 there is a natural number N such that if n, m 
N then Ix,-x I< . 
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Since the subsequence X' = () converges to x‘, there is a naturai number K>N belonging to the 
set {n,,n,,... } such that Ix-x*l< . 
Thus AN,IX,-Xl< [xX UK XIX XS 
Hence, X converges to x*. 
Theorem : (Cauchy’s Principle of Convergence) 
A necessary and sufficient condition for a series © u, to converge is that to each « > 0, there 
exists a positive integer m, such that |S, — S,|] < ¢ 
lUea tUnes te + UI < &, for all n > m. 
Proof : Let (S,) be the sequence of partial sums of the series © u,. By definition, 5 u, converges 
© (S,) converges 
2 To each « > 0, there exists a positive integer m such that 
Is, -Sl<cev¥n=m 
(Cauchy's Principle of Convergence for Sequences) 


o IQ tut.. tutu tut. tu)—-( tut... tuji<evnem 
° Un. t+ U2 te tul<se Vn>m. 
Hence the theorem. 
Examples 
1 1 
1 The sequence ( PT ee is a Cauchy sequence. 
2: The sequence (n’) is not a Cauchy sequence. 


3. The sequence (a,) = ((-1)") = (— 1, 1,-1, 1, ...) is not a Cauchy sequence, for if (a,) 
is a Cauchy sequence, then for « = 1, there exists a positive integer m such that 
la,-a,l< 1 ¥n2m. 
if m is an even integer, then a, = 1. 
We can choose n = 2m > m for which a, = 1 and 
la, — a] = 11 + 11 = 2 <1, a contradiction, 
Hence ((-1)") is not a Cauchy sequence. 
4. Consider the series (that is, infinite sum) 


“4 
Bey: 


aan 


We may view this as the limit of the sequence of partial sums 


ae 


> 
at 


We can show that the limit converges using Theorem by showing that {a} is a Cauchy 
sequence. Observe that if j, k > N, we definitely have 


= 1 
b,-als Do: 


It may be difficult to get an exact expression for the sum on the right, but it is easy to get 
an upper bound. 


a 1 
Lat* Sac 
nh 


aon n(n— 
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Sol. 


Sol. 


Sol. 


1 


1 
The reason we used the slightly wasteful inequality, replacing a by fm is that now 


1 
the sum on the right telescopes, and we know it is exactly equal to N-1: To sum up, we 


have shown that when j, k > N, we have 


N-1 

Let 0 < a < 1 and let (x,) satisfy the condition |x,,, — x, < a® for all n < N then (x,) is 
cauchy. 

For all m, n < N with m > n, we have Ix, — X,1 SIX, — Xpyl + Maer — Xml te + Ky 


—. Since 0 < a <1, a" — 0 and so 


xX,| Sa" tam +... + am = pal -a™) < 


= (1 — 0) < &. Hence for all m, n 
1-a 


given any « > 0, we can choose n, € N such that 


2n,, we have Ix, — x1 < 


Let x, siete de fee el for all n < N then (x,) is 
wo2t 3! nl 


1 1 1 1 1 
For all m, n € N with m > n, we have Ix, — x,| = fe! Gea Soe tot 


1 2 2: 
tot Set Or (+= Pa <2 Given « > 0, we choose n, ¢ N satisfying n, > = 


Then for all m, n 2 Ny, we get Ix, — x] < 2. ¢. Consequently (x) is a Cauchy sequence 
0 

in R and hence (x,) is convergent. 

Show that the sequence (a) defined by a, = (-1)’n converges. 


If we show that (a,) is a Cauchy sequence, then by Cauchy's General Principle of 
Convergence, (a,) converges. 


Let « > 0. If n 2 m, then 1/n < 1/m and 


Nt) yal Gl 
n m n m 
14422 ce itm>2 
mmm 


Let m be a positive integer > 2/e. Then 
ja,-a,|<e¥ n>m. 


So (a,) is a Cauchy sequence and hence convergent. 


Example : (a) Show that if {a,}°, is Cauchy then {a2}*, is also Cauchy. 


(b) Given an example of a Cauchy sequence {a7}” 


such that {a,};_, is not Cauchy. 
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Solution : (a) Since {a,};, is Cauchy, it is convergent. Since the product of two convergent 
sequences is convergent the sequence {a?}., is convergent and therefore is Cauchy. 

(b) Let a, = (-1) for alln ¢ N. The sequence {a,};_, is not Cauchy since it is divergent. However, 
the sequence {a2}, = {1, 1, ...} converges to 1 so it is Cauchy. 


Example : Let {a,}/., be a Cauchy sequence such that a, is an integer for all n ¢ N. Show that 
there is a positive integer N such that a, = C for all n > N, where C is a constant. 


1 
Solution. Let ¢ = z Since {a,};., is Cauchy, there is a positive integer N such that if m, n > 


1 
N we have la, - al < 2 But a,, — a, is an integer so we must have a, = 


y for alln >N. 


Example : What does it mean for a sequence {a,}*., to not be Cauchy? 

Solution. A sequence {a,},_, is not a Cauchy sequence if there is a real number ¢ > 0 such that 
for all positive integers N there exist n,m ¢ N such that n, m2 N and la, - a, <«. 

Example : Let {a,}., and {b,}°., be two Cauchy sequences. Define c, = la, — b,|. Show that 
{c,}", is a Cauchy sequence. 


Solution. Let ¢ > 0 be given. There exist positive integers N, and N, such that if n,m 2 N, and 
n, m2 N, we have la, — a,| < 5 and |b, - b,| < > Let N= N,+N,. If n, m2N then Ic, —c,| = lla, 


-bI-la,-b,Il<i(@,-b) + (a,-b I sla,—a.|+ lb,—b |< «Hence {c,}”, is a Cauchy sequence. 


Example : Explain why the sequence defined by a, = (-1)" is not a Cauchy sequence. 
Solution. We know that every Cauchy sequence is convergent. We also know that the given 
sequence is divergent. Thus, it can not be Cauchy. 


Example : Every subsequence of a Cauchy sequence is itself a Cauchy sequence. 
For a sequence (s,)__.,, a subsequence is a sequence of the form (s,, i” for a strictly increasing 


sequence of natural numbers 1 <n, <n, <n, <.... For every integer k € N, by induction on k, n, 
is at least as large as k. 


First, let (s, Jeers be a sequence that converges to s. Let (s, he be a subsequence. For every 


e > 0, since (8, ) pes converges, there exists N < N such that for every n <¢ N with n > N, Is, - sl is less 


than «. For every k < N with k 2 N, since n, is at least as large as k, in particular n, = N. Therefore, 


I 


| is less than e. Thus (S,, ), converges to s. 


Next, let (s, Vaen be a Cauchy sequence. For every « > 0, there exists N <N such that for every 
m, n €N with m 2 N and with n 2N, Is, - S| is less than e. For every k, / €N with k 2 N and with | 


2N, then n, 2k 2 N and n, >/2N, Therefore, 


[Sn ~ So, 


is less than c. Thus (s,, een is a Cauchy 


sequence, 
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Example : If a subsequence of a Cauchy sequence converges to L, then the full sequence also 
converges to L. 
Example : Prove directly from the definition that the sequence 


is a Cauchy sequence. 
Solution : Let « > 0 be given. Let N be a positive integer to be chosen. Suppose that n, m2 N. 
We have 


ina] 
(2n+1)(2m+1) 


n+3 m+3 
2n+1° 2m+1 


|a, -a,, 
e 2m+2n —_ (2n+1)+(2m+1)-2 
~(2n+1)(2m+1) (2n+1)(2m+1) 


a 
(2n+ 1)(2m +1) 


1 1 


s 


+ 
2m+1 0 2n+1 


2 
a 
2N+1 


Choose N so that za e. This is N > ae 


Ned ae In this case, 


ja, -a,|<e 


— fnt+3] 

for all n, m 2 N. That is, eet is Cauchy. 

Example : Consider a sequence defined recursively by a, = 1 and a,,, = a, + (-1)" n? for all n 
e N. Show that such a sequence is not a Cauchy sequence. Does this sequence converge? 

Solution. We will show that there is an « > 0 such that for all N < N there exist m and n such 
that m, n 2 N but la, — a,| 2 ©. Note that la, - a,| = n? 21. Let N e N. Choose m= N+ 1 and n = 
N. in this case, la, — a] = N? 21 = c. Hence, the given sequence is not a Cauchy sequence. Since every 
convergent sequence must be Cauchy, the given sequence is divergent. 
Theorem : (Cauchy's first theorem on limits) 


at+a,+..+a, 
n 


Proof: Let b,=a,-! of ap=l+#bovneN wi) 


If lim a, =], then lim 


Then lim b,=lim a,-l=1-I=0 


lim b, =0. wali) 


a,+a,+..+@, apy Petbe + +b, 
n 


Now =, using (i) 


a+, +...4+8, 
n 


To show that lim ( 


} = I, we shall prove that 
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Let « > 0 be any number. Now lim _b = 0 implies that there exists a positive integer m such that 
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ib, - o1< = vnem = Ibl< 5 von2m. Ail) 


Again lim b, = 0 = (b,) is convergent = (b,) is bounded 


= there exists a number K > 0 such that |b] < KV ne N. wwfiv) 
Now 2 de <} (bi +ba] +--+ Pal) < we 


wel) 


n 


bi + Daee te +B, 
n 


Now SM Dg 11g. Loot 1B 


oY eks +3) ‘i 
Salat ate ta) by 


(n — m) times 


vo n=m. (vi) 
Let q = max (m, p). Then (vii) 


bj, +b, +..+b,] |b) +b, +...+b, 


a 


bj, te +B, 


G fi ss rai 
= gtg7t Vv n2q,_ using (v), (vi), (vii) 


_|b, +b, + 
n 
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Remark 

The converse of the above theorem may not be true. 

For example, (a,) = (-1, 1, -1, 1, ...) is not convergent 

and a,+a,=0, a,+a,+a,=—-1,a,+a,+a,+a,=0, etc. 


Now 2: +82 +--+ _ 9 if nis even 
a = if n is odd. 
n 
Hence tim a 0, but lim a, #0. 
na nse 


Theorem : (Cauchy’s second theorem on limits) 


if lim a, = where a,>OVneN, then lim (a, a... a)! = 1 
Proof: lim a,=l => lim (log 2,) =log( tim a,}=log L 
noe nove nos 


By Cauchy's first theorem on limits, Jim (log a,) = log I 


ay im (Sess tas t= 2188s gt 


= im (testa @ 2,)}=109 l 
1 
= lim [ioa(a., we Oy |= log I 
oe a 
= tog, im (aa, ... ay] log I 


1 
Hence lim (a,a, ... a,)* =1. 


Corollary : Suppose (a) is a sequence of positive real numbers such that 


lim a =a(a>0). Then lim (a,)" =a. 


Proof : Let a, = 1. Then lim 


By Theorem it follows that 


Hence _im(a,)"" =a. 


(any)\"”, 


27. 


Example : Prove that lim { 


(nly 
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(3n)! _ (n+3)! 
Solution. We have a, = (nye? 2! ae ye 


Bn jy N43)! (nF 
a, +» ((n+1)!)? | (3n)! 


= lim (3n + 3)(3n + 2)(3n +1) 


lim 


noe (n+)? 
=i (+3109 + 2/NN9+1/0).. 99) 
ie (+1 iny 


Using the Corollary of Theorem we get 
Jim (a,)"" = 27. 


Example : Prove that if 
ais 24 +1)(n +2)... (N+P, 


then (a,) converges to 4/e. 


(n+1)(n+ 2)..(n +n) 


Solution. Let b, = . So that (b,)"" = a,, 


n 
We have b,,, = a 


ba, 


— n'(n+2)(n+ 3) ... 2n(2n+1)(2n + 2) 
Saee (nei (n+ 1) (n+ 2)... 2n 


lim 
ne 


= (<2) See 
n+1 (n+1)/ 
=v 1 (2+1/n)(2+2/n)_ 4 
See (l4Uiny (1+1/n? e 
Hence lim (b,)"" = lim a, = 4e. 
Some important theorems on limits 


Theorem : If a, 20 nN and lim a, =, then [> 0. 


Proof : Let, if possible, I < 0. 
Let e=-1>0. 


Since fir a, = I, so there exists a positive integer m such that 


lan-ll<-l Vo nem 
=> a,-ls<la-i<-1 > a<-l+1l=0 VY nem 
= a<O0 Vn2>m, 
which contradicts the fact that a, > 0 V n. Hence | > 0 
Theorem : If (a,) and (b,) be two sequences such that a, < b, Vn e N, then lim a, < lim b, 
Proof : We see that a,<sb, > b,2a, > b,-a,20 
> lim (b, -a,)20, 
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> lim b, lim a,20 => fim b, 2 firm a,. 
Hence fim a, slim b,. 
Theorem : (Sandwich Theorem) 
if {a,), (b,) and (c,) be three sequences such that 
(i) asbscoVneN, (ii) lim a,= I= lim c, 
then lim b, = 1. 
Proof : Let « > 0 be given. 
Since lim b, = l, there exists a positive integer m, such that 
la,-l<e v v>p, 
=> I-e<a<lte W nem, 
Since lim c, = I, there exists a positive integer m, such that 
ne 
Ie, -l<e Vv 
> I-exc<lte Vv 
Let m = max {m,, m,}. Then 
l-e<a<l+e and I-e<e<l+evn2m. wal?) 


From (*) and condition (i), we obtain 
l-e<a<b<c<l+e Vo n2m 


m, 
m™, 


2 


vv 


D 


> l-e<b<l+e Vo n2zm > 1b,-ll<e Vn2m. 
Hence lim b, = 1. 
Theorem : Ratio test for convergence of sequence 


If (a,) be a sequence of positive number such that 


lim 


1. It l< 1, then lim (a,) = 0 

2. If > 1, then lim (a,) = 

3. If l= 1, then Test fails. 

Proof : (1) Since | [| < 1, we can choose a positive number ¢ so small such that 
lU]+e+1 of kK<1,wherek=[I| +e. (1) 


Since lim L, there exists a positive integer m such that 


(Cc Ix-yleixi-ly) 
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ant 
a] cttlte =k, by (1). 


> 
Putting n = m, m + 1, ... , (n — 1) successively and multiplying, we get 

Ona} [Ams 2 

a, Ant 

a, -m 
= Pa <k" 

la 

> lal< Pale, (2) 


We know k” > 0 asn >, sinceO<k<1. 

Using in (2), we see that | a, | > 0 as n > «. Hence lima, = 0. 

Proof : (2) Since | > 1, we can choose a positive number « such that 
l-e>1 of k>1,wheek=I-«. 


a 
Since lim —— = I, there exists a positive integer m such that 


ant 
<l+e, V n2m. 
ls 


> l-e< 


anes 


Consider >l-e=k V nem. 


ant 
—P>k V nem 
a, 
Putting n = m, m + 1, ... , (n — 1) successively and multiplying, we get 
a 
Je} > Kn-m 
Om 
la, | > aul 4 
= hn Km 2 


Nowk>1 > k”" >» asn—, 


Hence lim a, = 
nw 


Proof: (3). Leta, = 1Vn 
<1, 1,1, .. > +1 (constant sequence) 
(this is a convergent sequence) 


Lim 201 =Lim)=12L 
sae 1g, al 
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Consider a,=n vn 
<1,2,3,4,..n, 041, ...> 90 

(this is a divergent sequence) 

n+1 1 


—=1+-91=Lasno>x 
n n 


So in this case we cannot conclude anything about the sequence. 
Example : Deduce that lim 27 n? = 0. 
nv _ (n+? 


Solution : Let a, = oF 80 that a,,, = et 


a 2 gn 2 
n=} tim {nie} = im 3(21) 
noe gone OP neon? 


Hence, by Theorem lim a, = lim 2" n? =0. 
Example : Show that lim (37 n%) = 0. 


cia _ (n+! 
= 


Solution : Let a, = 


lim , 
nae @ ne BT ne 3 


Hence jim a, = lim 3° n? = 0. 


Example : Show that for any number x, lim 


x 


x 
Solution. Let a, = we 8° that a, ,, = (nD! 


pol onl ox 


a1 _ x 


a, (nd! x” nel 


lim ~~ =0.<1, 
ne X47 


Hence lim a,=0 ie, lim se 0. 
noe noont 


Example : Show that 


im MMMM = 2)  (M=N+9) ng Ix] <1. 


neve n! 


€ Eduncle 


Mathematics (Sequences of Real Numbers) 


1)... (m-n+T 
Solution : Let a, = mien) f+ so that 


m(m-1)... (m=n+DIM=A) oer 


nae (n+)! 
a,. [(m-n) 
lim Le iit nlx 
Now in a, nv |(neD! } 
lcm 
m-n . n 
x= lim ++. x=-x. 
(the 
ate 
n 
r ney 
lim —— =—x, where |-x|=|x| <1 
Hence lim a, = 
Example : Prove that if p > 0, then im a 0, k being a fixed real number. 
° 
Solution. Let a, = —", so that a,,, = (neh 
" (+py ser" Gepy 
ar (net 1 it 1 
a, n )‘1+p n) Trp 
k 
Now tim 21-1 jim m (142) eal 
ave a, ep) ee a) Tap 


1 
where 7, 5<1 (1+ p> as p> 0) 


Hence lim a,=0 


Example : Show that lim ory. 0, for all y. 
nee Ay 

_ (ey sy (+yy"? 

Solution. Let a, , So that a, = (n+! 
aiiy nl ley 
=(isy)— ee. 
Nowe a, ( array n+1 
im 212 tim 1*¥ 0.1. 


noe a ne 


Hence lim a,=0 ie, fim Oey. 0. 


Unit-2 Series of Real Numbers 


1. INTRODUCTION (SERIES OF REAL NUMBERS) 


A finite series is given by the terms of a finite sequence, added together. For example, we could 
take the finite sequence 
(2k + 1)!°, = (3,5,7...21) 
Then the corresponding example of a finite series would be given by all of these terms added 
together, 
34+54+74+...4+21 
We can write this sum more concisely using sigma notation. We write the capital Greek fetter 
sigma, and then the rule for the kth term. Below the sigma we write 'k = 1’. Above the sigma we write 
the value of k for the last term in the sum, which in this case is 10. So in this case we would have 


10 
Dak +123 +54+74...+21 
ia 

and in this case the sum of the series is equaf to 120 


in the easy way, an infinite series is the sum of the terms of an infinite sequence. An example 
of an infinite sequence is 


aye 
e 


With a sum going on forever. Once again we can use sigma notation to express this series. We 
write down the sigma sign and the rule for the k-th term. But now we put the symboi for infinity above 
the sigma, to show that we are adding up an infinite number of terms. In this case we would have 


gt. 
ae 2°4'8 
Key points : 
A finite series is given by all the terms of a finite sequence, added together. 
A infinite series is given by all the terms of an infinite sequence, added together. 
Definition 
An expression of the form 
atatatiucta +t... 
where each a, is a real number, is called an infinite series of real numbers and is denoted by 


>a, or >\a,.a, is called the nth term of the series 5 a. 
= 
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Example. 
1 
tart 
4 111.1 : 
Example. x pr =1+5+7+2+—+-... is an infinite series. The sequence of partial sums looks 
n02 2 4 8 16 
like : 
3 7 15 
S,=1 S, => S, = S, =a" 


We saw above that this sequence converges to 2, so 


d Felis, =2 


aso 


Example. The number n!, read n factorial, is defined as the product of the first n positive integers; 


{n!) is an important sequence. Its first few terms are 
1, 2, 6, 24, 120, 720, ... 
By convention, 0! is defined by 0! 


e 1+141414+1+1+...= 71 


2 8 


ox ot xe x 
° CSM ota ear” 


» x xt 


e C-trtat gt at 


Sequence of Partial Sums of Series 
Recall : A sequence {a,} is a function which assigns a real number a, to each natural number 
n:1, 2, 3, 4, 5, .... ie. a sequence is an ordered list of real numbers : a,, a,, a, a, a, .... 


1 
1 
Example : {23 generates the sequence 8 
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We need a more precise definition of an infinite series y . Begin by constructing a new 


sequence of partial sums by letting (This step by step by step process will be called the Sequence of 


Partial Sums Test for the infinite series Ya, ) 
am 


+a, 


+a,+a, 


s, 
8, 
s 
8 +a tata, 


s, +atatatu.ta, 
We can now say that the value of the infinite series is precisely the value of the limit of its 


sequence of partial sums, i.e., 
Ya, =a,+a,+8, +a, +... 
a 
= lim (a,+a, +a, +a, +...+4,) 
= tim S$. 
Examples of Partial Sums. 


For the sequence 1,1,1,1,..., we have DN =Noox. Thus , boa is divergent. 


For the sequence 1,-1,1,-1,..., we have S, = 1, S, = 0, S, = 1, etc. In general , S, = 1 for N odd 
and S,,= 0 for N even. Thus, )”” ,(-1)" is oscillatory. 


The Harmonic Series 
, od 3 3 
If one computes the partial sums for Dnarzone finds S,=1, S, #58 1.5, 8, = — 1.87, 


71 
Sip = 2.93, So ¥3.40, Sigop = 7-49, Sroo00 = 12.09. In fact, Sy 2 So that >, Fs diverges. 


« 1 5 
If one computes the partial sums for Dog then one obtains S, = 1, S, ag l25. S, = 
Bd = 1.36 
36 7 136, Si =1-55, Sig = 1.63, Syoon = 1.64. 


: a 
In fact, =a =¢(2)= s = 1.644934068 
a 
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Definitions 
e A series © a, is said to be convergent, if the sequence (Ss. of partial sums of 5 a, is 
convergent. If lim S, = S, then S is called the sum of the series 5 a,. We write 


S= Ya,. 
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° The series 5 a, is said to be divergent, if the sequence (S,) of partial sums of a, is 
divergent,. 
e The series ¥ a, is said to oscillate, if the sequence (S,) of partial sums of 5 a, oscillates. 


Example : (Geometric series) The series 1+ 16+ + +... (r > 0) converges if r < 1 and 
diverges ifr > 1. 


Convergence of a Geometric Series 


a geometric series with ratio r diverges if |r| 2 1. If O < Ir| <1, then the series converges to the 
sum 


Yar’ = O<Ir|<1 
amo 1-r 


Proof : It is easy to see that the series oscillates if r = +1. then S,= a + ar tar +...+ ar, 
multiplication by r yields 


1S, = ar + ar +... tar, 
Subtracting the second equation from the first produces S, — rS, 
S,(1 - 9) = a(1 - rm). and the partial sum is 


Q-r) 
s 1-1 ¢ 


— ar’. Therefore. 


If 0 < Irl < 1, it follows that 0 as n — », and you obtain 


tens = tm) 2-0-7) | =5* fit -ry] = 


which means that series converges and its sum is a/(1 —r). It is left to you to show that the series 
diverges if |r| > 1. 

Example can be given, such as a, = n is an unbounded sequence with no limit point and a,= 
1, if n is even; azn, if n is odd is an unbounded sequence with a limit point 1. 

Example : The series ¥ (-1)*" oscillates. 

Example : Perform the following index shifts. 


(a) Write S’ar"" as a series that starts at n = 0. 
= 


(b) Write De - as a series that starts at n = 3. 
aa 
Solution. 
(a) In this case we need to decrease the initial value by 1 and so the n in the term must 


increase by 1 as well. 


Sar = Sar Sar 
= ms 


a 
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(b) For this problem we want to increase the initial value by 2 and so all the n’s in the series 
terms must decrease by 2. 


(n-27 
ars 


Note : The nature of a series is not affected by the addition, alteration or omission of a finite 
number of terms or by multiplication of all the terms by a fixed non-zero number. 


@ Ylu,+v,)=set 
(b) Siku, =ks, keR 


Example : Convergent and Divergent Geometric Series 


a. The geometric series 
e 8 Sefly 
lee ee 
Brkt) 


= 3(1) + af}}+a(3) + 


1 
has a ratio of r = >with a = 3, Because 0 < [11 < 1, the series converges and its sum is 


a 3 
se =6. 
a a) 
b. The geometric series 
Si 8)", 3.9 27 
2) ate Sette... 
x (3) +5 ght 


has a ratio of r = 3. Because |r| 2 1. the series diverge. 
Example : A Geometric Series for a Repeating Decimal 
Use a geometric series to write 0.08 as the ratio of two integers. 
Solution. For the repeating decimal 0.08, you can write 


8 8 8 8 


0.080808... = ao to" ‘aor tion 


iM: 
ios 
3] 0 
Pee 
= 
al= 
—s 


For this series, you have a = 8/10? and r = 1/107. So. 


B10? 8 
1-(1/10?) 99° 


Theorem : Limit of nth Term of a Convergent Series 


0.080808... = 


If Ya, converges, then lima, = 0. 
nt une 
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Proof : Assume that 


Then, because S, = S_,+ a, and 
jms, =tims,., =L 
it follows that 
L = limS, = lim(S,., +,) 
= limS,, + lima, 
=L+ lima, 
which implies that {a} converges to 0. 
Theorem : nth Term Test for Divergence 
ft lima, #0,thena, diverges. 
oe at 


Example : Using the nth Term Test for Divergence 


a For the series x 2°.we have 
a0 


lim 2° =~. 


So, the limit of the nth term is not 0 and the series diverges. 


. no. 1 

it lima, =<. 

b. For the series pa Onan 2 
im. 1 
a Onle1 2° 


So, the limit of the nth term is not 0 and the series diverges. 


c For the series > nr we have 
a 
tim =0. 
™ A 


Because the limit of the nth term is 0. The nth-Term Test for Divergence does not apply and you 
can draw no conclusion about convergence or divergence. 
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2. TESTS OF CONVERGENCE OF SERIES 


Some important comparison series 

1. Geometric series 

Di, HT eee ete ere. 
(i) is convergent, when Irl<1 
(ii) is divergent, when r21 
(iii) is oscillating finitely, when =r = -1 
(iv) is oscillating infinitely, when r < —1 
2. Hyperharmonic series (or p-series) 


444 4 1 
pist pig tctpt 
(i) is convergent when p > 1 


(ii) is divergent, when p < 1 
3. The Auxiliary Series 


1 1 1 
The series 1# D(log2y * 3(log3)” te dognp tis convergent if p > 1 and divergent if p < 1. 


2.1 Comparison Test 
Test |. First Comparison Test 
Let Z u, and  v, be two positive term series such that 


u,skv, Vv nem. (1) 
(k being a fixed positive number and m a fixed positive integers) 
Then (i) = v, converges => Zu, converges. 
(ii) <u, diverges => Lu, diverges. 


Proof : Let (S_) and (T,) be the sequence of partial sums of the series © u, and  v,, respectively. 
For n 2 m, we have 
§,-S,=(ytu,t..+tu tu, tu +t.. tu)—(u tu, +... + uy) 
or $,- Sn = Uner t Unset tu. (2) 
Simitarly, Ty Ty Vet Vea # oe WV (3) 


From (1) and (2), we obtain 


S,-S,Sk Wi... + Vasa t eM 
or s,- S,, =k (T, — T,,). using (3) 
or S,<kT,+a, (4) 


where a= S_ ~k T,, is a fixed number. 

{i) Suppose £ v, converges. 

The sequence (T,) of partial sums of 5 v, is bounded above i.e., there exists a positive real 
number t such that 


T<t von (5) 
From (4) and (5), 

S,<ktta von. 
Thus the sequence (S_) of partial sums of 5 u, is bounded above and so © u, is convergent. 
(ii) Suppose & u, diverges. 
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Then _ jim S, = +. (6) 
From (4) and (6), we obtain 
iF 216, a) > lim T=4+0 (1 k>0). 


It follows that the sequence (T_) of partial sums of the series 5 u, diverges and so © v, diverges. 
Example : Test for convergence the series : 


1 < 1 
10) x logn’ (i) py n’logn 
Solution : (i) We know log n <n for all n > 2. 
isi Aged 
jon on n22 oO 7 logn 7 n22. 


1 x 
Since 27 diverges, so by First Comparison Test, pas diverges. 


1 
. ——<e— 
(ii) We know 73 logn n* vn>3. 
; 1 , 4 S71 
Since >- converges, so by First Comparison Test, >» = converges 
n a-2n logn 


Example : Test for the convergence of the series : 


Solution: We thatn!>2™' Vv n> 2. 


ieee 
Pree cal vnz2. 


= 1 1,1 é ‘ ¥ z yD 3 
Now Liget= lg tort .. being a geometric series with common ratio 3 1 is 
™ 
1 
convergent. Hence, by First Comparison Test, bi is convergent. 


Test Il. Second Comparison Test 
If Zu, and = v, are two positive term series such that 


u, v 
2->—*- ¥ nm, 
Una Vn ea (1) 
Then (i) = v, converges => ¥u, converges, 
(i) © u, diverges => Xv, diverges, 


Proof : For n 2 m, we have 


uy u, Unset Umea 


Inet Ums2 Ums3 


y, Vit Vms2 


im-1 Vmne2 Ves 
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ave 
es" 
Thus Ya>Ym op Ye cs y nom 
he Un Vin 
u,skv, V nem, (2) 

where k = u,/v,, is a fixed positive number. 
(i) = v, converges > = u, converges, 
(ii) = u, diverges = = v, diverges. 


Test Ill. Limit Form Test 
Let © u, and & v, be two positive term series such that 
i 
lim ye = I, (Lis finite and non-zero). 


Then = u, and & v, converge or diverge together. 


u, 
Proof : Since Vv 0 for all'n, so jim > 0, 


n ney, 
Thus 1 > 0, asl +0 
Let « > 0 be some number such that | - « > 0. 


Since tim Ua I, so there exists a positive integer m such that 
nety 


in 


u, 

p-<e von2m 

Vn 
or l-e< f<l+evn2m, where v,> OV n. 

n 

(l-e)v,<u<(l+e)v, Vo n2m. (1) 
From (1), we consider 

u<(lte)v Vn2m. «.(2) 


(Here 1 + ¢ is a fixed positive number) 
Applying First Comparison Test in (2), we obtain 


=v, converges => Eu, en 


Zu, diverges = Lv, diverges. AA) 
From (1), we consider 
(l-e)v,<u, Vonem 
or v,<ku, Vo on2m, «.(3) 
1 
where k = ie 0 is a fixed number. 
Applying First Comparison Test in (3), we obtain 
Zu, converges => Ev, converges, 
Xv, diverges = Zu, diverges. ~(B) 
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From (A) and (B), it follows that 


= u, converges <= Vv. converges, 
= v, diverges o = v, diverges. 
Hence the two series £ u, and = v, converge or diverge together. 
Remark 
° In order to apply the Limit form test to a given series )_U,, we have to select a series 
yy, (which is usually a p-series) in which the n* term of v, behaves as U,, for large 
values of n. 
Example : Test each of the following series for convergence : 
es eS 
io Fe 
Solution : 
“ 1 3 5 
@ tooo teoete. 
12.3 23.4 3.4.5 
“. : : 2n-1 
The n* term of this series of u, = inne (nea): 
an 2 
For large values of n, u,~—— =>. 
ann on 
u, (2n—1)n? 


1 a 
let v= 3w: Then V, n+ (n+ 2) 
ta -( n (7. 1 2-(1/n) 
oF v, (nt+t)(n+2) 1+(1/n)'1+(2in)" 


Now lim “= 2 + 0 and finite. 


neve Vy 


1 
So Zu, and =v, converge or diverge together (Limit From Test). Since Ev, = Dias 


converges, sO zu, converges. 
Pees Sar van Sen ae” 
Faas Bae 
1 1 


The nth term is u, = ———— 


Ynin+) van 
1 Mi oo ; 
Let v, = ; Then v, Va+t Vrain) 


Now tim “== 1 #0 and finite. 
no y, 


A. 
~. 


So £ u, and = v, converge or diverge together. 


1 
Since = v, = E> diverges, so © u, diverges. 


08 
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Example : Test for convergence the series 
ee tae el Se ee es 
V2+V8 V3+V4 ars 

Solution. We have 


0, = ——$— ~ = 


1 
“Vavi+dne2 Jatin Wn 


if i. vn 
re Fe Nn, Ist 


Now im 2 = lim 1 1 


v, =" fle(ln)+yi+(2in) V2” 
So E u, and © v. converge or diverge together. 


Example : Test for converges the series 
1 1 

st + + 

3.7 49 5.11 6.13 

Solution. We have 


Yn = (n+2)(2n+5) n2n 2n?” 


Let 


u, n n 1 1 


v, A+2 2n+5 1+(2/n) 2+(5/n) 


im Y= -1 20 and finite. 
1 


So E u, and = v, converge or diverge together. 
Since = v, = E 1/n? converges, so the given series = u, also converges. 
Example : Test for convergence the series whose n* term is 


¥n+1-vn=1 
n 
Solution. 
_vnet-Vn-1_ (ne 1-¥n-1)(Vne 1+ Vn-1) 
= n 7 n(vn+1+-¥n-1) 
__(n+1)-(n-1) 


bal Tdne1+ ane) 


1 


= 2 oe 2 en 
cntin+t+vn=1) n@vn+vn) own" 
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1 
lett ve nee so that £ v, converges. 


pane U; adn 
Nowe yy eee net vt) 


. 2 
hh ——S—-= 
moe A+ (Vin) + f1- (1/0) 
So = u, and = v, converge or diverge together. 
Since = v, converges, so the given series = u, also converges. 
Example : Test for the convergence of the series : 


Yat 1h"), 
Solution. 


: (vn? +1 in? +14 Vn") 
LI eee 


__(n? +1)- 
| de Vata vn? rae cd 
1 1 
Let v,= 77757, so that £ v, converges. 
In eon 
3 
Now cial 


in = 
ln +14 -vn 


= fit) pe — = | 20a finite! 


Asin +1 2 
So Zu, and = v. converge or diverge together. 
Since = v, converges, so the given series = u, converges. 
Example : Test for the convergence of the series whose n* term is 
{(n? + 1)’ — ni}. 


1 13 
Solution. Let u, = (n? + 1)!3—n = le-#) -| 


or 
Filer 
* ‘= an? On? 
1 
Let ro so that = v, converges. 
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Now lim “2 =140 and finite. 
nny, 3 


So = u, and = v. converge or diverge together. 

Since = v, converges, so £ u, converges. 

Example : Test for convergence the series 
¥2-1 V3-1, V4-1 


3-1) 4-1 1 


Fie 


Solution. The n™ term of the given series is 


_vn+1-1 


Ye ned) =1 


So © u, and = v, converge or diverge together. 


, 1 A 
Since =v, = lr converges, so the given series converges. 


1 
Example : Test the convergence of the series Siam 
1 1 
Solution. We have u, = apy. Let v, = —. 
nee n 


U. 1 
— = lim 
v, an 


Then lim =1. 


Thus the two series  u, and = v, converge or diverge together. Since = v, = = 1/n diverges, 
so the given series © u, diverges. 
1.2 - 3.4 ie 5.6 * 
v4 5.6 778” 
Solution. The n* term of the given series is 


Example : Show that the series .. converges. 


___(2n-1). 2n sll 
“y= na De(an+ 27 


2n*(2n-1) 4-(2/n) 


na = 


u, 


v, (2n+1)°(2n+2)? (2+1/n)?(2+2/n) 
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lim 


= 1, so that £ u, and = v, converge or diverge together. 
a" Vi, 


Since =v, = = 1/n? converges, so the given series = u, also converges. 
Example : Show that the series 1 + a +b + a? + b? + a? + b? + ...,0< a<b <1 is convergent. 
Solution. Since 0 < a< b<1,a"< b" Vv n2>0. 


Since = b" is a geometric series with common ratio b, 0 < b < 1; = b" is convergent. Hence, 
by First comparison test, the given series X u, is convergent. 


2.2 Ratio Test 
Test IV. D'Alembert’s Ratio Test 
Let © u, be a positive terms series such that 


AI) 


Then (i) Lu, converges if 1 > 1, 
(ii) © u, diverges if I< 1. 
Test fails if |= 1. 
Proof. Case |. Let | > 1. 
We can choose some « > 0 such that! -e>1 or a>1,a=l-«. 
Using (1), there exists a positive integer m, such that 


-l<e V n2m, 


<lt+te V nem, 


Consider 


U, 


>(l-e)=aV n2m, 


or 


vonem, (2) 


1 


1 
where Lv. = =Z—> =F 
ee! 


F Retell fad al “ 
a + ..., being a geometric series with common ratio e < 1, is convergent. 


Hence £ u, is convergent (by Second Comparison Test is applied in (2)). 
Case Il. Let I< 1. 
We can choose another < > 0 such that +e <1 
B<1,Pl+e. 
Using (1), there exists a positive integer m, such that 


<e V nem, 


Yo <] 
Uae 


Uy 
or l-e< 7] o<l+e Vo n2m, 
1 
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Consider 


or 


(3) 


1 1 
where  v, = Er being a geometric series with common ratio ?* 1, is divergent. Hence, by 


Second Comparison Test as applied in (3), = u, is divergent. 


Case Ill. We shall give examples of two series : one convergent and the other divergent but both 
satisfying 


1 
The series = u, = ris divergent, but 


Remark 1 : Another equivalent form of Ratio Test is as follows : 
if = u, is a positive term series such that 


ou, 
In tat 0) 


Then (i) = u, is convergent if |< 1. 
(i) = u, is divergent if 1 > 1. 


Proof : We have |im 


Then Zu, converges ifm>1 => wl>1 => <1, 
and <u, converges ifm<1 > wl<1 => l<1. 
Remark 2: if u, is a positive term series such that 


lim Un a, then £ u, is convergent. 
moe Und 


Uy 
Proof : It is given that the sequence {| diverges to x. 


Uns 
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So there exists a positive integer m such that 


2 > 2 vVnem. 
Ut 
2" or s_> Ya 
or har 2 Dice Veer vonezm, 
1 7 _ ; wk F 
where © v, = ri being a geometric series with common ratio 2° 1, is convergent. Hence, 


by Second Comparison Test, = u, is convergent. 
Remark 3 : If = u, is a positive term series such that 


Une 


lim 


ir ii = 0, then  u, is convergent. 


1 
Proof : For « = 2 there exists a positive integer m such that 


1-9 


von>m or >2 Vv nem 


<— 
2 


The result now follows by Remark 2. 
Example : Test for the convergence of the series : 


— 1 
la 
Solution. Let 
ae all 
Ss nt 
By applying ratio test — 
ua vat vd 
u, inst! (n+ dni vn+1 


1 1 
=—=0<1> Du, 
AL i ae D4, converges. 


eA 
u= i 
> = p> Ini 's convergent, 


Example : Test for convergence the series 


V2) St St 
5° eB GF 


nt (n+1)! 
Solution. We have u, = ca and u,., = 


a 
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tm U2! _ tim $c, 
noe (n+! noe net 


By Ratio Test, the given series diverges. 
Example : Test for convergence the series 


i x? wt . xt 
(0) T3'24'38 ae" (x > 0) 
x * ¥ 


© esa" se” | eo 


x _ x 
n(n +2) aNd: Uys. (n+1)(n+3)° 


cee, _ 1(n+1\(n+3)\ 1 

lim —~-= lim riley =. 

mr Uj, noe xl mn jin+2) x 

By Ratio Test, = u, converges of 1/x > 1 i.e., x < 1 and 5 u, diverges if 1/x < 1ie., x > 
1. The test fails for x = 1. 


Solution. (i) u, = 


So Zu, and = v, converge or diverge together. 


1 
Since =v, = E 7p converges, so E u, converges (for x = 1). 


Hence the given series converges for x < 1 and diverges for x > 1. 
(ii) We have 


x" xe 


= — >... = 


Yn (n+1)vn+2° (n+2)Jn+3° 


vc Uy, 
lim 
Uy 


Afn+2) In+3 1 
«xln41)/¥n+2 x" 


By Ratio Test, the given series converges if 1/x > 1 i.e., x < 1 and diverges if 1/x < li.e., 
x > 1. The test fails for x = 1. 


1 1 
Forks 1, Uy age wae 
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fetid =1. 
A Mie 
(1 + n) + in 
So Eu, and = v, converge or diverge together. Since = v, converges, therefore = u, also 
converges (for x = 1). 


Hence the given series converges for x < 1 and diverges for x > 1. 
Example : Test for the convergence of the series : 


@ Seen (« > 0) 
i 7 8 
© Gita fo 
(i) Eh Rg Bog. (x > 0) 
2v3 3V2 45 
Solution. 
eo 


O Y= Soapge ets 


tim 


nave 


By Ratio Test, = u, converges if 1/x? > lie., x? < 1i. 
x > 1. The test fails if x = 1. 


.X <1 and diverges if x? > 1 i. 


For x = 1, 


Let 


1 
Since = v, = 2 yp diverges, so Xu, diverges (for x = 1). 


Hence the given series converges if x < 1 and diverges if x > 1. 


a ist 

il) We have u, = ——=, u,., =>, 

M): Weiheve't,"= an Gaaaiel 
J, 
x 


By Ratio Test, = u, converges if 1/x > 1 i.e., x < 1 and diverges if x > 1. The test fails 


ifx=1. 
Ea 
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For x = 1, 


Let 


——= lim ———- =1. 
aot (ein) 


1 
Since £ v, = Edn converges, so £ u, converges (for x = 1). 


Hence the given series converges if x < 1 and diverges if x > 1. 


aot 


x" x’ 
(i) We have u,= yang 2" Unt1 = (av 2yne a” 


n+2\ [n+3 


1, 
= lim | —= 
xere( net )¥n+2 x 


By Ratio Test, = u, converges if 1/x > 1 i.e., x < 1 and diverges if x > 1. The test fails 


ifx=1. 
1 1 
For x = 1, “qeidne2 BNA 
Let Vea. 
nvn 


As done in part (ii), = u, converges if x = 1. 
Hence the given series converges if x < 1 and diverges if x > 1. 
Example : Test for convergence the series : 


rf oe = 
(i) x+ +++ ... for all positive values of x. 


(ii) uae (x >0). 


Solution. 
: cea 
0 Ys > nap Gna 
1 (n+)! 
Now 4, x? (2n—1)! 


_ 1 (2n+1). 2n.(2n-1)! 
i (2n-1)! ‘ 


= tiny 2A De 
x 


nu, noe 


Hence, by Ratio Test, © u, converges. 
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a 


(ii) We have u, = i 


u, _fn+1 
Une 7 n ; 
By Ratio test, © u, converges if 1/x > i.e., x < 1 and diverges if 1/x < 1 i.e., x > 1. For 


x= 1, we have 


n nat 
a= and gee 
nt 


(n+1)! 
u, ny 1 ou, 1 
= = = => lim =-<1, 
uy \nt1 (1+ 1/ny ate Ug, & 


So the given series diverges for x = 1. Hence the given series converges if x < 1 and 
diverges if x 21. 
Example : Test for convergence the series : 


2 a 
+t a=t 
5 n+ 
for all positive values of x. 


Solution. ignoring the first term of the series, we have 


x 
Its 


x" eo 
a Ui ti 
nat! (ne 41 


en) 1 (nt +1 1 
lim —-= lim —.—;——= -. 
aoe Uy, Roe Xx ned x 
By Ratio Test, = u, converges if 1/x > 1 i.e., x < 1 and £ u, diverges if x > 1. Ratio Test fails 
ifx=1. 


1 
For x=1, UW * Tea: 


1 1 
Clearly, Forres VneN, 


. 1 ‘ . 1 
Since ar converges, so by First Comparison Test, acme converges. 
Hence Zu, converges for x < 1 and diverges for x > 1. 
Example : Test for convergence the series with n® term : 


0 SS wo, 


-1 
Pore ial (x > 0). 


(i) 


LL 
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_ (nex 
AL avi (ne! 


t-(ui} and lim 
n}x * 


(ii) We have u, 


a 


By Ratio test, = u, converges if 1/x > i.e., x < 1 and diverges if 1/x < 1 ie., x > 1. For 
x= 1, we have 


= (n+ 
Waa and u,..= “GDP 


u ny 1 i Ui 
= -( Je = => lim —-=-<1, 
u,., \n+1 (1+ 1/n) aoe e 


So the given series diverges for x = 1. Hence the given series converges if x < 1 and 
diverges if x 21. 
Example : Test for convergence the series : 
_. a 
Te teat 
for all positive values of x. 
Solution. Ignoring the first term of the series, we have 


ance 2 
eG DET 


“Wat ox 


By Ratio Test, = u, converges if 1/x > 1 i.e., x < 1 and  u, diverges if x > 1. Ratio Test fails 
ifx=1. 


1 1 
Clearly, Wein? VneN. 


1 1 
Since la converges, so by First Comparison Test, =~ 7 converges. 


+1 


Hence Zu, converges for x < 1 and diverges for x > 1. 
Example : Test for convergence the series with n® term : 


; vax’ 
O Fy &o, 
(i) ant x (x> 0). 
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Solution. 
a eee 
in? +1 (n+1)? +1 


- 1 fe tiny’ + tin? 
xvi+1in 7 
u, 1 


i ai By Ratio Test, the given series converges if 1/x > 1ie., x < 1 and 
ee Da 


diverges if x > 1. The test fails if x = 1. 


For x=1,u= 


7 


1 
Let Sa >=, So that = v_ diverges. 
a a avers 


So = u, and = v, converge or diverge together. 
Since = v, diverges, so = u, diverges (for x = 1). 
Hence the given series converges if x < 1 and diverges if x > 1. 


x a alsin Do yoet 
met Ve +1 F 
= o 
jim Ye = tim 1 [21 fnew ot dT 
noe uy, soe x¥ on n+ x 


By Ratio Test, the given series converges if 1/x > i.e., x < 1 and diverges if 1/x < li.e., 
x > 1. The test fails if x = 1. 


n n 
ues ~ I> = 
hn re " 


Let v= aa-h, so that = v, diverges. 


i) 
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Te ‘ 
Since = v, = E7 diverges, so ¥ u, diverges (for x = 1). 
Hence the given series converges if x < 1 and diverges if x > 1. 
Example : Test for the convergence of the series 


2 3p ap 
Wott at (p>0). 


Solution : We have 


(n+1)P 
(n+ 1" 


um (n+ tt n Y__n+i 
u(y on =o {5} -Gatiny 


n 
u, =—and u,., = 
nt 


lim ie x, Hence © u, is convergent, by Ratio Test. 
we Une 


Example : Test for the convergence of the series : 


12x +S site Date... 
Solution : Ignoring the first term, we have 

yee T_T ha Oe 

a ey a as es Wn | 


u, 1 20-2 2F41 1 2-1 2 F 1 
Uy MPFR et Ke eo 2 
_11-(/2" 2+(/2)""' 

~ x 2-(1/2)" 14/21" 

pry th = 11-0) 20), 

noe Un. X2-O/l1+0) x 


By Ratio Test, £ u, converges if 1/x > 1 i.e., x < 1 and diverges if x > 1. Ratio Test fails if 


x21, 
A, _ajoy 
For x=1, lim u, cai 2 Teta 
aoe Det eo 14/2 
ie, 


Jim u, = 1 #0. So £ u, diverges for x = 1. 


Hence £ u, converges if x < 1 and diverges if x 2 1. 
2.3 Raabe’s Test 


Let © u, be a positive term series such that 


lim of Me fet 
eee Uy 


PIR ps renee a Pan ate: ar Fi 
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Then (i) & u, converges if | > 1, (i) & u, diverges if 1 < 1. 

The test fails if | = 1. 

Note : Raabe’s test is applied when D’Alembert’s ratio test fails 
Proof. Case |. Let | > 1. 

We can choose some « > 0 such that! -<>1ora>1,a=Il-«. 
From (1), there exists a positive integer m such that 


( Un -1-1 
Us 


<evVn2m 


or I-een[ letter ay n2m. 
Consider 
n -1j>l-e=a V nem 
Ine 
or fu,-nu,,,>au,,, ¥V nam 
or nu, — (n+ 1)u,,, > (a - 1)u,,, VY nem. 


Putting n = m, m+ 1, m + 2, ...,n - 1 and adding, we get 
mu, — nu, > (a - 1) (u,,, + U,,2 +. + U) 
or (a - 1S, - S,) < mu, - nu, < mu,, 
(where S, =u, +u,+..+U,+U,,,+-. +4) 


™m 
Thus S,< S, * Sou von 


m 
where S| + quite is a fixed positive number. 


It follows that the sequence (S,) is bounded above and so the given series is convergent. 
Case Il. Let 1 < 1. 

We can choose another ¢ > 0 such that! +¢< 1. 

From (1), there exists a positive integer m, such that 


=m,. 
shoe tee < 1. of \o vo on2m, 
Una 
U, 1 n+1 
*<1+-=—— V¥ nem 
oo u, non 7 


or 


" 
3l— 


vo on2m, where v, 
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Case Ill. Consider the two series ey and Spoon? where the first series is divergent and 


ai ny’ 


the second series is convergent but for both the series 


jim of vn ~)- 
Ree Uber 


Remark : Raabe’'s Test is applied when D’Alembert’s ratio fails. 


When Ratio test fails ie., when lim us 
noe Uy, 


“= 1, Raabe'’s test may be applied. 


nt 
Example : Test for convergence the series : 


- 3.6.9... 3n 
DD 


eet x (x > 0), 
2,710.13... @n+4)~ te) 


@ 


rae (2N+ 2) your 
43.5.7... (2n+3) 


ji) (x> 0). 


Solution : 


” ua 8839 yo 
7.10... (@n+4) 


lim Ye all igs 3n+7 
me Uy Xe: Bn+3 


dl 
x 


By Ratio Test, © u, converges if 1/x > 1 i.e, x < 1 and diverges if x > 1. The test fails 
if x = 1, We shall now apply Raabe’s Test. 


u, 3n+7 
F = he ' 
ae: Uu,,, 3n+3 


ni Yn-4 =n( 3242-1) 4n_ 4 
U4 3n+3 3n+3 3+(3/n) 


> lim o( Y -1}=$>1 
ne (Uy 3 


By Raabe's Test, = u, converges (for x = 1). 
Hence the given series converges for x < 1 and diverges for x > 1. 


: 24... 2N+2) 0 
i) n= 35 (nea) 


_ 2.4... (2n+2) (2n+4) J» 
Mo-1= 35 (an+3)(2n+5) 
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2an+5 
ose One 


By Ratio Test, £ u, converges if 1/x > 1 i.e., x < 1 and diverges if x > 1. The test fails 


ifx=1. 

u, _ 2n+5 
For x=1, Und 
now, 


nj 2-1 =n( 248-4) ft ge hg 
u,; (2n+4 2n+4 2+(4/n) 


By Raabe's Test, = u, diverges (for x = 1) 
Hence the given series converges for x < 1 and diverges for x 2 1. 
Example : Examine the convergence of the following series : 


1.3.5... (2n-1) x27! 
yee 


es . (x > 0) 
ant 2.46...2n  2n+1 


10) 


: 1.3.5... (4n—5)(4n—3) x” 
W246. (anaayanaay an’ 7% 


Solution : (i) We have 


_1.3...(2n-1) x" 
7 2.4..2n  ° 2n+T' 


2n-1)(2n +1) x?°"? 
4...2n(2n+2) 2n+3” 


u, _ 1 (2n+2)(2n+3) fin ee 
uy, x? (2n+1)(2n+1) "<u, x?’ 


By Ratio test, = u, converges if 1/x? > 1 i.e., x < 1 (as x > 0) and diverges if x > 1. The 
test fails for x = 1. 

Uy _ (n+ 2) (2n +3) N 
ua nee 


u, _4)__[(2n+2)(2n+3) __]_n(6n+2) 
o( 1} =f (2n +1) 4 


lim oft -- neg, 


e+ (2+1/ny 4 
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By Ratio Test, = u, converges if 1/x > 1 i.e., x < 1 and diverges if x > 1. The test fails 


ifx = 1. 

uy _ 2n+5 
For x=1, un.) ane 
now, 


nf =( 228-1) iis anll: A, 
User 2n+4 2n+4 2+(4/n) 


By Raabe’s Test, = u, diverges (for x = 1) 
Hence the given series converges for x < 1 and diverges for x = 1. 
Example : Examine the convergence of the following series : 


“ & 1.3.5... (2n-1) x2"? 
0 2B yae. an nat 


(x >0) 


a & 1.3.5... (4n-5)(4n-3) x” 
Lae annay(an—2)" an’ >) 
Solution : (i) We have 

i : (2n-1) an 

= on 2n+1 


= 1.3... Qn-1N(2n+1) x" 
ert "2.4... 2n (2n+2) 2n+3° 


U, 


u, _ 1 (2n+2)(2n+3) | ou, 


Un (2n41(2n4 1) UL! 


By Ratio test, Z u, converges if 1/x? > 1 i.e., x < 1 (as x > 0) and diverges if x > 1. The 
test fails for x = 1. 


uy _ (2n+ 2) (2n+3) Now 


Us (2n+ 1)? 


(2n+2)(2n +3) _ | _ n(6n+2) 
(2n+1)' © (an+iP 


6+2/n 6 


mw (Qetinye 4 
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By Raabe’s test, © u, converges (for x = 1). 
Hence the given series converges for x < 1 and diverges for x > 1. 


i _ 1.3... (40-3) 
(ii) "= 24...(4n—2) 4n’ 


_ 1.3... (4n—3) (4n+1) x7? 


“o-4= 94. (4n—2) (4n+ 2) (4n+ 4)" 


u, _ 1 (4n+2)(4n+ 4) tim 


hn _— 


uy, x? 4n(4n+1) ‘8s u,, 


x 


By Ratio test, = u, converges if 1/x? > 1 i.e., x < 1 (as x > 0) and diverges if x > 1. The 
test fails for x = 1. 


uy _ (2n+ 2) (2n+3) 


oN 
(2n+1)? om 


ant 


ene (2n + 2)(2n +3) _ _ n(6n+2) 
--1}=af (an+1)7 sfeneee. 


uy, ~ 6+2/n 6 
lim n| —--1]= lim ———| =— >1. 
” noe (241/ny 4 


By Raabe's Test, = u, converges (for x = 1). 
Hence the given series converges for x < 1 and diverges for x > 1. 


. _ 1.3... (4n-3) x" 
i) {n= 34... (@n=2)° an" [ 


u = 13» 4n-3)(4ne1) xe 
"12.4... (4n—2)(4n-+ 2) (4n+ 4)" 


u, __1 (4n+ 2) (4n+4) fin Men 


Une X 4n(4n+) neu, x?” 


ies) 


By Ratio test,  u, converges if 1/x? > 1 i.e., x < 1 (as x > 0) and diverges if x = 1. 


Uy. (4nt 2)(4n+ 4) Now 


Fe 21, 
ee u, 4n (4n+1) 


net 


4n (4n+1) ~ 4(4n+1)' 


uy 


o( u, ~1) ofa en 20n+8 


By Raabe's Test, © u, converges (for x = 1). 
Hence the given series converges for x < 1 and diverges for x > 1. 
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Example : Test for convergence the series : 


a(a +1) . a(a+1)(a +2) 
1:2 1.2.3 
Solution : On ignoring the first term, we have 


l+at +... (a >0) 


a(a +1)... (a+n-1) u _ a(a +1)... (a+n-1) (a +n) 


Un =F 93.0n U1 493 a(n) 
Ge eT 1+(1/n) lim 24 
u,., a+n 1+(ain) eu, 


Thus Ratio test fails. We shall now apply Raabe'’s test. 
n{ Ye 4 =n( 241 - 1}- n(i- 1-9) _ qa’ ). 
Uns: a+n a+n aaa 


\ 
lim { Un “A simwet (: a>0) 
pee (Uy 


Hence, the given series is divergent. 
2.4 De Morgan and Bertrand's Test 
If Zu, be a series of positive terms; such that: 


im logn Jn{ te - }4| =I 
i eee a 

(i) if [> 1, Su, is convergent 

(ii) if 1 <1, Zu, is divergent 

Proof : In which follows, we shail compare & u, with the auxiliary series 


Daa =P aaa Tae 


which is known to be convergent if p > 1 and divergent if p < 1. 
Now, we have 


Vv, _f +Iflog(n + OP n+1/ log(n+1) 
Ving n(logn)” n | logn 


= 
ra 
si 


login(1+1/n)} TP _ -(1 2) egns oatt =n} 
= loon | (Lat logn 
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Whe 0 ft 1 ot 4 al 
-(1 + ae + amlte + a}. by binomial theorem 


atete P (14,4) (ttt 
~—"n logntn 2n?- 3n? niogn\n 2n? 3n? 7” 


tci= ey.) 
n nlogn 2n 6n? ) (1) 


Case (i). Let | > 1. Choose a number p such that | = p > 1. 
By comparison test of the second type the series £ u, will be convergent if there exists a positive 
integer m such that [n 2m 


i. y, 


Lp 


Ine Vint 


wc. G8 Med aelege Bin Ts M, by (1 
tei go 7?) "hn  nogn an one)" ¥() 


u, 1 p 1 1 
i : 2 -1>— 14+ —-— yt... |+e. 
te, if y a n* eal * on on? \s 


p 1 1 
21 T+ - st... Jen. 
} © rit “on 6n? )- 


‘ 
-12 2 (1d -dee|e 
logn| 2n_ 6n' 


ie., if 


ie., if 


ie., if hi Mn a} log n 2 p + terms containing n or log n in the denominator —_...(2) 
(Un 


Taking limits on both sides of (2) as n —> » we get ' 
u 1} shoon)>» [ 
> l>p>l>1asp>1. 
Thus, = u, converges if | > 1. 


lim 


Case (ii). Proceed as in case (i) yourself. 
2.5 Logarithmic Ratio Test 
If Xu, be a series of positive terms; such that : 


lim hs log Un |: 
@ if! > 1, Zu, is convergent 

(ii) ifl <1, Xu, is divergent 

(iii) if! = 1, Xu, may converge or diverge. So test fails. 

Proof : Let | > 1 and let us choose « > 0 such that !—« > 1. Letl—« = so that 1 > 1. 
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> there exists a positive integer m such that 


Uy 


l-e<nlog <l+#e ¥Vn2m 


tea 


> nlog <A, ¥ne2m 


> uju,,,>e",[n2m (1) 

We now that the sequence <(1 + 1/n)"> converges to e and hence 
e2(1+1n),[neN 

> ev" > (1 + T/n)* (2) 

From (1) and (2), we have 


..(3) 


cea] 


where v, = 1/n*. 

Since 4 > 1, so £ v, converges. Then, using comparison test of second type it follows that the 
given series = u, also converges. 

(ii) Prove as in part (i). 

Note 1. The above Logarithmic test is alternative to Raabe’s test and should be used when 
D'Alembert's ratio test fails and when either e occurs in u,/u,, , of n occurs as an exponent in u,/u, 


nf Un + 4 net 


Note 2. When Raabe’s test fails we may use De Morgan's and Bertrand’s test given beiow. 
Again, when logarithmic test fails we may use second logarithmic ratio test. 
Second Logarithmic Ratio Tests 

Let © u, be a series of positive terms such that 


tn, foo soc] 


Then the series is 

@ convergent if 1 > 1 

(iil) divergent if 1< 1 

(iii) no other decision is possible if | = 1. 


Proof : In what follows, we shall compare © u, with the auxiliary series 


Dy- Saw 


ice" scen(logn)?* 


which is known (refer Art.) to be convergent if p > 1 and divergent if p < 1. Now, we have 


v,_ _ (n+1){log (n+1)}? _ +1] log(n+1) r 
~ ~ logn 


Miws n(logn)? n 
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(44.1 )flogin(1+ 1m)? _ (4, 1) flogn+tog(1+1/n) |” 
ie ee . 


[ 
(re 2} fr tateo{re 2} = 2} een 
( { 


pb f1_1 
a(t nt x ana - Hh by binomial theorem 


*Togn 


p 
nlogn () 


Case (i). Let | > 1. Choose a number p such that | > p > 1. 


By comparison test of the second type, the series = u, will be convergent if there exists a positive 
integer m such that [n 2m 


1 p 
ie lf (py 


+..., using (1) 


1, Pe 
Le. if og—- > logy1+| — sabe 
ie., if oo o| (bees } 


3 
ve, if togte2(1,_P_,|-/1,_P yyy 
u,.. (nN niogn 2\n_ niogn 
LE log (1 +x) = x- 2/24 9/34 0] 


ie., if 


p 1 


ie., if 


2 
ri niogn 2n 


"oa nzp-7( 208 *). 


"oa als =p, as lim 


ie., if 


fous 


or l>p. Butp > 1, sol>1. 
Hence the given series X u, converges if l> 1. 
(ii) Proceed as in case (i) yourself. 
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Example : Examine the convergence of the following series : 
; 2:46... 2n 
®  ATs6 neh 
<. 1-3-5... (4n—5) (4n—-3) x" 
i Sa RT ay gy 20 
@) L546. (ane 4) 4n2) an’ *? 
. {288 198, 
(il) “45° 2467 
ay xe My NSS xt, 1:95:79 xe 
w) 2°4°2-46°8'2-46-81012 " 
Solution : 
(0) Here, we have 
yw 246 2246... Bn(2N+2)_— gw, _ 243 
°'1-3-5....(2n41)) °°!” 13-5... (2n+1)(2n+3)  u,,,  2n+2 
i _U, _. 2+(3/n) 
lim —2 = | t= 1. 
Here! gy, mee 24 (2/n) 
Hence ratio test fails and we now apply Raabe's test. 
tim nj 2-1] = tim of 203-1) = tm nd 
aoe (Uy noe (2n+2 ave +2 2 
@ gy E843) 18. (4 3Y(4N + 1) 7? 
24 e(4N=2) 4n0 8 2-4s..(4n= 2K 4n4 2) ans 4 
_ (4n+2)(4n+4) 1 
ere Pee Ay (1) 


Ue 4n(4n+1) “x? 


(44+2/n)(4+4/n) 11 
2 


io _U, : 
lim —- = lim 
and nse u, soe A(4ttin) oO x 


Hence by ratio test, = u, converges if 1/x? > 1, ie., x? < 1, Le, x < 1 (as x > 0) and 
diverges if 1/x? < 1, Le, x7 > 1, Le. x > 1. The test fails if x = 1. In that case, from (1), 


we have 
cu, _ (4n+2)(4n+ 4) 
u,.;  4n(4n+1) 


20n+8 


{(4n+2)(4n+4) 
ny 1 net) 


{ 4n(4n+1) 


mn 20+8/n 20 
»A(4+1/n) 16 
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Hence, by Raabe's test, = u, is convergent. 
Thus the given series converges if x < 1 and diverges if x > 1. 

(iii) Omitting the first term of the given series as it will not change the nature of the series, 
we obtain 


(2n—1)(2n+1) x7**4 


_1:3-5....(2n-1) x7" 
(2n)(2n+2) 2n+3 


i _ 13-5 
°"2-4-6....(2n) 2n+4 


and so u,., = 74 


u, _ (2n+2)(2n+3) 1 4n?+10n+6 1 


Unt (2n+1? x?) 4n? + 4n+7 x? AT) 


mot 4+(10/n)+(6/n?) 1 1 

Now eu, mes 4e(4in)+ (lin) x xe 
By ratio test = u, converges if 1/x? > 1, i.e., if x? < 1 and diverges if 1/x’ < 1, i.e., 
if x? > 1. When 1/x? = 1, .e., x? = 1, the ratio test fails. We shall now apply Raabe's 
test. 


_ An? +10n+6 


From (1), for x? = 1, 4n? + 4n+1 


6 u, 2 4n? +10n+6 a 6n?+5n 3 
lim n -1]= lim ni z -1]= lim — s>>1 
nee Uy ‘oe 4n’? +4n+1 aoe An? +4n+1 2 
Hence, by Raabe's test, © u, converges for x? = 1. 
Thus the given series converges if x? < 1 and diverges if x? > 1. 
(iv) Omitting the first term, the n® term of the resulting series is 
_1:3-5-7-9 ... (4n—3) x? 
*2-4-6-8-10 ... (4n- 2)" 4n 
[Here the nth term of the A.P., 1, 5, 9, ... is 1 + (n- 1) * 4, iLe., 4n — 3 and the n® term 
of the A.P,, 2, 6, 10, ... is 2 + (n—1) x 4, Le, 4n — 2] 
and so 
_ 1:35... (4n-3)(4n-1)(4n + 1) serene 
"19-46... (4n—2)4ny(4n+2) 4n+4 


u,__4n(4n+2) An+4 1 _16n?+24n+8 1 
u,.; @n-)(4ne) 4n x? Ton’-1 x? fl) 
Us 16+(24/n)+(8/n?) 11 
li a= | m = 

Som rae ™ 16-(1/n*) vex? 


By ratio test © u, converges if 1/x? > 1, i.e., if x? < 1 and diverges if 1/x? < 1, i.e, 
if x? > 1. When 1/x? = 1, i.e., x? = 1, the ratio test fails. We shall now apply Raabe’s 
test. 
_16n? +24n+8 

16n? -1 


From (1), for x? = 1, U 


a) 
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: e834 
16n? -1 16n°-1 2 


' 16n? +24n+8 __ 24n?+9n _ 3 
-1)= lim n -1}=lim = 
1 ca 


Hence, by Raabe's test, £ u, converges. 
Thus the given series converges if x? < 1 and diverges if x? > 1. 
Example : Test the convergence of the following series 
Bt xt. BF iax® 
+ 


@ 1X 


+ 4. forx > 0 
W 2! 3! 


my Se) ,@ aa ,@ us a 


Solution ;: (i) Omitting the first term, we have 


nex? _ (nents 
onal al (n+ 1! 


< (1) 


, , a ae | . 1y 
lim im ——..— = —, as lim |1+—] =e 
oor Uy ae (1+T/ny" x ex non n 


By ratio test, £ u, converges if 1/ex > 1, i.e., if x < 1/e and diverges if 1/ex < 1, i.e., if x 
> Tye. When 1/ex = 1, L.e., x = Te, the test fails. Since uu, , , will involve e for x = 1/ 
e, we shall apply logarithmic test. 


1 
For x = a from (1) 


lim nlog 
nove 


= lim noa!(-*-) ch im nicalen(2=2)"| 


atl 


= lim n {loge -n log (1+ 1/n)} 


3n? 


Hence, by logarithmic test, = u, diverges. 


Thus the given series converges if x < 1/e and diverges if x = 1/e. 
i fa+(n+1)x)""" | 
(i) and u,,, = (n+1)! 
u, _ (n+)! (a+nx)_ (a+nx)'(n+1) 


Now, 7 nl fat(ne dx fas (ned 


__nx"(a/nx +1)"n(1+ 1/n) 
© (ne x fa l(ns Dx + Yt 
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x" "(+ a/nxy (1+ 1/n) 
n+ Tiny 1+ al(x+ xy? 


i {ea} 
Qa 
Since * 


1 e 
lim = 5 © _ = 
Hence yy x exe™ 


x14 


By ratio test, = u, converges if 1/ex > 1, i.e. if x < 1/e and diverges if 1/ex < 1, if x > 1/e 
When 1/ex = 1, i.e., x = 1/e, the test fails. We now apply logarithmic test. 


i e(1+ea/n)" 
For x= ra from (1), 5 “Ga tinytisae(ns DP 
log loge+n log(1+ $2) n tog(1+ } (n+1) log («25) 
nt 


(n 1) 2 e’a’ ea’ 
ae Ine nee 


1(1_ ea’ ea’ i fea 
=i] 2= of pt 
nl2 2 n+) wl 3 


- nlog _1_ ea? , neta? r 
Sy, 2 2 * ned 
> lim nlog—“= as lim me J 
re oe ten etn) 


Hence, by logarithmic test, = u, diverges. 
Thus the given series converges if x < 1/e and diverges if x > 1/e. 


Example : Test for converges the following series : 


@ 


(i) 


a Rg ye 


a, a(a+) , ala+ (a+ 2) 


bd b(b+1) b(b+ (b+ 2) 


Solution : (i) Here, we have 


F-3?-52....(2n- 17 #3? 5... (2n— 1) (2n +1)" 
u= 1 Une = 
Oa6(any 8) 2d?-6.,..(any (n+ 2p 


u, _(2n+2)? _ 4n?+8n+8 


ny (ane an? +dnat (1) 


0) 
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Wey Oe efi 4+(B/n)+(4/n’) _ 
Here wes u) n+ 44(4/n)+ (lin) 


Hence the ratio test fails and we now apply Raabe's test. 
Using (1), 


an+4n+1 |) 4n?+4ne4 (2) 


-)- (anes ): 4n? +3n 


, fe 4+(3/n) 
dm o( -1)= 1 4+ (4in)+(lin) 


Hence the Raabe’s test fails and we now apply De-Morgan’s and Bertrand's test. 
From (2), 


1- 4n°+3n_4_ -n-1 
4n? + 4n+1 4n? + 4n+1 


i u, (n+ 1)logn 1+(1/n) logn 
"_—1|—1hlogn=— =- ¥ 
fo } eon 4n?+4n+1 4+(4/n)+(1/n?) on 
and so 
lim I Un -1}-1 egi'=--Lx0-0.21, as lim fogn 9 
ore | Ua 4 ase on 
Hence, by De-Morgan’s and Bertrand’s test, = u, diverges. 
“ a(a+1)(a + 2)....(a+n-1) 
Here U, = b(b41)(b+2)....(b+n—1)' 
a(a+1)(a+ 2)... (a+n-1)(a+n) 
and U.41 = b(b+1)(b+ 2)...(b+n—1)(b +n) 
u, b+n . b+n | 1+bin 
sean and so lim = li —=1 (1) 
uy, atn e>7 a+n "= 1eain ss 
Hence the ratio test fails and we now apply Raabe's test. 
Using (1), 
n(b—a) 
ean ~-(2) 


b-a 


lim nj Y——1 | = lim =b-a 
oon (Uy noe (a/n)+1 


Hence, by Raabe’s test, = u, converges ifb—a-> 1 and diverges if b-—a< 1. When b 
- a= 1. Raabe's test fails and we now apply De-Morgan's and Bertrand's test. 
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For b — a = 1, from (2), (—)-.25 
y n+a 


res) 


joa J Afecn —alege'__=a__.,ogn. 


n+1 1+(1/n) on 


So tim at Yn 


-1)-4} log n=-ax0=0<14,as jim 128° = 9 


nwt 


Hence, by De-Morgan’s and Bertrand’s test, £ u, diverges. Thus the given series converges 
ifb -—a-> 1 and diverges if b-a<1. 
Example : Test for convergence the following series 


, og (LY (PSY (1957, 

® tla) toa) *l2r6 

(i) a eg eet yg reise yg 
Solution : (i) Omitting the first term, we have 


_ [1-3-5 .... (2n-1)7P _[4:3-5.... (2n—1)(2n+1)P 
"1 2-4-6....(2n) |" 8°! | 2-4-6... (2ny(2n+2) 


u an+2Y _f4+1/n i" 
uy, (anet) \1+1/2n (A) 


and so ratio test fails. 


We shall now apply logarithmic test, Using (1), we get 


+n 
1+1/2n 


Uy 
log 
u 


=P log =» fog (1+ 17n)—tog¢t+1/2m) 


real 


(2) 


So 


Hence & u, converges if p/2 > 1, i.e., if p > 2 and diverges if p/2 < 1, ie., if p < 2 and 


the test fails if p = 2. 
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For p = 2, from (2). 


nitog-2(t-8 47 4... \nt- Sag 
uy 42 Bn dn?) es 


a+ 


n log Un aw Sy ud + 

u., 4n 12n? 
lim [ns Us -\}es n= lim ( 3 
noe Ray noel 4 


Hence by second logarithmic ratio test  u, diverges for p = 2. 
Thus the given series converges if p > 1 and diverges if p < 2. 
(i) Here, u, = x8 124 + tH, Uw he tee a tne ae 


nt 


geo US, As 
and so mee =—==1 (1) 


Inet 


Here ratio test fails and we now apply logarithmic test. 


101) 
tn =n log! + =U logt = og 
From (1), i x n+1 ~x 1+(1/n) “x ~(2) 
lim nlog: Un =log_. 
no U x 


Hence & u, converges if log (1/x) > 1, ie., if 1x > e, Le, if x < Ife and = u, diverges if 
log (1/x) < 1, i.e., if x > Ife. When x = Te, the test fails and we shall now apply second 
logarithmic test 


1 
For x = a from (2) 


Hence © u, is divergent for x = 1/e. 


Thus, the given series converges if x < I/e and diverges if x > 1/e 
2.6 Gauss Test 


Theorem : Let D3 s+ a, be a series with positive terms. Assuming that there exists a real number 


Pp, a real number r > 1 and a real bounded sequence {B,}‘, such that for all n 


8n__4,2,8 


Pyae 


non 
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Almost immediately we see that this test is somehow an improved version of Raabe’s test. The 
only difference is the number r, which in the former test was explicitly set to 2. So Gauss’ test is more 
general, allowing us to decide convergence of more series. Not surprisingly the proof is very similar. 

Proof. If we start with p > 1, then for sufficiently large n we have (for negative terms of {B,}) 


B, 
nj -1]= 
(2 ar 


or (for positive terms of {B}) 


-l/=p+ 
a 


Since in both cases 


*-2q qe(1p) 


by using Raabe's test we can conclude that the series yy na @, converges. 


As for the other part of equivalence, we will assume that the series x na @, converges and p 
= 1. By using Bertrand’s test we get 


in nfn( Jas» ofa(t+ 2+ Be—1)-1) 


With L’Hopital's rule we get inte ~ 0 (as n tends to infinity) and therefore the series D7, a, 


rT 
n 
diverges. A contradiction. 


If the series 5%, a, converges and p < 1 then (for sufficiently large n) 


“( 3n 1-0 LB <1 


a1 ne 
and according to Raabe'’s test the series xy na a, diverges. 
A contradiction. Thus p > 1. 
Theorem : Let = e-1 a, be a Series with positive terms. Assuming that there exist a real number 
Pp, a real number p, a real number r > 1 and a real bounded sequence {B} such that for all n. 


a p.B 
ee ee 
ae (1) 


The series >’ ;., a, diverges if and only if p < 1. 


Proof : Let per a, diverges if and only if p < 1. Then for sufficiently large n. 
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and by Raabe’s test the series }\;., a, converges. A contradiction (hence p < 1). 


If p = 1 then by using Bertrand's test (theorem) 


In n(n Sn -1)-1)- 8, inn 
lana nl 
i 
With L’Hospital’'s rule we get oe 0 (as n tends to infinity) and therefore the series), a, 


diverges. 
If p < 1 then for sufficiently large n 


coal 


We finish the proof with Raabe’s test. 


An example. We want to determine the character of the series Bal a>0o. 
(2n-1)"" 
a, _|_(2nyi | _ meal 
ar | Gn | “net 
(2n+ 2)! 


With (x -> ao) 


° 
(1-3) -1+2+0(2) 
x x |x 


we get the final result 


According to Raabe’s test, the series converges when a > 2 and diverges when a < 2 but we 
get no information when a = 2. We try Gauss’ test : 
First, we try to find p 


(2n-1)"!? 


i (2n)!! fit an+2y _4\_ 
pain n+ DH “A =m of (222) is 


(2n+2)!! 
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Second, we find A, 


4n? + 4n? +n 


Third, we try to find r > 1 such that B, = An‘ is bounded 


part ee 
an +4n? +n on? | 4n? + 4n? +n 


If we set r = 2 then 


2p? 
=n? — ni’ 
B, = A,n? =, —_, — <0 
4n'+4n? +n 


(2n-1)!! 


2 
(an)it ) diverges. 


And because p = 1 the series Sd 


(2n-1) 
(2n)!! 


Therefore, according to Gauss and Raabe's test, the series = converges when 


a > 2 and diverges when a < 2. 
2.7 Kummer's test 

Here comes probably the most powerful test for convergence, since it applies to all series with 
positive terms. 

Theorem : Let >. ;., a, be a series with positive terms. Then the series converges if and only 
if there exist a positive number A, positive numbers p, and a number N ¢€ N such that for alln > N 


t 7 Pat A (1) 


1 
The series diverges if and only if there exist positive numbers Pp, such that 25 2» anda 


number N « N such that for alln > N 


a 
P,P, $0 (2) 


nat 


Proof : First we prove the convergence. For the right-to-left implication, we adjust the equation 
() 


Pym Basie = Atay 


With q,= a we can write 


9,8, = Gps Bner 2 Bnet +(3) 


Since we know the left side of upper inequality, we can construct a sequence {B,};, such that 


G8, — AnerAqer = Borner YA B27 
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The sequence {q,a,}., is positive and decreasing (follows from (3)). 
Therefore it has a limit 
O< lim a,q, <q,a, 
re 


Thus the series 
2 anB, = D0 (G8, ~ In s8n-1) = 8) ~ lim q,a, > 0 
nt mel = 
converges. And because B, 2 1 for all n 


ajsaB, > >dia,s>a,B, 
at oaat 
In words, the series yA a,B, converges and creates an upper bound for the series Se a, 
therefore the series x n-1 4, Must converge as well. This is nothing more then just a first comparison 


criteria. We showed that finding numbers p, is equally hard as finding a convergent series Xb, which 


creates an upper bound for the series Xa, in the first comparison test. 
For left-to-right implication, let p,a, be a positive number. Now we assume the existence of 


Positive monotonous sequence {B,}*, 


AUBiee (A) 


¥a,8, =a, +98, 


at 


Now we shift the index n 
85 1Bn 1 = Pi 
mt 


We define the sequence {p,a,};, this way 
Prer@ne1 = Pr@n — Aner Baos 
where 


lim p,@ = Py — tim 2%-1B,-1=0 


So, using (4) we have (for sufficiently large n) 
P82, — Partner = One1Byer 2 Aa,,, Where A> 0 
And finally 


PB, —Poir2A 


hence the number p, are found. 


Remark: In fact, the requirement (4) is not necessary as any positive and monotonous sequence 
{B} with lim, B, = A217 is totally sufficient (where A is an arbitrary constant). 
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For example, let Ya be a convergent series. If we let B, = 1 for all n and we construct numbers 


p, using the terms from Xa 


Pyes =Py—2-—1 


cea) 


Kummer's test will confirm the convergence of series Ya, (as would first comparison test). 
Now the divergence part. 


Proof : For the right-to-left implication, we have Disv= & and from (2) we get 


ae 
a, Pa 
ant 1 
Phet 


We can conclude the divergence of series VS, a, by using the second comparison test. 


To prove left-to-right implication (when DER a, is divergent), we can assume, according to the 
theorem, the existence of positive and monotonous sequence B, such that 


Jim B, =0 1) 
¥a,B, = 
mm 
We have 
at 
a a,B, 1 a P, 
in nBo gg oy = Ing Pn 
Ra Braet EBy Bee 
Pat 


P,-1 $0 


1 
It is not difficult to see, that pe x and p, > 0 for all n, thus we found the numbers we were 


looking for. 


Remark : Again, the requirement (5) is not necessary as any positive and non-increasing {B} 
with lim, B, = A > 0 will do the trick (as it is the monotony we are interested in). 


As in the previous remark, if Xa, is a divergent series and if we let B, = 1 for all n then 


Kummer’s test will confirm the divergence. 

Remark : To sum it up, Kummer's test is very powerful because it really works for all the series 
with positive terms. On the other hand, using this test is equally difficult as using the first and second 
comparison test. The true strength of this test therefore lies in the numbers p,, That is, the form of this 
test is a masterpiece, not its contents, 

To demonstrate the power of Kummer's test, we show that Raabe’s test and Bertrand's test are 
in fact its corollaries. As for Raabe's test, if we set p, =n, we get 


3A>0,3NeN, vn>N: -(n+1)2A 
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“}: 1+A compare with for convergence and 


(=2-=} aNed, VnoN : 


a 
( - -)s1 compare with 


net 
for divergence. 
We see, that what we can decide with Raabe's test, we can also decide with Kummer's test 
(with p, = n) and vice versa, thus they are equivalent. 
As for Kummer's version of Bertrand's test, we set p, = n In n and put it into the left side of (1): 


ninn =(n+1) In (n+1)= 


=niIn n2s-—(net}innsin(t+2)) 


nt 


a, 


(ot) 
=ninn -ninn—inn-in( 1+] = 
n 


nl 


\ 
=In of Sn “Pret 
ae 


so ninne —(n+1) In (n+1)=In o(o(2 -1}-1}-1=409 »(6) 


ces] nat 


Where 


e(n) =in(t ay -1=(n+ W(h-se voz }}-t-p+0(2) 


We go back to (1). With (6), if 
3A>0, 3NeEN, Vn>N: 


( (a 
In nin ~1) 1p 0) 


net 


then the series Sa a, is convergent. 


Compare with Bertrand’s test : 
If 3A>0,3NeN, vn>N: 


In ofn( -1)-s}s1- A (8) 


then the series oes a, is convergent. 


Since e(n) can get arbitrarily small as n tends to infinity, we can hide it inside the positive constant 
A. Thus (7) and (8) are equivalent. 


: | 87 | 
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Divergence is a bit different and we will see that in this case, the tests are not equivalent. That 
is, Kummer's test is slightly stronger. It is because now we have zero as a sharp border, while the 
constant A from the previous case was quite flexible. 

With (2), (6) and p, = n Inn: if 


(= 4 | SNe&, Vn>N: 


In ni -1}-4)-15409 


then the series Yaa is divergent. Compare with Bertrand's test (see (5)) : If 


ne 


BNeéu, Vn >N : In fo 22--1)-1] -1 <4 


then the series by na 4, is divergent. 


Now let's consider the series )°*., a, where a, = —. Using Bertrand’s test 


In ofa( Order Ini(ri4) -1-1)-120 


ninn 


(9 +1) In(n+1)-nInn-Inn-1=(n+1)In (-2)-1 = e(n) < 0 = false 
Using Kummer's test (with p, =n In n) 


nina tH in o+) sayin (n+1) <0 
ninn 


0<O0 - true 


There is infinite number of series that can be decided only with Kummer's version of Bertrand’s 
test, but if we use limit, the tests are equivalent. 
2.8 Root Test 

Test IX. Cauchy’s nth Root Test 

Let = u, be a positive terms series such that 

slim (u,)'" = (1) 

Then (I) X u, converges if I < 1, (il) ¥ u, diverges if | > 1. Test fails if | = 1. 

Proof : Case I. Let |< 1. 

We can choose some « > 0 such that! +e<1lora<1,a=I+e. 

Using (1), there exists a positive integer m, such that 


[(uje-il<e v nem, 
or T-e<(uy™<lte Vv n>m,. 
Consider (u)'"<l+e=av n2m, 

u, < a" Vv n2m,. (2) 


Since ¥ a" = a + a? +... being a geometric series with common ratio a < 1 is convergent, so 
by First Comparison Test as applied in (2), £ u, is convergent. 
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Case Il. Let | > 1. 
We can choose another « > 0 such that!-<c>1orp>1,p=l—-«. 
Using (1), there exists a positive integer m, such that 


btu)" -Il<e Vv nem, 
or l-e<(uj<clte Vv n2m, 
Consider [-«< (u)'" v n2m, 

or pr <u, v n2m,. (3) 


Since ¥ 8" being a geometric series with common ratio B > 1 is divergent, so by First Comparison 
Test as applied in (3), © u, is divergent. 
Case Ill. We shall give examples of two series : one convergent and the other divergent, but both 


satisfying lim (u)'" = 1. 


1 
The series © u, = Da is divergent, but 


lim (u,)” 


nae 
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3. CAUCHY’S CONDENSATION TEST 
Statement : For a non-increasing sequence {a,} of non-negative real numbers, the series 
a, converges if and only if the series }2"a,, converges. 
Proof : Observe that since {a,} is decreasing : 


a, + (a, + a,) + (a, + a,+a, +a) +..+a, sa, + 2a, + 4a,+.. + Na, 
> Yas 2a, 

nN 

32a, =a, +(a, +a,)+(a, + 2a, +a,) + (a, + 2a, + 2a, + 2a, +a,) +... + 2a, 

12 


2a, + 2a, + 4a, + 8a, +... + 2a, 


> 23a, 2 o2"a, 


Thus proved. 


1 
Example : Discuss convergence of Laat »p>0 
Solution : a is monotone decreasing as og n is increasing. 


n(logn)? 


Smomp Ll?" Lary eee’ 


Sn(logny log2 Snr’ 


if Xa, 

Thus, the series converges iff p > 1. 

Statements of two important tests for series with arbitrary terms : 

Abel's test : If {(x,)} is a convergent monotone sequence and the series Xy, is convergent, 
then the series rx, is also convergent. 


Dirichlet's test : If {(x,)} is a decreasing sequence with lim x, = 0, and if the partial sums {(s,)} 


of >y, are bounded, then the series }’x,y, is convergent. 
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4, ALTERNATING SERIES 


A series of the form u, — u, + U,- U, + ..., where U, > 0 Vn € Nis called an alternating series 


and is denoted by yer ‘u, - 


ant 


—U,+U,—U, +... + (-1Pt ul +... 


We have 5: (-1)"" u, 
om 


Example : 


4.1 Leibnitz Test 


If an alternating series }\(-1)""'u, satisfies 


fot 


@ Each term is numerically less than the proceeding term i.e. 
U, SU,y va, 

(i) lim u, =0, 
then the series I (-1)"-' u, converges. 

Proof : In order to prove that the given series converges, we shall show that its sequence (S_) 
of partial sums converges. For this we shall first prove that the subsequences (S,) and (San 41) both 
converge to the same limit. 

Now S,, = u,—u,+uU,—U, +... + U, 

and §S. 


Man 1 


Fuy-u,+uy-ut. tu uy tu -u, 


Lan + 2 1 ne ~ oe ot 
Sinva~ Swp + Uns ey ~ Unon 2 0. (User SU, Yn) 
Thus (S,,) is a monotonically increasing sequence. 
Again S,.=u,-—u,+u,-u,+u,-u,t+... + U,_,— UL, 


=u,-([(u,-u,) + (u-u) +... + (U_,-4,_,) + UL). 
Now each term within the bracket is positive, since 
uy, su, Yo oa and u,> 0. 


S,,<uU, WY Mm and so (S,,) is bounded above. 
Since (S,,) is monotonically increasing and bounded above, therefore (S.,) is convergent. 


Ci) 


an 


Let lim S,,=L 


We shall now show that (S,,, ,) converges to |. We have 


Set > uy a u, us us uy Fost Uns > 4, * Woe 
Or Sane = St Uses => lim S,,,, = lim (S, + Uy. 1) 
or dim S,,., = jim S,, + lim u,,,, = 4 + 0, by (il) and (iii) 
lim S,,,, = L 
From (iii), (iv), it follows that for any ¢ > 0, there exists positive integers m, and m, such that 
1S, -ll<eV¥ n2>m, w(v) 
and 1S,,,-Il<eV n2m, (vi) 
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Let m= max (m,, m,) so that m > m,, m2>m,, »(vil) 
From (v), (vi), (vil) ;1S,-ll<e Vv nam 
= (S,) converges to I. 


Hence }\(-1)’ ‘u, is convergent. 


mt 
Remark : The alternating series X(—1)"* u, will not be convergent if either (i) u,,, < u,, oF 
lim u, #0. 


For Example 


The series 1- 2+ 2-34... is not rt 
je series 1 — 2°3 Pe ts not convergent, 
‘lim u, = lim (222)= Jim (1:2}-100. 
an iad Ga ar 

ee EAT 1)" 
Example : Let a, = 1 “pt i 


This is an alternating series 

So we can check the convergence by applying leibnitz test 

(i) u, > 
< 


and so on 
ie. Each term of a, is decreasing 


(i) imu, =tim 2 =0 
So by Leibnitz test the given series converges. 
Example : Test for convergence the series 


ati. tid ey" jevee were 
a es, eee age ait CT toe 7 
@ 200 2°3 4° oR 2 Va" 
Solution : 
(a) We have 
Lay alt ed anager Thue 
2 324 3 
(0) uy,<uyvn 


oe 
() li = lim —=0. 
(i) Jim uy = tim = 0. 


Hence, by Leibnitz’s Test, the given series is convergent. 
(b) The proof of similar. The given series is convergent. 
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Example : Using the Alternating Series Test 


Determine the convergence or divergence of Semel. 
am 


Solution : Note that lim a, = lim 1. 0. So, the first condition of Theorem is satisfied. Also note 


that the second condition of Theorem satisfied because 


for all n. So, applying the Alternating Series Test, you can conclude the series converges. 
Example : Using the Alternating Series Test 
Son 


Determine the convergence or divergence of a 
ani (= 


Solution : To apply the Alternating Series Test, note that, for n > 1, 


n 


i 
ges 
20> n+1 


So, a,,, = (n + 1)/2° < n/2"-' = a, for all n. Furthermore, by L'Hopital's Rule, 


x 1 i. A 

lim = lim - =0 => lim =0. 

aoe DET noe 2 "In 2) avenge 
Therefore, by the Alternating Series Test, the series converges. 
Example : When the Alternating Series Test Does Not Apply 
a. The alternating series 


7 (-1""'(n+1) 


2.3.4 5.6 
=o-54+2-=+E-... 
ant n 123 45 
Passes the second condition of the Alternating Series Test because a, , , < a, for all n. 


You cannot apply the Alternating. Series Test, however, because the series does not pass 
the first condition. In fact, the series diverges. 


b. The alternating series 


es ee 

112233 44 
passes the first condition because a, approaches 0 as n > x. You cannot apply the 
Alternating Series Test, however, because the series does not pass the second condition. 
To conclude that the series diverges, you can argue that S,,, equals the N" partial sum 
of the divergent harmonic series. This implies that the sequence of partial sums diverges. 
So, the series diverges. 
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Example : The alternating harmonic series 


1144 = (1! 
I-otg- gts Py, = 


satisfies 


ae 


F 
@) b,,,<b, because —~< 
n+ 


Samim BL 
Wm b.-Jim 5-0 


So the series is convergent by the Alternating Series Test. 
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5. ABSOLUTE AND CONDITIONAL CONVERGENCE 

Sometimes series have both positive and negative terms but they are not perfectly alternating like 
those in the previous section. For example 


—sinn 0.841 0.909 0.141 0.757 0.279 0.657 
= + + - - + + 
n 1 4 9 16 25 36 


ast 


is not alternating but does have both positive and negative terms. 

So how do we deal with such series? The answer is to take the absolute value of the terms. This 
turns the sequence into a non-negative series and now we can apply many of our previous convergence 
tests. For example if we take the absolute value of the terms in the series above, we get 


sinn| 


Since |sin n| < 1, then 


sinn 


F 
vr : 


O< 


“4 = Ici 
But ly converges by the p-series test (p = 2 > 1), so pa converges by comparison. 


But what about the original series Pie ? The next theorem provides the answer: The series does 


converge. 


Theorem: (The Absolute Convergence Test). If Sal converges so does > 4 
a = 


Proof. Given dla! converges. Define a new series }’b,, where 
7 = 


b=, 4 [04 a,+a,=2a,, if a,20 
i i a,-a,=0, ifa,<O~ 


So0<b,=a,+lal<lal+ lal =2la). But Y2Ka,| converges, hence by direct comparison > b, 
am a 


converges. Therefore 
Lae Ie + les!) lel] = 2b, ~[asl= 228, ~ Die) 
converges since it is the difference of two convergent series. 


Important Note : The converse is not true. If }°a, converges, >°|a,| may or may not converge. 
Ea ™ 


For example, the alternating harmonic series z converges, but if we take the absolute value of 


the terms, the harmonic series SAaverges. 


This leads to the following definition. 
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Absolute Convergence 
A series © u, is said to be absolutely convergent if the series & | u, | is convergent. 
Example : 

atl I. 

2 2 


1 
being a geometric series with common ratio r = 2 < 1, is convergent. 


“4 . ig absolutely convergent, since ))|u,|=1 +4 + a + ¥ Hoes 


The series )° 


cosn 
Example : Determine whether » ne converges absolutely, conditionally, or not at all. 


Solution : Notice that this series is not positive nor is it alternating since the first few terms are 
approximately 


y cosn 0.540 0.416 0.990 0.284 


Aw ~ E ze 3 * ra 
F =|cosn ' 7 1. 
First we check absolute convergence. >, a looks a lot like the p-series Lz with p = 2 
ot a 


> 1. We can use the direct comparison test. Since 0 < |cos n| < 1, 
cosn] . 


o<[s 


cosn 
ne 


for all n. Since the p-series pies converges, so does 2 by the direct comparison test 
om oo 


(Theorem). So the series of absolute values converges. The original series is absolutely convergent. We 
need to check further. 
Conditional Convergence 

A series ¥ u, is said to be conditionally convergent, if 

@ Zu, is convergent and 

(ii) = u, is not absolutely convergent. 


1.1.1 
Example : The series © u, = 1 a vila is conditionally convergent, since the given series 
Th dD 
is convergent (by Leibnitz Test) and x u, | =1+ 3 + 3 + at «iS Not convergent, i.e., X u, is not absolutely 


convergent. 


(yr 


Example : Determine whether by converges absolutely, conditionally, or not at all. 


j 4. So let's use the limit comparison test. The terms of the series are 
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Since the harmonic series De diverges (p-series with p = 1), then diverges by the 


limit comparison test. So the series does not converge absolutely. 
Since the series is alternating and not absolutely convergent, we check for conditional convergence 


ana| 


. Check the two conditions. 


using the alternating series test with a, = 


1 lima, 


1 1 
< 


Yor —t In? -1 


derivative is negative.) Since the two conditions of the alternating series test are satisfied, 


2 cay 
is conditionally convergent by the alternating series test. 
Lk =T 


2. Further a,,, < a, is decreasing because . (You could also show the 


Example : Determine whether x 
ot 


absolute values diverges. The original series is not absolutely convergent. 
Since the series is alternating and not absolutely convergent, we check for conditional convergence 


' ‘ J 2 
ag a p-series with p = 3 <1. So the series of 
1 


at 


using the alternating series test with a, = ali Check the two conditions. 
n 


1 im a, = lin 


1 
2s Further a... < a, because eo? <eF 


Ui is conditionally 


Since the two conditions of the alternating series test are satisfied, +o 


convergent by the alternating series test.. 
Theorem : Every absolutely convergent series is convergent. The converse need not be true. 
Proof : Let © u, be an absolutely convergent series. 
Then > | u, | is convergent. 


By cauchy’s General Principle of Convergence, for any < > 0, there exists a positive integer m 
st 


Ilu,.,ltlu,lt..tluli<e Vnem 
> tu. ,ltlu lt..tlud<e vn2m 
Now [u,,,+u +..¢ulslu.,l+lu, [+..+luj<evnem. 
Hence ¥ u, is convergent (by Cauchy's Principle of Convergence). 
(ii) The converse of the theorem is not true i.e., 
A convergent series may not be absolutely convergent. 
Consider the series 


In + 2 Ine 


1 £ Ft 
u,=1--+>-—+... 
Datotg-4t 


1,1 
We have seen that the given series is convergent, by Leibnitz’s Test but = | u, | = 1 + 2 + 3t 


1 
wit a is not convergent i.e. £ u, is not absolutely convergent. 
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5 1 font 
Caan" 47) + converges absolutely, conditionally, or not at all. 


Example : Determine whether Ds > 
an (6n? - 21 


Solution. First we check absolute convergence. by 


(-1)'(2n* +7)|_ 7 an +7 
6n’ -2n & 6n" - 2n° 


2nt+7 1 
Notice that én? a ae So let's use the limit comparison test. The terms of the series are 
positive and 
| a, Qnf+7 nb Qn?+7n> On? 1 
lim — = lim i= lim—, =lim—,=5>0 
ane hb. ae 6n?-2n' 10 6n?-2n NB 


4 “N(-1)"(2n! 
Since 2a converges (p-series with p = 5 > 1), then x (-"@n’ +7) 
* 


en? 2 converges by the limit 
nt = 


comparison test. So the series converges absolutely. 


Example : Determine whether yor converges absolutely, conditionally, or not at all. 
a2 


Loe We use the direct comparison 
inn 


1 
ninn 


test with Notice that 0 < Sian in diverges (To check that 


1 : 
einer Inn because n > 1. Next ps 


an 


diverges, use the integral test and u-substitution with u = In x. Ix ee = fim In |In x, 


sninn 


1 
In [In b] — In(In 2) = iin diverges by the direct comparison test. So the series does 


not converges absolutely. 
Since the series is alternating and not absolutely convergent, we check for conditional convergence 


1 
using the alternating series test with a, = 7,7. Check the two conditions. 


1 im a, = lim 20: 
‘ Inn 
F a 1 (in x)? 
2. Further a, is decreasing since f(x) = inn” (In x)" then f(x) = St for x 2 2. 


Since the two conditions of the alternating series test are satisfied, yo is conditionally 
a2 


convergent by the alternating series test. 


Example : Determine whether 2 Ee converges absolutely, conditionally, or not at all. 


a2 
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2p 
24 On Use the nth term test: 


Since lim,,, a, # 0 the series automatically diverges and cannot converge absolutely or 
conditionally. 

When we test for absolute convergence using the ratio test, we can say more. If the ratio r is 
actually greater than 1, the series will diverge. We don't even need to check conditional convergence. 


Theorem (The Ratio Test Extension) : 


Assume that "a, is a series with non-zero terms and let r = 


act 


.s Ifr <1, then the series Xa, converges absolutely. 
mm 
2. If r > 1 (including «), then the series )’a, diverges. 
nm 
3. If r = 1, then the test is inconclusive. The series may converge or diverge. 


This is most helpful when the series diverges. It says we can check for absolute convergence 
and if we find the absolute value series diverges, then the original series diverges. We don't have to 
check for conditional convergence. 


(-1yn! 


Example : Determine whether > 


converges absolutely, conditionally, or not at all. 


Solution : Here's a perfect place to use the ratio test because there is a factorial. 
ay 1 3° 
retin! 3 
nef yn! 
The (original) series diverges by the ratio test. The ratio test says we don’t have to check for 
conditional convergence. 


r(n+1)! 


= (-1 
Example : Determine whether SEV HN verges absolutely, conditionally, or not at all. 
mm 


2'n 
Solution : First we check absolute convergence using the ratio test because of the factorial. 


(-1)""'(n + 2)! 2'n 
2\Un+1) “(-Y(n+1) 
The (original) series diverges by the ratio test extension. 


2 


r=lim = 
nove oe 


2n+2 


Example : Determine whether 22 ge1_ converges absolutely, conditionally, or not at all. 
a 


Solution : Check absolute convergence using the ratio test extension. 
_pyet got 
rein (n+ 1)(-2) 3 2(n+1)| _2 


: 1. 
m3? n(-2y) 3° 


The (original) series converges absolutely by the ratio test extension. 
Example : Does the following series converge absolutely, converge conditionally, or diverge? 
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Solution. Let us took at the positive term series for this given series. 


Es) 


This is a geometric series with ratio, r = 4/5, which is less than 1. 
Therefore this series converges, and the given series converges absolutely. 
Example : Does the following series converge absolutely, converge conditionally, or diverge? 
nt 1 
ae 
Solution. Let us look at the positive term series for the given series. 
a1 
an 
This is the harmonic series and it diverges, so the given series will not converge absolutely. 
Now we must determine if the given series will converge conditionally or diverge. To do this, we 
will have to look at the alternating series. To do this, we must use the alternating series test. 


Let u, al 
n 


u, > 0 for all n > 1, so the first condition of this test is satisfied. 


Now we must determine if the second condition is satisfied. This is easy to see. As n gets larger, 
the fraction 1/n gets smailer. So u,2 u, ,, and the second condition is true. Now let us determine if the 
third condition is satisfied. 


im t=0 
oe A 
The third condition holds, so the alternating series converges, and the given series converges 


conditionally. 
So here the steps you will need to follow when determining absolute convergence, conditional 
convergence or divergence of a series. Look at the positive term series first. If the positive term 


A If it converges, then the given series converges absolutely. 

B. If the positive terms series diverges, use the alternating series test to determine if the 
alternating series converges. If this alternating series diverges, then the given series 
diverges. 

Example : Does the following series converge absolutely, converges conditionally, or diverges? 
x 4" 
av 

Solution. Here is the positive term series. 
¥ (4) 

a 

we are going to use the ratio test to determine the convergence of this series. 

at 
male nat 2 2 
jim 41P = jim 4 n An’ 8n 


= eli =i 
oe Mee (nae A oe (nee me One 
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slim$=4=p>1 


So the positive term series diverges by the ratio test, and the given series does not converge 
absolutely. Therefore, we will have to look at the alternating series to determine if it converges or not. 


Let 


u, is positive for n > 1, so the first condition is satisfied. Now to determine it the second condition 
is holds. To help me determine this, we will plot the first 5 term of this sequence. 


40 e 


Therefore, the third condition is not satisfied because the terms of this sequence are increasing. 
In fact 4° grows faster than n2, So the alternating series diverges, and the given series also diverges. 
Example : Does the following series converge absolutely, converge conditionally, or diverge? 


— cosnn 
rae 


Solution. Since the cos nz is the alternating term, the positive term series is the harmonic 
series. Remember that the harmonic series diverges, so the given series does not converge absolutely. 
Now to determine the convergence of the alternating series. 


Let u, 


u, > 0 for all n > 1, so the first condition of this test satisfied. 


Now we must determine if the second condition is satisfied. This is easy to see. As n gets larger, 


the fraction 1/n gets smaller, So u, 2 u,,, and the second condition is true. Now let us determine if the 
third condition is satisfied. 


nat 


im 1-0 
ie 


The third condition holds, so the alternating series converges, and the given series converges 
conditionally. 


Example : Does the following series converge absolutely, converge conditionally, or diverge ? 
= nf n+2\ 
ae! 
Er" Gea) 
Solution. Here is the positive term series. 
ef n+2 } 


S\3n-1 
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Since nth term is raised to the nth power, we will use the nth-root test to determine convergence 
or divergence of this series. 


n+2y n+2 
iRa) 7S 


lira day =1m 2-2 =pa1 


The positive term series converges by the nth-root test. Therefore, the given series converges 
absolutely. 
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6. CONVERGENCE OF THE INFINITE INTEGRAL fu(x) dx 
1 


Definition : The infinite integral ff dx is said to be convergent (divergent), if lim Jfegax 
: 3 
is finite (infinite). 
We state a result without proof : 


Theorem : If f(x) 20 V x 21, then ffco dx is convergent iff there exists a positive number k such 
1 


t 
that for all t > 1, ff dx<k. 
1 


Example : Examine the convergence and divergence of 


“g = 
0 fe OE res 
Solution : 

(0) We have 


es =|logx|, =logt. 


dX rdx 
fim ake (log t)=2. Here fy avees: 


7 igh igs 
(i) Now =|tan x{ = tan 7 
t Tt nn 
lim {= lim (tent 2)=3-3-5 
nod Te noel 4) 24 4 
Hence J ox converges. 
,1+x 


Definition : Let f(x) be a real valued function with domain [1, =f. 
The function f(x) is said to be non-negative, if 
fx)>OVx27. 
The function f(x) is said to be monotonically decreasing, if 
xsy>f®zfyWixye I, of 
For example, f(x) = 1/x? is non-negative and monotonically decreasing V x > 1. 
Cauchy's Integral Test 
If u(x) is a non-negative, monotonically decreasing and integrable function such that u(n) = u, V 


ne N, then the series yu, is convergent if and only if Jum dx is convergent. 
at J 


Proof : Since u(x) is monotonically decreasing, so 
u(n) 2 u(x) 2 u(n + 1), when nsxsn+1. 
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Since u(x) is non-negative and integrable, so 
a 


{ umax > "TF unyax 2 “Tun +1)dx 


a 


or unin +1—n)>"f u(n) dx 2 u(n +1) (n+1-1) 


u,2 ic) dx2u,,,. (2 u(n)=u,). (1) 


Putting n = 1, 2, ..., n— 1 in (1) and adding, we get 


2 


Gomeneu. ff +f suf Jeter roru) 


1 2 and 


or = S, —u, > fu(x)dx2S,-u,, where S, =u, +u,+..+U,, + U, 
; 


or $,-u,S Juco dx<S,-u,sS,,asu,20 (2) 
1 
The condition is necessary. 
Suppose the series yu, is convergent. 
aa 


Then there exists a positive number K such that 
s,<K Vn. -(3) 


From (2) and (3), Juvo dx<S,<K Vn 


Hence Jucoax is convergent. 
1 
The condition is sufficient. 
Suppose fu dx is convergent. 
1 
Then there exists a positive number k such that 


{ove skv¥n (A) 


From (2) and (4), S,-u, < Jucoax <k vn 


or S, <k + u, Vn, so that (S,) is bounded above. 
Hence the series £ u, is convergent. 
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Example : Show that the series Lae > 0) is convergent if p > 1 and divergent if p < 1. 
a 


1 sa 
Solution : Let u, = a, and u(x) = =, so that u(n) =u, Vine N. 


P 


Clearly, for x 2 1, u(x) is non-negative, integrable and a decreasing function of x. Now 


. : 
= P — -p rtf 4 
Juce)ax = [x Ga ar jifpat 

=|logx|,, if p=1. 


fu) x=" = iat °_1), if pet 


= (log t — log 1), if p = 1. 


t =| limt'?-1], ifpe1 
Now lim fu(x)dx = val a } ¢. log 1 = 0) 
ae Jim log t « ifp=1 
2 , if p<t 


= pe Dread if p> 


oo 


, if p=1. 


1 
So lim Jue) ==, if p<1 and lly ifp>1 
eres p-1 


If Follows that the improper integral Jue) is convergent if p > 1 and divergent if p < 1. Hence, 
1 


by Cauchy's integral test, Yu, = xX 4 is convergent if p > 1 and divergent if p < 1. 
at oat 
Example : Show that the series by agar 7 is convergent if p > 1 and divergent if 0 < p <1. 


Solution ; Let u(x) = (p > 0) 


poole 
x(logx)’’ 


Then for x > 2, u(x) is non-negative, monotonically decreasing and integrable function. Also u(n) 
=u,VneN. 


dx 


Consider [usiax- lar 


1 F 
=H ylless) ae if p41 


Lif p=1 


= |log(logx)| 
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[ogt)'” -(log2)'"*], if p#1, 


-P 
[log (logt) -log(log 2)], if p=1. 


or Juco =dx= 


0 , ifp<t 
t 

a 1 F 

lim fu(x)dx ={——(log2)'"*, if p>1, 

ne J p-1 
«© , ifp=t. 

Thus fu(x)dx is convergent if p > 1 and divergent if 0 < p< 1. Hence, by Cauchy's Integral Test, 
2 


the given series is convergent if p > 1 and divergent if 0 < p <1. 


Example : Test for convergence the series oo 4 : 
Snlogn 


Solution : consider the case p = 1. 
We know lim fut) dx = im [log (log t) —log (log 2)] = x. 
2 


Hence the given series diverges. 
Example : Apply Cauchy's Integral Test to examine the convergence of the following series : 


= 1 + 1 
0 law ® law 


at 


Solution : (i) Let u(x) = so that u(n) =u, Vine N. 


lO 
+1" 


For x 2 1, u(x) is non-negative, monotonically decreasing and integrable function. Now 


OX _ tim jtan x{" 
+1 tox a 


' a, 
im {ten -3) 


noe 


= 5-4-2, which is finite 
Thus J ax is convergent and so i is convergent. 
aXe +d aan? +1 
(By Cauchy's Integral Test) 
(ii) Let u(x) = ax so that u(n) = u, Vine N. 


For x 2 1, u(x) is non-negative, monotonically decreasing and integrable function. Now 


(2 ;__dx -{(-4)« 
,x(x+) 4hx x47 
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=|logx -log(x +1] = 


x 
lo 
m7 


zlog——-10 =lo ! tog. 
shor! 095 Ta 92 


Jim oe = log 1 + log 2 = log 2, which is finite. 
4 


Thus Juco dx is a convergent and so by Cauchy's Integral Test, the given series is 
7 


convergent. 
Example : Test the convergent of . a p>o. 
Solution : Let u(x) = 4 


CC me so that u(n) = u, Vn. 


For x > 3, u(x) is non-negative, monotonically decreasing and integrable function. Now 


{uae = = 1s, 


” 
where y = log log x, 
= log log 3, y, = log log t 


5h sli ifp#1 
=|log yf? ifp=1 


; —Uttog log t)'"? - (log log 3)' °], if p#1. 
or Jucodx = 1-p 
3 


log(log log t) -log(log log 3)], if p=1. 


w » if p<. 
1 
F 1 ‘ere 
slim Jucdex= paites log 3)’, if p>1, 


x , if p=1. 


‘ 
Thus Jus dx is convergent if p > 1 and divergent if 0 < p <1. 
a 


Hence, by Cauchy’s Integral Test, the given series is convergent if p > 1 and divergent if 0 < p 
<1. 
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1. SOME BASIC DEFINITIONS 


Sets 

A set is a well defined collection of objects. The objects of the set are called elements or 
members of set of Capital letters X, Y, S, T etc. generally denote sets, while small letters x, y, s, t etc. 
denote elements of a set. If x is an element of set S, then we write x <¢ S and read it as ‘x belongs to 
S' or ‘x is a member of S’. If x is not an element of a set S, then we write x ¢ S and read it as ‘x does 
not belong to S' or ‘x is not a member of S’. 

A set having no element is called an empty set or a null set. It is denoted by ¢ or { }. 

A non-empty set S, written as S * 4, is a set which has at least one element. S = {1} 

A set is said to be finite or infinite according to the number of elements present in the set. 


Examples 
1. N = {1, 2, 3, 4, ...} is the set of natural numbers. 
Here 0 ¢ N. 
2. 1={...,-3, -2, -1, 0, 1, 2, 3, ...} is the set of integers. 
3. The set S = {11, 12, 13, 14, ...} may be written as S = {x : x e N and x > 10}. 
4. The set T = {..., -15, -10, -5, 0, 5, 10, 15, ....} may be written as T = {5x : x € I}. 


5. The set S = {x : x e N and 2 < x < 3} is an empty set ie, S = 9. 
Set Theoretic Concepts 

Definition 1 : If S and T be two sets such that every element of S is also an element of T, then 
we say that S is a subset of T or S is contained in T. 

Symbolically, Sc Tifxe S >xe Tv xeS. 

If S is contained in T, then we also say that T contains S or T is a super set of S and write it 
asT>S. 

Thus ScT @ ToS. 

Example 

1. Let S = {1, 3, 5} and T = {1, 2, 3, 4, 5}. ThenScT. 

2. Let S = {1, 3, 6} and T = {1, 2, 3, 4, 5}. 

Then S z T, since 6 < S but 6 ¢ T. 

Note :- The empty set ¢ is a subset of every set, 

Definition 2 : Two sets S and T are said to be equal, written as S = T, if and only if S c T and 
Tc S. Or we can say that two sets are said to be equal if they contain the same elements. 

Example 

{2, 3, 5, 7} = {7, 2, 5, 3} and {2, 3, 5, 7} # {2, 5, 7, 6}. 

Definition 3 : The union of two sets S and T, denoted as S UT, is defined as 

SuUT={x:xeSorxe Th. 
In other words, S U T contains all the elements of S as well as T. 
Definition 4 : The intersection of two sets S and T, denoted as S 1 T, is defined as 
SOT ={x:x eS andx e Th 
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In other words, S > T contains the common elements of S and T. 
Definition 5 : Two sets S and T are said to be disjoint if S A T = 9. 
Examples 
1. let S={1,3, 5}, T= {2, 3, 4,5, 7} 

Then SUT = (1, 2, 3, 4, 5, 7} and S mT = {3, 5}. 
2. Let E={..,-6, 4, -2, 0, 2, 4, 6, ...}, 

O =... -5, -3, -1, 1, 3, 5, ..}. 

Then Ev O =| (set of all integers) 

and EO = 9. Thus E and O are disjoint sets. 
Note : 


xeSuT > xeS or xeT. 
xeSaT => xeSandxeT. 
xeSuT => xeS or xeT. 
xeSaT = xeS and xeT. 


Definition 6. A non-empty set A is said to be an index set for the family S = {S,} of sets if for 
each 2 « A, there exists a set S, in the family S. 

For Example, N = {1, 2, 3, 4, ..., ..} is an index set for the family of sets {S,, S,, S,, S,, ...}. 

Consider an arbitrary family of sets {S, : 4 © A}, Ais any index set. 

Definition 7. The union of the sets {S,} is defined as 


aca S,= 2x © S, for some XA}. 
Definition 8. The intersection of the sets {S,} is defined as 


ed. S, {: x © S, for each cA}. 


Definition 9. If S and T are two sets, then the difference of S and T, denoted as S ~ T, is defined 


as 
S~T ={k:xe S$ andx ¢T}. 
For Example, if S = {1, 2, 3, 4, 8} and T = {2, 3, 5, 6, 7}, then 
S~ T= {1, 4, 8}. 
Definition 10. If S is a subset of a set X, then the complement of S, denoted by X ~ S, is defined 
as 


X~S={k:xeXandx ¢ S}. 
Other notations of the compiement of S and S' or S*. 
ThusxeX~S=>xeX butx¢S. 
For Example, if X = {1, 2, 3, 4, ..., 10}, and S = {2, 4, 6, 8, 10}, then X ~ S = {1, 3, 5, 7, 6}. 
Remarks 
e SUS=S,8OS=S. 
e SuT=TVUS,SaT=zTAS. 
e Sug=S,Sno=o. 


e S,c _v_ §, for each AeA. 
"  heA ” 
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° 9S, cS, for each AcA. 
fed ES 


An (BUC) =(AnB)U(AnC). 

Av (BNC) =(AUB)A(AU C). 

(De Morgan's Laws) 

If S and T be any two subsets of a set X, then 

(i) X~ (SUT) = (K~S) 0 (X~T). 

ji) X~(SAT)=(K~S)U(K~T). 
Proof. We recall that 

A=BoAcBandBcA. 
(i) We see that x ¢ X ~ (S UT) 

oxeX butxeSuT 

ox eX butx ¢ Sandx¢T 

oxeX~SandxeX~T 

axe (X~ 8S) (X~T). 

Hence X ~ (S UT) = (X ~ S) 9 (X ~ T). 
(il) Now x € X ~ (S nT) 

oxeX butx eS UT 

oxeX butxeSorxeT 

oxeX~SorxeX~T 

exe (X~ S)U(X~T). 

Hence X ~ (S AT) = (X ~ S) U (X ~ T). 
e The above laws can be generalised as follow : 


Ay (es 8, ) = eS). 


O. Bs (104 s.) = gu 8). 


(Here each S, is a subset of X). 
Function or Mapping 


Definition 1 : If S and T are two non-empty sets, then a function from S to T is a rule, denoted 
as 


F:S oT 
which associates to each element x < S a unique element y < T. 


The element y, written as y = f(x), is called the image of x and x is called a pre-image of y. The 
set S is called the domain and T the co-domain of the function f : S > T. 


The set f(S) = {f(x) : x € S} is called the range of the function f: S > T. 
f : N > N defined by f(n) = n? is a function whose range is {1, 4, 9, 16, 25, ....}. 
Definition 2 : A mapping f : S — T is called one-to-one, if 
xzy>f(x)4 fly) yw yeS. 
Or 


fx) =f¥) > x=y yvuwyes. 
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Definition 3 : A mapping f : S > T is called onto, if for each t < T, there exists some s «¢ S 
such that f(s) = t. 
Definition 4 : Two mappings f : S + T and g : S > T are said to be equal, if 
f(x) = g(x) Vx e S. 
Definition 5 : The product or the composition of two mappings 
f:S—%T and g:T>U 
is defined as the mapping 


gof:S>U 
such that (gof) (x) = g(f(x)) Vx e S. 
Examples 
1. f : N + N defined as f(x) = x? y x € N is one-to-one, 


since for any x, y ¢ N, 
x#y> xX zy? > f(x) = fly). 
However, f is not onto ; since for 2 < N, there does not exist any x ¢ N such that 
f(x) = 2. (Notice that x* = 2=> x = + 9 ¢N) 
2 f:1— | defined as f(x) = x + 3 V x € | is one-to-one and onto. 
Let x, y € | then f(x) = f(y) > x+ 3 =y+3—.x=y so fis one-to-one. Let x € | be arbitrary. 
Then y = x — 3 < land f(y) = x -3 + 3 = x and so f is onto. 
3. f: | | defined by f(x) =  V x € I, is not one-to-one. 
Notice that 2 + —2 but f(2) = f(-2) = 4. Also f is not onto. 
4. Let f: NN andg: NN be defined as 
f(x) = 2x + 3 and g(x) = xX Vx EN. 
Then gof : N -> N is given by 
(got) (x) = 9 (f(¥)) = 9 (2x + 3) = (2x + 3) 
Also fog : N > N is given by 
(fog) (x) = f(9(x)) = fx) = 2x2 + 3. 
Ingeneral, fog = gof. 
Real Numbers 
We are familiar with the following sets of numbers : 
N= (1, 2,3, } is the set of natural numbers. 
Z = {......,-3, -2, -1, 0, 1, 2, 3, 2 } is the set of integers 
The other notations of the set of integer are | or J. 
Q = {p/q : and q are integers and q = 0} is the set of rational numbers. Thus a rational numbers 
is of the form p/q, where p and q are integers and q = 0. 
It is clear thatN co Zc Q (e.g., 3 = 3/1, 0 = 0/1, -4 = 4/1). 
It may be noted that any rational number x < Q can be expressed as x = p/q, where p and q 
are co-prime integers i.e., the H.C.F. of p and q is 1, denoted as (p, q) = 1. 
For Example, 6/8 = 3/4, 9/15 = 3/5 etc. 
There exist numbers which are not expressible as p/q, where p and q are integers and q = 0, 
such numbers are called irrational numbers. 


The set consisting of all rational and irrational numbers is called the set of real number, denoted 
by R. Thus x € R < x is either a rational number or x is an irrational number. 


WehaveNcZcQcR. 


Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


Sol. 
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Prove that /3 is not a rational number. 
Let, if possible, 3 be a rational number. 


Then ./3 = p/q, where p and q are integers and q # 0. 

We can further suppose that H.C.F. of p and q is 1. 

Now 3 = p/q => p? = 3q2. (1) 
Since q < I, so 3q? < | and 3 is a factor of 3q?. 

By (1), 3 is a factor of p? = 3 is a factor or p 

> p = 3m, for some m «I. 

Putting p = 3m in (1), we get q? = 3m?. 

We have seen that p? = 3q? > 3 is a factor of p. 

Similarly, gq? = 3m? = 3 is a factor of q. 

Thus, 3 is a common factor of p and q, which is a contradiction to the fact that H.C.F. of p and 
qis 1. Hence /3 must be an irrational number. 


Prove that J is not a rational number. 


Let, if possible, Jg be a rational number. 


p 
Then 8 = q where p,q <I,q>0. 


We can further suppose that H.C.F. of p and q is 1. 


p 
Clearly 2 < VB <3>2< ¢ <3>24<p<3q>0<p-2q<q 
> P - 2q is a positive integer less than q. 


V8 (p — 2q) is not an integer. (1) 


in V8(p 20) = P(p-2q) =P - 2p =P. -29 = Bq 
Again V8(p 2q)= 9° 2a)= pera 2p =8q- 2p, 


where 8q - 2p is an integer. 
Thus ./g (p — 2q) is an integer. (2) 


(1) and (2) are contradictory statements. Hence /8 is not a rational number. 


Prove that there is no rational number whose cube is 2. 

Let, if possible, x8 = 2; x <Q. 

We may take x = p/q, where p and q are co-prime integers i.e., the H.C.F. of p and q is 1. 
We have x? = 2 = p? = 2q? = p? is a multiple of 2 and so p must be a multiple of 2, otherwise 
p? will not a multiple of 2, 

Let p = 21, for some r € Z. Putting p = 2r in p? = 2q3, we get g3 = 4r? = q? is a multiple of 2 
and so q must be a multiple of 2. Since p and q are both multiples of 2, it follows that 2 divides 
Pp and q, which contradicts the fact that p and q are co-prime. Hence our assumption is wrong 
and so there is no rational number whose cube is 2, 
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2. BOUNDED SET 


Definition 1 : A real number K is called an upper bound of a set S, if every element of S is 
less than or equal to K 


Le. 


x<K vVxe S. 


If a set S has an upper bound, then the set S is called bounded above. 
Definition 2 : A real number k is called a lower bound of a set S, if every element of S is greater 
than or equal to k. 


ie. 


ksx Vxe S$. 


If a set S has a lower bound, then the set S is called bounded below. 
Definition 3 : A set S is called bounded if it is both bounded above and bounded below. 


or 


A set S is called bounded if 3 two real numbers k and K such that 


ksx<K vxeS. 


Examples 


1. 


The set S = {1, 2, 3, ..., 10} is bounded, 1 being a lower bound and 10 being an upper 
bound. Indeed 1<x<10VxeS. 


2. The set N = {1, 2, 3, ...} of natural numbers is bounded below but not bounded above, 1 
being a lower bound. So N is not bounded. 

3. The set S = {..., -3, -2, —1} is bounded above but not bounded below, —1 being an upper 
bound. So S is not bounded, 

4. The set Z of integers is neither bounded above nor bounded below. So Z is not bounded. 
Similarly, the sets Q, R are not bounded. 

Remarks 

1. A set may or may not possess upper and/or lower bounds. 
e.g., N has a lower bound but has no upper bound. 

2. Bounds of a set may or may not belong to the set. 
IfS= {Rinen|, its lower bound 0 ¢ S and upper bound 1 « S. 

3. If a real number K is not an upper bound of a set S, then there exists at least one element 
y € S such that y > K, 

4. If a real number k is not a lower bound of a set S, then there exists at least one element 
ze S such that k > zie, z<k. 

5. If a set has one upper bound, then it has an infinite number of upper bounds. 
Notice that if K is an upper bound of a set S, then any number K, (> K) is also an upper 
bound of S. 

6. If a set has one lower bound, then it has an infinite number of lower bounds, 


Notice that if k is a lower bound of a set S, then any number k, (< k) is also a lower bound 
of S. 


Remarks 5 and 6 lead to the following : 


Definition 4 : The smallest of all the upper bounds of a set S is called the supremum of the 
set S or the least upper bound (I.u.b.) of the set S. 

Definition 5 : The greatest of all the lower bounds of a set S is called the infimum of the set 
S or the greatest lower bound (g.l.b.) of the set S. 
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Notation : If M and m are the supremum and infimum of a set S respectively, we write 
m=infS and M=supS., 

m and M are called the bounds of the set S, provided they exist. 

Remarks 

1. A set may or may not have the supremum or/and infimum. 

2. The supremum and infimum of a set may or not belong to the set. 

Example 

t If S = {1, 2, 3, ..., 10}, then inf S = 1¢S, supS=10<S. 


2. ifs = ya: then inf S=0¢ S,supS=1eS. 


A 
3. If S = An} Foh inf S=-1 eS, supS=0¢S. 


4. lfs= vfs then inf S *-2 « $ and cup S* 16S. 


5. if $ = 71-41+5,1- 


6. The set Z of integers has neither infimum nor supremum. 
Ex. Give an example of a set S which is 
(i) bounded above but not bounded below, 


(ii) bounded below but not bounded above, 
(ii) neither bounded above nor bounded below, 
(iv) bounded. 
Sol. (i) S$ =({..,-3,-2,-1} 
is bounded above by — 1, but not bounded below. 
ji) N=, 2,3,..3 
is bounded below by 1, but not bounded above. 
(il) = 1 =(..,-3,-2, 1, 0, 4, 2,3, 3} 
is neither bounded above nor bounded below. 


oe (t ded] 


is bounded, since 0< i! s1VneNn. 
n 


Ex. Give an Example of a non-empty bounded subset S of R whose supremum and infimum both 
belong to R ~ S. 
Sol. Let S = {x:0<x< 1}. ThensupS=1¢R~SandinfS=O-¢R~S. 
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Which of the following sets are bounded above, bounded below, bounded or otherwise: 


(0) A= (3, 32, 33... 3.) (ed {2 geet, I. 

(i) C= qunen|, (vy) D= (4, 2,-3.4... C1) n, ..} 
m ej <n, wi 

goof SF HT 

(w)  S= a8 nen}. ®) ={sin3.sin2 sin 


Find the supremum and infimum of the above sets, if they exist. 


0) Ais bounded below by 3, but is not bounded above inf A = 3 « A but sup A does not exist. 
(ii) B is bounded, as 1<x<2 vx ce B. 
inf B=1¢ 8B, sup B=26€ 8B. 


(ii) 


C is bounded, asO<x<1V¥xeC. 
inf C =O¢ C, supC=1eC. 
(iv) D is neither bounded above nor bounded below. 


vy) 
. 3 
inf E=Oc E, supE= 5 ¢ E. 
i Pye eee 
(i) Fe re 
F is bounded, since -1 <x <-OVxe F. 
inf F =-1 <F, sup F=-OecF. 
3.4 ~=5 
) Ges-2-5,-2,-2,..4, 
(wi) { a eae 


G is bounded, since -2<x<-1vVxeG. 
inf G=2e6. sup G=-1¢ 6G. 


1411 
vil) S=4-15.->.5.-G+f is bounded. 
2° 3'4' 5 


Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


Sol. 
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inf S=-1eS. sup Ss tes. 
3,3 43 
(ix) s+ {753 55 547. 45 43.) is bounded. 
supS=7€eS, inf S=4¢S. 
13 SE] 
&) Ts bs 1, 0,- 384.4 is bounded. 
sup T=1 eT, inf T=-1 € T. 


Find the supremum and infimum of the set : 


sella atta eae ab. 
2 tg *2 


We have 


=2-sL<2vneN 


Hence sup S = 2, inf S = 1. 

The supremum of a non-empty set S, if it exists, is always unique. 
Let, if possible, k, k’ be two suprema of S. 

Now k' = sup S and k is an upper bound of S > k’ < k. 

Again k = sup S and k’ is an upper bound of S > k < k’. 

From (i) and (ii), k = k’. 

Hence the set S has the unique supremum. 

Prove that the greatest member of a set, if it exists, is the supremum (I.u.b.) of the set. 

An element G of a set S is called the greatest member of S if 

(i) GeS and 

(ii) x<GVxeS. 

Let G be the greatest member of S. 

Then x < G V x € S and G is an upper bound of S. 

Let G, be any number < G, G ¢ S. Then G, cannot be an upper bound of S. 

(~ G, < G and G é S). Hence G is the |.u.b. (supremum) of S. 

Show that the smallest member of a set, if it exists is the infimum (g.I.b) of the set. 
An element g of a set S is called the smallest member of S if 

0) ge Sand 

(il) g<sxvxeS. 


Ex. 


Sol. 
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Let g be the smallest member of a set S. 

Theng ¢ Sandg<xVxeS=4 is a lower bound of S. 

Let g, be any number > g. 

Then g, > g and g « S => g, cannot be a lower bound of S. 

Hence g is the g.I.b. (infimum) of the set S. 

Define the notions supremum and infimum and distinguish them from the greatest and the least 
points. Give an example of a set of irrationals that has a rational supremum. 

The infimum and supremum of a set may or may not belong to the set but the greatest and least 
Points of a set must belong to the set. Indeed if the greatest and least points of a set S exist, 
then there are the supremum and infimum of S respectively. 


The set S=(WJn+1-Vn:nen} 

ie., S= (V2 - Vi,v3 - v2, V4 - V3... 

is a set of irrational members having 1 € Q as the supremum. 
Notice that = Jn+1-Jn<1¥VneN, since 


(1+.Jn)? -(/n+1)? = 2Vn >0 Vv neN 
> 1+ Jn >Jn+1=>1>Vn+1-Vn v neN 
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3. COMPLETENESS OF R 


Properties of R as a Complete Ordered Field 
The set R of real numbers satisfies the following properties : 


A, aeRandbe R>atbeR. (Closure law w.rt. +) 
A, a+b=b+avabeR. (Commutative law w.r.t. +) 
A (a+b) +c=a+(b+c)V a,b,c eR. (Associative law wrt. +) 
A, at+O=aVaeR. (Existence of additive identity) 
A, To each a < R, 3-4 € R such that a + (— a) = 0. 

(Existence of additive inverse) 
M, aeRandbe R>abeR (Closure law w.r.t. multiplication) 
M, ab=bava,beR. (Commutative law w.r.t. multiplication) 
M, = (ab) c = a (bc) Va, b, ce R. {Associative law w.r.t. multiplication) 
M, a.l=avaeR. (Existence of multiplicative identity) 
M, For each 0 # a < R, 3 a“ e€ R such that aa“ = 1. 

(Existence of multiplicative inverse) 
dD. a(b+c)=ab+acVa,b,ceR (Left Distributive law) 
D, (b+c)a=ba+cavabceR (Right Distributive law) 
oO, For any a, b < R, Exactly one of the following is true : 


@)a>b (i) a=b (iii) b> a. (Trichotomy law) 
Oo, a>bandb>c>a>cVa,b,ce R. (Transitive law) 
0 a>bratc>bte Va,bceR. 
0, a>bandc>0= ac >be, 
The Order Completeness (0.C.) property of R : 
Every non-empty set of real numbers which is bounded above, has the supremum in R. 
The set R real numbers is a complete ordered field 
The set of rational numbers is not order complete. 
Example 
Let S={k:xeQ.x>0 and x < 2}. 
S #6 (- 1 © S) and 2 is an upper bound of S. 
S is a non-empty bounded above subset of Q. 
The Order Completeness Axioms [OC] 
[OC,] The Lub Axiom : Every non-empty set S of ordered field F which is bounded above admits 
of (lub) supremum in F. 
[OC,] The Gib Axiom : Every non-empty set S of ordered field F which is bounded below admits 
of (lub) supremum in F. 
Thus, glb axioms <= lub axioms 
Complete Ordered Field 
Definition : The ordered field F which when satisfies the above completeness axioms is called 
complete ordered field. 


Explicit Statement of the properties of Real numbers which characterize the real number 
system as a complete ordered field : 


1. The Field Axioms : A, to A, and M, to M, and D,, D,. 
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2. Order Axioms (>) : 0, to 0, 

3. Completeness Axioms : The lub axiom 

We shall call this complete ordered field as a field of real numbers and shall continue to denote 
by R. 
Another Equivalent Completeness Axioms 

Dedekind's Completeness Axioms : If all the real numbers be divided into two subsets (classes) 
Land U of R then, 

DC, : Each subset has atleast one real number. 

ie, Le, Uso 

DC, : Each real number either belongs to L or U. 

ie, LUU=R 

DC, : Each member (real number) of class L is smaller than every member (real number) of 
class U, 

ie, ifxelLyeUmx<y. 

then either the subset L has a greatest member or the subset U has a least member. 

From the above axioms, complete ordered axioms can be deduced and conversely. These are 
equivalent. 

Ordered complete axiom <> Dedekind axiom 

The Complete ordered field is also called Linear continuum and this is unique. 

Let R, and R, be two complete ordered fields then we can always define one-one bijection 
between R, and R, such that Vv x, y € R. 


f(x + y) = f&) + 1), f(x), f(y) © R, 
and f(xy) = f) - f(y) 
Clearly, f:R, oR, 


Here zero and identity elements of R, are mapped on zero and identity elements of R, respectively. 
This mapping is called Isomorphic mapping and R, and R, are called one-one isomorphic i.e., R, = R 
whose structure is also same. There may be difference of notation only. 

Therefore if f(x) = x, then both the complete ordered field become same i.e., the complete ordered 
field is unique, 

Theorem : The set Q of rational numbers is not a complete ordered field. 

Theorem : A non-empty subset of real numbers which is bounded below has the greatest lower 
bound (infimum) in R. 

Proof. Let S be any non-empty bounded below subset of R and k be its lower bound. 

then, ksxvVxeS, 

Let T ={x:x e S}. Then T <q, as S =o. 

We shall prove that T is bounded above. We see that 

k<x>-k2-xvxeS 

> (x) s-kV¥xeS, 

Thus T is bounded above with — k as its upper bound. 

Since T is non-empty and bounded above, by order completeness property of R, T has supremum 
in R. 

Let K = sup T. 

> Cx) s<KVxeS>x2-KVxeS. 

=> (-K) is a lower bound of S. 


2 
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We shall now show that (-K) = inf S. 

Let k’ be any lower bound of S. As shown above, -k' is an upper bound of T. Since K = sup T 
>ks-k >-K2k >-Ke=infS. 

Hence S has the infimum in R. 

Theorem : If S a non-empty set of real numbers which is bounded above, then a real numbers 
is the supremum of § if and only if the following two conditions holds 

) xssVxeS. 

(ii) Given any « > 0, 3 some x € S such thatx > s-e. 

Proof. The condition is necessary. 

Lets = sup S = Lub. S. 

By definition, x<s,VxeS. 

This proves condition (i). 

Let ¢>0. 

Then s —  < s cannot be an upper bound of S. 

So there exists some x € S such that x > s — «. 

This proves condition (ii). 

The condition is sufficient. 

Let s be any real number satisfying conditions (i) and (ii). 

We shall prove that s = sup S. 

Now x < s V x S = $s is an upper bound of S. 

Let, if possible s' be any real number < s > s—s’ > 0. 

Let e=s-s'>0. 

By condition (ii) 3 some x « S such thatx >s-c=s-(s—s’)=s' 

> x > s' for some x € S. 

= s’ is not an upper bound of S. 

We see that no real number < s can be an upper bound of S. 

Hence s = sup S. 

Theorem : If S is a non-empty subset of R which is bounded below, then a real number t is the 
infimum of S iff the following two conditions hold : 

(0) x2tvxeS. 

(il) Given any < > 0, 3 some x € S such thatx<tte. 

Proof. The condition is necessary. 

Let t=inf S=glb. S. 

= x 2t Vx e S, which proves condition (i). 

Let e > 0 then, t + e > t cannot be a lower bound of S. 

So there exists some x < S such that x < t + «. This proves condition (ii). 

The condition is sufficient. 

Let t be any real number satisfying conditions (i) and (ii). 

We shall prove that t = inf S. 

Now x2tV xe S = tis a lower bound of S. 

Let if possible t’ be any real number > t > t'—t > 0. 

Lete=t'-t>0, 

By condition (ii) 3 some x < S such thatx< tte 
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= x<t+(t'-t)=t > x < f for some x « S > t' is not a lower bound of S. 

We see that no real number > t can be a lower bound of S. 

Hence t = inf S. 

Example. Let S be a non-empty subset of R ands < R. Then s = sup S iff 

(0) x<svxeS 

(il) For each s’ < R such that s’ < s, 3 some x < S such that s’ < x. 

Example. Let S be a non-empty subset of R andt ¢ R. Thent = inf § iff 

(i) x2tvxeS 

(ii) For each t' ¢ R such that t' > t, 3 some x € S such that t' > x. 

Representation of Real Numbers as Points on a Straight Line 

The points on a straight line can be used to represent real numbers. Let X’ X be any straight line. 
Mark two points O and A on it such that A is to the right of O. The point O divides the straight line into 
two parts. We call the part that lies to the right of O as the positive part, and the part that lies to the 
left of O the negative part. Such a line for which positive and negative sides are fixed is called a directed 
line. 

Suppose the points 0 and A represent the numbers 0 and 1, respectively. With OA as unity on 
a certain scale, we can locate all positive integers 1, 2, 3... on the right of O and all negative integers 
-3, -2, -1 on the left of O. To represent any positive rational number m/n, we locate a point P on 
the right of O such that OP is m times the nth part of the unit length OA. Similarly, all negative rational 
numbers can be located on the left of 0. The point on the straight line corresponding to rational numbers 
are called rational points. It might appear that rational points cover the entire straight line. But this is not 
true. There exist infinite number of points on the line which are not rational. 

For Example, the point Q on the line such that OQ is equal to the diagonal of the square with 
side OA (OQ = J2) does not correspond to any rational number. Such points on the line which are not 
rational indeed fill up the gaps between the rational points are called irrational points and these correspond 
to irrational numbers. In this way every real number can be represented as a point on the straight line. 
On account of this representation, we refer to a real number as a point of R and the straight line is 
referred to as real line. 

Dedekind-Cantor Axiom 

To every real number corresponds a unique point on a directed line and to every point on a 
directed line corresponds a unique real number. 
Absolute Value of Modulus of a Real Number 

Definition. Let a be any real number. The absolute value or modulus of a, denoted by | a |, 
is defined as 


aifa20 
f ee 
Remarks 
1, lalzO0Vaed. 
2. Jal=l-al. 


Theorem : If a is any real number, then | a | = max {a, —a}. 
Proof. We have 


lal = a, if a 20, (1) 
and lal = -a>a, ifa<0., «(2) 
From (1) and (2), we get lal 2a. 
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Again lal = a> -a, ifa>0, »..(3) 
and lal = -a, if a < 0. (4) 
From (3) and (4), we get |al > —- a. 
Hence |al is the maximum of the two real numbers a and —a i.e., 

la] = max {a, - a.} 


Theorem . If x, y <¢ R ; then 
@ xP 
(i) Ixyl = Ix. lyk 


(iii) 


(iv) Ix + yP + x— yl = 2 (Ix? + ly). 


Proof. (i) if x = 0 then |x| = x => Ix? = x2, 
and if x < 0, then [x] = -x => Ix? = (x)? = x. 
Thus IxP = x2, 


Similarly, we can prove that | —x/? = x?. 
i) Using (i), Ixy? = (xy)? = xy? = IxP.lyl? = (Ix1-Iyl)? 


bxyl = £ (IxL.y). 
Since [x] is non-negative V x ¢ R, therefore 
Ixyl = Ixl-lyl. 


(ii) Using (i) bf -(:) 2 


(iv) ix + yl? + Ix — yf? = (x + y)? + (x — y), by part (i) 
=2(¢ + y) 
= 2 (Ix? + ly), by part (i) 
Theorem . If x, y are any two real numbers, then 
®  k+yl<hl+lyl (Triangle Inequality) 
(i) kyl 2 Ib - WIL 
(ii) = kyl s xt + Ih 
Proof. (i) To show |x + yl < Ix! + lyl. 
Case |. Let x + y 2 0 = Ix + yl = x + y, by definition 
<ixt+lyl (x s xl ¥ x € R) 
a Ix + yl s xt + yl. 
Case Il. Let x + y < 0 = |x + yl = — (x + y) = (x) + (-y). 
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Since -x<skkivxeR, oe + yl s bed + tyl 

Hence |x + yl < |x| + lyl. 

Aliter. We know 

xX + yl? = (x + y= x? + y? + Oxy = [xP + ly? + 2xy 

or x+y? < Ix? + ly? + 2 IX lyl (co xy < byl = bx ly) 
be + yP (xl + Iyl?. 

Hence |x + yl < [xl + lyl, since modulus is non-negative. 

(i) To show Ix — yl 2 IIxt — Iyll. 

Wehave = Ixl= k~y ty SIk—yl + lyl 

> x1 — yl < Ix - yl. (1) 
Again lyl = ly-x +x} <ly-x| + [x| 

a lyl - xl <1 -(x-y) | 


>  ~(xl- ly) skk-yl. (2) 
From (1) and (2), Ix — yl 2 Ix! - Iyl, 

and Ix — yl 2 — (xl - ly). 

rl Ix - yl 2 max {(Ix! - yl), — (bd - ly}. 

Hence Ix — y| 2 Ilxl - yl. 


(-- max {a, -a} = |a] V a e R) 
(i) kk -yl= kk + Cys Xl + byl = bt yl 
Hence Ix — yl < Ixl + lyk. 
Ex. If x and y are real numbers and « > 0, 
(i) Show that |x - y| < « if and only if y-e<x<yte. 
(il) Show that [xl < ac>-a<x<a, 
Sol. (i) We know [al = max {a, -a} V ae R. 
Ix — yl = max {(x — y), -O — y)} = max {x — y, y — x}. 
It follows that |x - y| < 
o max {x -y, y- xX} < 


o x-y<eandy-x<e 

o x<y+teandy—e<x 

o y-e<x<yte. 

(ii) Ix] = max {x, -x} <a 

oS x<aand-x<a 

° x<aandx>-a 

© -a<xandx<a 

Oo -a<x<a 

Ex. Show that for all real numbers x and y, 

k+y . bt | bl 


Hs $a 
T4]x+y] 14x] 1+|y/ 
Sol. We know Ix + yl < Ixl + lyl 
> 1+k+yls1+ kl + yl 
1 1 1 1 


— 


Gey Rep ee Bb 


Ex. 


Sol. 


Ex. 


Sol. 
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1 i key. bi+bl 
= Mapes GRE ee Seb 
yl x _byl 
> op Tey Te TT 


(21+ [xl + ly 2 1 + Ix} and 1 + |x| + lyf > 1 + ly) 
If x,, X,, .... X, are real numbers, then show that 


(0) IXX, XM) = GDL XE 
(ii) Ix, + +. + XI S DGl + DG] +. + DG 
(KX, XL = PGE GX,» (Ce byl = It yl) 


= Ix,| Ix] Ix, ... x, and so on 
Thus 1x,x, ...X,1 = 1X] IX). IX. 
(ii) Ix, +x, +... + x) = x, + (x, x, +. + XD] 
<i +k, +x, +0. +X] 
(Co bet yl s bt + ly) 
< xl + x + x, +... + x, and so on 
Thus |x, + Xo KIS Ix, + bx] tit Ix]. 


Show that 
)  k+ylzt bled oye 
yl2z1> 7 rl o- 
” 1 af 3 7 
(ii) Ix, +X, +... +x] 21 > kl 2 | for some i with 1 <i <n. 
(i) Suppose the conclusion is false. Then 


1 1 
x] <= and a 
bl < dana <3 
1 1 pai 
Now [x + yl < Ix! + lyl < 2 + z =1=> |x + yl < 1, a contradiction. 
Hence [x|22 or jy|>2. 
2 2 
(ii) Suppose the conclusion is false. Then 


1 
Ixl< 7: for each i with 1 sisn 


Now Ix, +X, +... 4X1 S DGD + Il +... + IX] 


Ix, + x, +... + x < 1, @ contradiction. 


1 Pc ; 
Hence |x| 2a for some i with 1 <i<n. 
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4. LIMIT POINTS 


Neighbourhood of a Point 


Definition : A set S c R is called a neighbourhood (nbd) of a point p < R if there exists an 
open interval (p - «, p + ) for some « > 0, 


such that 

pe(p-« ptecS. 
Examples 
1. The set R of real numbers is nbd. of all its points. 


For any real number x, we have 
xe(x-e, xte)cR, c>0. 


2. The open interval (a, b) is a nbd. of all its points, since 
xe(a+e,b-—«£)c (ab) 
3. The half open interval (a, b] is a nbd, of all its points except b, since for any « > 0 
be lb-ebte) c(a, bl. (2 b+ >b) 
Similarly, [a, b) is a nbd. of all its points except a and [a, b] is a nbd. of all its points except 
a and b. 
4. The set Z of integers is not a nbd. of any of its points, since for any integer p and any 
2>0, 
pe(p-epteaZ. 
5. Each of the following open intervals. 
4 
€ 1, 1), (-44 5 , « Is a nbd of 0. 


6. For any p < R, N = {p} is not a a nbd. of p, since for any « > 0, (p—«, p +e) dN. 
The set Q of rational numbers is not a nbd. of any of its points, for if (a, b) is any open 
interval around a point p < Q, then 

pe(a,b)zQ 
since between any two real numbers a, b there is always an irrational number which does 
not belong to Q. 


8. The set R ~ Q of irrational numbers is not a nbd. of any of its points. 
9. A non-empty finite set S is not a nbd. of any of its points, if (a, b) is any open interval 
around any point x e« S, then 
xe (a,b) aS, 


since (a, b) necessarily contains infinite number of points and S is a finite set. 
10. The empty set ¢ is a nbd. of each of its points, since there is no point in 6 which is not 
a nbd. 
Ex. If Mis a nbd. of a point p and N > M, then N is also a nbd. of the point p. 
Sol. Since M is a nbd. of the point p therefore, there exists an open interval (p — «, p + ¢), 
e > 0 such that 
pe(p—-epteeM 
> pe(p-epte)cMcN [- NoM>McN] 
> pe (p-epte cn. 
Hence N is a nbd. of p. 
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Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


Sol. 
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If M and N are nbds. of a point p, then M 4 N is also a nbd. of p. 

Since M and N are nbds. of p, therefore, there exist c, > 0 and c, > 0 such that 
pe(p-e,pt+e)cM 

and pe (p-e,ptey)coNn. 

Let < = min {¢,, ¢} so that « < e, and ¢ < ¢,. Thus 


pe(p-e,pte)c(p-e,pte)oM 
wl) 


pe (p-e,pte)c(p-e,,pt+e,)ON 


is pe (p-e, pte) coc MAN. 
Hence M 07+ N is a nbd of p. 
Note. Obviously, p <¢ (p— «, p + ) C MUN and so M U Nis also a nbd. of p. 
Show that intersection of a finite number of neighbourhoods of a point is also a neighbourhood 
of the point. 
Let M,, M,, .... M, be a finite number of neighbourhoods of a point p. Then there exists ¢, > 0 such 
that 
pelp—-e,ptelcM fori=1, 2,...,n. 
Let c= min fe, ¢,, ..., ¢}. Then 
pe]p—-eptel[cM fori=1,2,..,0 
> pelp-eptel[cCMoM,n..0M, 
Hence M, 0M, 4... 0 M, is a nbd. of p. 
Define a neighbourhood of a point. Show that the intersection of the family of all neighbourhoods 
of a point x is {x}. 
A subset § c R is called a neighbourhood of a point p ¢ R if there exists some 
e > O such that(p—e,pte)cS. 
Let {N,} be a family of all neighbourhoods of a point x. We have to show that > N, = {x}. 
Consider any point y # x and Lete = |x-y]| 
then, (x — , x + ¢) is a nbd. of x and y ¢ (x —«, x + 6), 
since ye (x-2,xte)>x-e< y<x+e5|x-y| <e, a contradiction. 
Since y ¢ (x-«, x + &), y ¢€ ON, Hence 4 N, = {x}. 
(i) Can a set N be a neighbourhood of any point of R ~ N ? 
(i) Can a non-empty finite set be a neighbourhood of any of its points 7 
(i) We shall show that N cannot be a neighbourhood of any point of R ~ N. 
Letx ¢ R~N then, x ¢N. 
Suppose N is a nbd. of x then there exists some « > 0 such that 
xe (x-—e, x + £) CN =X €N, which is a contradiction. 
Hence the assertion made above is not TRUE. 
(ii) The answer of the second part is also No. 
Let x ¢ N, where N is a non-empty finite set. If Nis nbd. of x, then 
xe (kx-—«e, x +e) CN for some c > 0. 
This is impossible, since N is a finite set and (x — ¢, x + «) contains infinite number of elements. 


Limit Points 


Definition 1 : A real number p is said to be a Ilmit point of a set S c R if for each c > 0 there 


exists at least one point p, ¢ S such that 


P, < (p—€, p + £) and p, =p. 
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Definition 2 : The set of all limit points of a set S c R is called the derived set of S and is 


denoted as S’. 


Ex. 


Sol. 


x € S' & x is a limit point of S. 


Example 
1 0 is the only limit point of the set 
s {ibd vl 
234 n 


2. 1 and —1 are the only limit points of the set 
s-fadatadat...} 


Notice that 1, -1 both belong to S and S’ = {1, —1}. 
Remarks 
° A set may or may not have a limit point. 
For Example, R has limit points but Z has no limit point. 
e Limit point of a set may of may not belong to the set. 
For Example, every limit point of R belongs to R and the only limit point 0 of the set 


S={1, Pe. ..} does not belong to the set i.e., 0 ¢ S’. 
Examples : 
' (m2 1 : 
1. The set | has no limit point for a nbd {m-pem if 2 of m € | contains no point of | other 
than m. Thus the derived set of | is the null set @. 
2. Every point of R is a limit point for every nbd of any of its points contains an infinity of 


members of R. Therefore, R’ = R. 
Find the limit points of each of the following sets : 


(a) aftit ah (b) a={trtinen} 


(c) 


3} (d) D={:0<x< 1} 


11 

(a) D={x:0<x< 1). (e) e=(2.timennen} 
moon 

(f) F = (3°+5":n < N} 

(a) The only limit point of A is 0 i.e., A = {0}. Notice that 0 ¢ A. 


14141 
(b) We have B= fargrgty, i 


The only limit point of B is 1 i.e., B’ = {1}. Notice that 1 ¢ B. 


EE slat 
= pees 
(c) The set C {u HIT ge } 
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has only two limit points 1, -1. Notice that 1 <¢ C and -1 € C. 
We have C’ = {1, —1}. 

(d) We observe that D = [0, 1) and so D’ = [0, 1]. 

(e) First we write all the elements of the set 


E=[2+t:mnen} 
min 
For m = 1, the elements of E are: 
to 
wets... ail 
+lt5. 1g (1) 


For m = 2, the elements of E are : 


2) 


8) 


and so on. 
It is clear that 
1 is the limit point of the elements in row (1), 


tis the limit point of the elements is row (2), 


1 
gs the limit point of the elements in row (3), 


and so on. 


11 1 ce adhe 
Thus Wo3e i ni ... are all limit points of E. 


Since E contains an infinite number of fractions lying between 0 and 1, so each nbd. of 
0 surely contains a positive fraction and as such 0 is also a limit point of E. 


Hence E’= tt me ni {0}. 


()  Wehave F = {dedinen}. 


As discussed in part (e), we observe that 


pe (OT 111 
pola dult 3. jst 
Example. Give an example of a set whose derived set is 
(i) void 
Ans. If Z is the set of integers, then 2’ = 9. 
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(ii) subset of the given set 


1 
Ans. Let S = fu-ug 


Then S'={1,-1}c S. 
(iii) superset of the given set 


Ans. Let $ = [pg def. Then S' = {0}. 
S' is neither a subset nor a superset of S. 

(v) same as the given set 

Ans. R’ = R or [a, b]' = [a, b). 

Example : Give an example of a set which has 
(i) no limit point 

Ans. The set Z of integers has no limit point. 
(ii) unique limit point 


11 1 


Ans. S = 151.4, —,..phas 0 as the unique limit point. 
fuged ds of que limit p 


(ii) two limit points 

1 47 ol 
Ans. S = -1 vo PAZ Ag 
has two limit points viz 1 and -1. 
(iv) three limit points 


Ans. S = {" 2,3, 1% 23, i 23,33, af has three limit points viz. 1, 2, 3 

(v) infinite number of limit points 

Ans. The set R of real numbers has infinite number of limit points. In fact every real number is 
a limit point of R. 

(vi) a set whose every point is a limit points of the set 

Ans. The set R of real numbers, 

(vil) a set none of whose points is a limit point of the set 

Ans. The set Z of integers. 


(viii) A set with only V8 as its limit point. 


Ans. S = \v3+ nen}. 


Ex. Define limit point of a set. Show that the set N of natural numbers has no limit point. 
Sol. Let m be any natural number. 


i 1 
Then (m-}.m+3} is a nbd. of m which does not contain any point of N different from m. 
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Sol. 


Ex. 


Sol. 


Ex. 


Sol. 
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Letm e R ~ Ni.e., mis any real number but not a natural number. Then we can find some 
integer j such that j < m < j + 1. Consequently (j, | + 1) is a nbd. of m, which does not contain 
any point of N. Hence N has no limit point i.e., N’ = 9. 

Given an example each of : 

(i) a bounded set of real numbers 

(ii) an unbounded set of real numbers 

Also find the set of limit points of both the sets. 


1 1,1 1 
() S= f -1 y “Dy “1g 


is a bounded set of real numbers. Its limit points are 1 and —1. 


1 1 1 
i) $= 112253) 4 sie 
aw fr2zdatadt 
is an unbounded set of real numbers. 0 is the only limit point of S. 
Find the derived sets of the foliowing : 


0 a-f+V nen, (i) B= {car +tinent, 
diy c= {HP nent. () p=(s'+ nen} 


A = {1}, B’ = (+1, 1}, C' = {0}, D' = 9. 
If S and T are sets of real numbers, then show that 
(a) ScT>S'cT (bo) (SuUT/y 
(c) (SnTycSinT 
Given an example to show that (S m4 T)' and S’ 4 T’ may not be equal. 
(a) Let S c T. We shall prove that S’c T’. 
Let x € S' so that x is a limit point of S. Thus for each « > 0, (x — ¢, x + «) contains a point 
xX, € S$ such that x, # x. Sincee ScT,x,eS>x, eT. 
Consequently, (x — e, x + £) contains a point x, € T, x, # x, and so x is a limit point of T 
te, ‘ET. 
xeS' > xeT. 
Hence Sc T’. 
(b) We know Sc SUT => S'’c (SUT), by part (a). 
Similarly, TcoSuUTaTc(SuT). 


Sut 


a SuTc(SuTy. (1) 
Now we prove (S UT)’ c S'UT. (2) 
Let xe(S UT) =x is a limit point of SUT 


= every nbd. of x contains a pointy « S UT, y#x 

=> every nbd. of x contains a point (y « S or ye T), y#x 
=> every nbd. of x contains a point y « S, y x, 

or every nbd. of x contains a point y < T, y # x. 

=> x is a limit point of S or x is a limit point of T 

=>xeS' or xeT 
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>pxrxeSu!T. 

Thus (2) is proved. 

From (1) and (2), (S UT) =S'UT. 

(c) We know SNTcS > (S AT) cS’, by part (a) 

and SnTeT > (SaTy cT. 
(SaTYcSaT. 

To prove that the equality does not hold, we take 
S$ =]1, 2[ and T = ]2, 3[ so that S nT = 9. 


> S$’ = [1, 2], T = [2, 3] and 
(SATS A026 

Now SAT = {2} and Ga Ty = 4. 

Thus (SATY#8'nT. 


Some Theorems of Limit Points 

Theorem : A point p is a limit point of a set A if and only if every neighbourhood of p contains 
infinitely many points of A. 

Proof. The condition is necessary. 

Let p be a limit point of A. We shall show that every nbd. of p contains infinitely many points of 


A. Suppose this is false then, there exists some « > 0 such that (p — c, p + ¢) contains only a finite 
number of points, say p,, P,, -... P, ; Which are different from p. 


Let S=min{Ip-p,l.Ip—p,l...,1P—p,1} 6 > 0) 

> d<Ip-p,lfori=1,2,..,n 

> (p - 8, p + 8) contains no point of A other than p 

aoe P is not a limit point of A, which is a contradiction. 

Hence every nbd. of p must contain infinitely many points of A. 

The condition is sufficient. 

Suppose every nbd. of p contains infinitely many points of A. Surely then, every nbd. of p contains 
a point of A different from p and so p is a limit point of A. 

Corollary. Show that a finite set has no limit points. 

Proof. Let S be a finite set. Let if possible p be a limit point of S. 

By Theorem for every « > 0, (p - e, p + £) must contain an infinite number of elements of S, 
which is impossible, as S is a finite set. Hence p cannot be a limit point of S. 

Theorem : (Bolzano-Weierstrass Theorem) 

Every infinite bounded set of real numbers has a limit point. 

Proof. Let S be any infinite bounded set of real numbers with bounds 


m= inf S andM=supS ie, msx<sM V xXeS. (1) 
We define a set of real numbers as follows : 
T = {x : x Exceeds only a finite number of elements of S}. (2) 


From (2), it follows that 


x2 only a finite number of elements of S (3) 
XxeT SO Or 
{x < infinite number of elements of S. wA(4) 


(-- S is infinite) 
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From (1) and (4), we observe that m € T and so T is non-empty. 

Again from (1), M2 x V x € S (and S is infinite). 

From (3), V y « T => y 2 only a finite number of elements of S. 

Thus M2y Vy € T and so Mis an upper bound of T i.e., T is bounded above. Since T is a non- 
empty and bounded above subset of R, so by order-completeness property of R, T must have the 
supremum, say p i.e., 

sup T =p. 

We shall show that p is a limit point of S. Let < > 0 be arbitrary. 

Since p + ¢ > p and p is an upper bound toT, pte ¢T 

> Pp + > infinite number of elements of S, using (3) 

> infinite number of elements of S < p + «. ..(5) 

Since p —« < p and p is the I.u.b. of T, so p — « cannot be an upper bound of T. Consequently, 
there exists some q < T such that 

q>p-« ie, p—e<q, where qgeT. 

Now qeT = q < infinite number of elements of S, by (4). 

Thus p-—e <q < infinite number of element s of S. (6) 

From (5) and (6), it follows that any nbd. (p — ¢, p + ) of p contains infinite number of elements 
of S. Hence p must be a limit point of S. 

Remark : The conditions of the Bolzano-Weierstrass Theorem cannot be relaxed. 

We have seen in the corollary of Theorem that a finite set (which is of course bounded) can never 
have a limit point. Further there exist infinite unbounded sets having no limit point. 

For Example, 

0) The set Z of integers is an infinite unbounded set, which has no limit point. 

(i) ‘The set S = (12, 22, 3%, ... n%, ...} 

is an infinite unbounded set, which has no limit point. 
Remark : It may, however, be noticed that 


seliatiatat... 
2 4 


is an infinite unbounded set, which has the limit point viz. 0. 
Theorem 1 : Every finite set is bounded. 

Proof : Let A = {a,, Ay on a} be a finite set and 

let h = min(a,, a, ..., a,) and k = max(a,, a, ..., a) 
then h<x<k,VxeA 


Therefore A is bounded. 
Theorem 2 : Every infinite bounded set of real numbers has a limit point. 
Proof : Every infinite and bounded subset of R has a limit point i.e. atleast one limit point. 
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5. THE ARCHIMEDEAN PROPERTY OF REAL NUMBERS 


If x, y are two positive real numbers, then there exists a positive integer n such that ny > x. 
Proof : Suppose there does not exist any positive integer n such that ny > x. Thenny<x Vn 


e N. Consequently, the set 


S = fy, 2y, 3y, ..... ny, (n+ 1) y, «3 
is non-empty and bounded above by x. 
By order-completeness property, S has the supremum, say p. 

(n+ 1)y<p vneNn 
> ny<p-y VneN, (p—y <p, as y > 0) 
> Pp - y (<p) is an upper bound of S, which is a contradiction to the fact that p = sup S. 
Corollary 1 : If x be any positive real number, then there exists a positive integer n such that n>x. 
Corollary 2 : Let x by any real number and y be a positive real number, then there exists a 


positive integer n such that ny > x. 


Ex. 


Sol. 


Ex. 


Sol. 


Corollary 3 : For any real number x, there exists a positive integer n such that n > x. 
Corollary 4 : For any real number x, there exists an integer m such that m < x. 


1 
If x be any positive real number, then there exists a positive integer n such that — <x. 


Applying the Archimedean property, for y = x > 0 and x = 1, there exists a positive integer n such 
that ny > x > nx > 1 =n > 1/x. Hence Tin < x. 
Remark : The integer n satisfying n < x < n + 1 is called an integral part of x and is denoted by 
i. 
If x and y are real numbers and x > 1, prove that there exists a positive n such that x" > y. 
Suppose that conclusion of the problem is false. 
Then x" < y vn € N. Consequently, the set 
S = {x, x2, 8, 0... x) ...} 

is non-empty subset of R, which is bounded above by y. By order-completeness property of R, 
S$ has the |.u.b. Let p = Lub. S. (1) 
Since x>1,px>p > p>pk > px<p 
> p/x is not an upper bound of S, by (1) and so there exists some x" < S such that 

x > pix => x"t! > p, where x"t! © S. 


Thus shows that p is not an upper bound of S, which is a contradiction. 
Hence x" > y for some positive integer n. 
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6. INTERVALS 


The representation of real numbers as points on a straight line helps us to define four types of 
intervals. 


Let a and b be any two real numbers such that a < b. 
1. Open Interval, denoted by Ja, bl, is defined as 
(a, b) = {x : a< x < b}. 
The end points a and b do not belong to (a, b). 
2. Closed Interval, denoted by [a, bl], is defined as 
[a, b] = (kK: asx <b}. 
The end points a and b belong to [a, b]. 
Semi-Open or Semi-Closed Intervals are defined as follow : 
3. (a, b] = {x: a< x <b}. 
Here a ¢ (a, b] and b ¢ (a, bl. 
The interval Ja, b] is said to be open from the left and closed from the right. 
4. [a, b) = {x : a<x< b}. 
Here a ¢ [a, b) and b ¢ [a, b). 
The interval [a, b) is said to be open from the right and closed from the left. The intervals (a, b] 
and [a, b) are also known as half-open or half-closed intervals. 
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7. OPEN AND CLOSED SETS 


Open Sets 


Definition : A set S c R is called an open set if it is a nbd of each of its points. 
In Other Words : a set S c R is called an open set if for each p € S, there exists some ¢ > 


0 such that 
Examples 
1. 


2. 
3. 


10. 


1. 


pe(p-eptecS Vv peS. 


The set R of real numbers is an open set. 

Every open interval (a, b) is an open set. 

[a, b) is not an open set, since [a, b) is a nbd. of all is points except a. 
Similarly, (a, b], [a, b] are not open sets. 

The set Z is integers is not an open set, 

since Z is not a nbd. of each of its points. 

G = (1, 2) u (3, 4) is an open set, as G is a nbd. of each of its points. 


(-22) is an open set for each n < N. 
The empty set $ is an open set. 

The singleton set {x} is not an open set, since for any ¢ > 0, (x — «, x +e) z {x} 
The set Q of rational numbers is not an open set, since Q is not a nbd. of each of its 
points. 

The set R — Q of all irrational numbers is not an open set. 


111 


The set S = {u 33° je} is not an open set, as S is not a nbd. of each of its points. 


For Example, (1 - ¢, 1 + £) is not an open set, as S is not a nbd. of each of its points, 

For Example, (1 — ¢, 1 + 2) contains an infinite number of irrational numbers and so 
(1 -«, 1+) @ S$ for each « > 0. 

Theorem : The union of an arbitrary family of open sets is an open set. 

Proof. Let {G, : 4 € A} be an arbitrary family of open set. 


Let 


Let x be any element of G = UG. 


Ge yy, G,. We have to show that G is an open set. 


ie 


Then x « G, for some i € A. 
Since G, is given to be an open set and x < G,, so G, is a nbd. of x. Thus there exist some ¢ 


> 0 such that 


> 


= 


> 


xe (X-exX+e)cG, 


xe(x-agxtaycGcyu G=G 
on 


xe(x-exte) co Gv¥xeG 

G is a nbd. ofx, VxeG. 

It follows that G is a nbd. of each of its points and consequently G = G, is an open set. 
Theorem : The intersection of a finite number of open sets is an open set. 
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Proof. First of all we show that the intersection of two open sets G, and G, is an open set. 
Let x be any point of G, m G,. Then x « G4 G, 
> xe G, andxe G, 


> G, and G, are nbds. of x (> G, and G, are open sets) 
> G, 1 G, is nbd. of x 
> G, 4 G, is a nbd. of x for each x € G, € G,. 


Thus G, 4 G, is an open set. 
Now we consider three open sets G,, G,, G,. Then 
6,16, G, = (6, 1G) o G, 
R.H.S. being the intersection of two open sets viz. G, > G, and G, is an open set and so G, 4 
G, 24 G, is an open set. 
Proceeding in a similar way, if G,, G,, ..., G, are a finite number of open sets, then 
6, G, 2... 9 G, is an open set. 
Remark : The intersection of an arbitrary family of open sets may not be an open set. 
Let us consider G, = (- 1/n, 1/n) Vn & N. Then 
G, = (-1, 1), G = © 12, 172), G, = 13, 13), ... 
Since every open interval is an open set, therefore {G, : n < N} is a family of infinite number of 
open sets. 
Clearly, 6, AG, = © 4, 1) © 12, 112) = (- 1/2, 1/2), 
G, 4G, 4 G, = © 1/2, 1/2) 0 ( - 13, 1/3) = (- 1/3, 1/3) 
and so on. Thus at every step, the size of the open interval is reducing and getting closer to 0. 


Indeed A G, = {0}, which is not an open set, 


since for any « > 0, (0—«, 0 + 2) = (—«, «) c {0}. 


1 1 
Example : Let |, = (x-3x+2), n= 1, 2). 


Prove that |, is an open set for each positive integer n and cen = {x}. 
ne 


Hint. Since each open interval is an open set, (x — 1/n, x + 1/n) is an open set for n = 1, 2, 3, 


= 11 
... As shown above att } = {0}. 


n 
Similarly, 


(x-Bxst) = t+) = {x}. 
non 


Example : Is every infinite set open? Justify your answer. 

Hint. Every infinite set need not be an open set. 

For Example, 

(0) the set Z of integers is an infinite set, which is not an open set. 


(ii) S= > ; w+} is an infinite set, which is not an open set. 
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set. 


Definition : A set S c R is called a closed set if and only if its complement R ~ S is an open 


S$ is closed = R ~ S is open. 

Examples 

1. The set R of real numbers is a closed set, 
as R ~ R = ¢ is an open set. 

2. The empty set 4 is a closed set, 
as R ~ = R is open set. 


3. The set R of real numbers is both open and closed. 
The empty set 4 is both open and closed. 
4. Every closed interval [a, b] is a closed set, 


R ~ [a, b] = (— ~, a) u (b, + &) 
and R.H.S. being the union of two open sets is an open set. 
5. [a, b) is not a closed set, 
R ~ [a, b) = (- ~, a) u [b, + ~) 
is not an open set as the R.H.S. is a nbd. of each of its points except b. 
Similarly, (a, b], (a, b) are not closed sets. 
6. [0, 3] 4 1, 2] is a closed set, 
since [0, 3] > [1, 2] = [1, 2], which is a closed set. 
7. F =[1, 2] u [2, 4] is a closed set, since F = [1, 4] is a closed set. 
8. Q is not a closed set, since R ~ Q being the set of all irrational numbers is not an open 
set. Thus the set Q of rational numbers is neither a closed set nor an open set. 
Theorem : (a) The union of a finite number of closed set is a closed set. 
(b) The intersection of an arbitrary family of closed sets is a closed set. 
(c) Given an Example to show that an arbitrary union of closed sets may not be a closed set. 
Proof. (a) Let F,, F,, .... F, be a finite number of closed sets so thatR ~ F,,R~F,,....R~F, 


are open sets. 


(R~ F,) 0 (R~ F,) 4... 0 (R ~ F,) is an open set. 
By De Morgan's law, 
R~(F,UF,U..UF) =(R~F,) 0 (R~F) 9... A(R ~ F) 
> R~(F, UF, U... U F,) is an open set. 
Hence F, UF, u ... u F, is a closed set. 
(b) Let {F, : 4 A} be an arbitrary family of closed sets. 


We have to prove that F = a F, is a closed set. 


Equivalently, we have to prove that R ~ F is an open set. 
By De Morgan's law, 
R~F=R~(nF) =U (R~F). 
Since each F, is a closed set, so R ~ F, is an open set. 
Now vu (R~ F) being an arbitrary union of open sets is an open set and so R ~ F is an open 


set. Hence F = - F, is a closed set. 


(c) Let F, = [32] VneN. 
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Then F, = [1, 2], F, = iF?) F,= [32] 2 


Since every closed interval is a closed set, therefore {F,: n < N} is a family of infinite number 
of closed sets. We observe that 


=f,au [3]. F,= iF?) 


fi 1 1 
Feunk, o By |oi2 uls2! = git and so on. 


FLu 


3 


Indeed, &, F, = ]0, 2], which is not a closed set. 


Example : Given an example of each of the following : 

(a) an interval which is an open set., 

Ans. (a, b). 

(b) an interval which is not an open set, 

Ans. [a, bl. 

(c) an open set which is not an interval, 

Ans. R or (0, 1) u (2, 3). 

(d) a set which is neither an interval nor an open set. 

Ans. The set Z of integers. 

Example : Give an example of each of the following : 

(a) an interval which is a closed set, 

Ans. [a, bl]. 

(b) an interval which is not a closed set, 

Ans. [a, b). 

(c) a closed set which is not an interval, 

Ans. R or (0, 1] & [2, 3]. 

(d) a set which is neither an interval nor a closed set. 

Ans. The set Z of integers. 

(e) A set which is neither an open set nor a closed set. 

Ans. The set Q of all rational numbers is neither an open set nor a closed set. 

Example : Comment on the following statements : 

(a) Can a finite set be open? 

Ans. Yes. An empty set is a finite set, which is also an open set. 

(b) Can a finite non-empty set be open? 

Ans. No, Let S is a non-empty finite open set, then for any x « S and any ¢ > 0 
(x-exte cS, 

since the interval (x — ¢, x + «) necessarily contains an infinite number of points and S is a finite set. 

(c) Is every infinite set open? 

Ans. No. The set Z of integers is an infinite set, which is not an open set. 

(d) Is the intersection of any arbitrary family of open sets an open set? 
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Ans. No. G, = (— 1/n, 1/n) Vn & Nis a family of infinite number of open sets and a G, = {0}, 


which is not an open set, 
Theorem : A set S is closed if and only if it contains all its limit points. 
Equivalently, S is closed = S’c S. 
Proof : By definition of a closed set, 
S$ is closed <= R ~ S is an open set 
< R ~ S is a nbd. of each of its points 
© for each x « R ~ S, 3 some e > 0, such that 
(x-e,xte)c R~Sor(k-e,x+e)nS=6 
(eye (x-e,xte) > ye R~S>ye S) 
<= for each x < R ~ S, 3 a nbd. of x which contains no point of S 
= x is not a limit point of S VxeR~S. 
@exeSvxeR~S 
exeSvxeS 
escs. 
Remark. The above Theorem gives us a second definition of a closed set. 
In order to show that a set S is closed, we must prove that if p is any limit point of S. then peS. 
Corollary 1. Every finite set S is a closed set. 
Proof. Since S is a finite set, S has not limit points. ». S' = 9. 
Since ¢ < S. so S'c S. Hence § is a closed set. 
Corollary 2. Every singleton is a closed set. 
Proof. Any singleton set {x} is a finite set and hence by Corollary 1, it is a closed set. 
Corollary 3. The set Z of integers is a closed set. 
Proof. We know Z' = o and so Z’ < Z. Hence Z must be a closed set. 
Corollary 4. The set N of natural numbers is a closed set. 
Proof. We know N’ = ¢ and so N’ CN. Hence N is a closed set. 


Theorem. Prove that the supremum of a non-empty bounded set is either the greatest member 
of the set or is a limit point of the set. 


Or 


Prove that the supremum of a non-empty bounded set S of real numbers when not a member 
of S must be a limit point of S. 


Proof. Since S is non-empty and bounded above, S must have the supremum, say s 
ie, s = sup S (O-C Property). 

> x<s VxeS. 

If s < S, then s is the greatest member of S. Lets ¢ S. 

We shall show that s is a limit point of S. 

For any «> 0, we have s—e<s. (1) 


Since s is the |.u.b. of S, so s — « cannot be an upper bound of S. Consequently, there exists 
some t € S such that 


t<s<sterat<ste (2) 


From (1) and (2), it follows that any nbd. (s — ¢, s + £) of s contains a point t < S, t# s. Hence 
s is a limit point of S. 
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Theorem : Show that a non-empty, bounded and closed set S contains its supremum and 


infimum. 


Proof : Since S is non-empty and bounded above S must have a supremum say s 
ie. s = sup S (O-C property). If we show that s « S, then S has a maximum viz. s. We now 


proceed to show that s is a limit point of S. 


Let ¢ > 0 be arbitrary. Since s = lu.b.S. s — e is not an upper bound of S and so there exists 


some t < S such that 


t>s-e or S-ex<t (1) 
Clearly, t<s<ste (2) 
From (1) and (2), it follows that (s — c, s + «) contains a point t < S, t # s for all « > 0. 
Thus s is a limit point of S. Since S is a closed set, s < S. 
Hence s is a maximum of S. Similarly, s’ = inf S is a minimum of S. 
Theorem : Prove that the derived set of any set is a closed set. 
Proof : Let S’ be the derived set of a set S. We have to show that S’ is a closed set. 
Equivalently, we have to show that if p is limit point of S’, then p < S’. 
Suppose p is a limit point of S’. The for any « > 0, (p - «, p + €) contains a point q of S’. q # 


p. Now q « S'=>q is a limit point of S. 


> Every nbd. of q (in particular, (p — «, p + £) ) contains a point r of S, r+ q 
= for each < > 0, (p — «, p + £) contains a point r ¢ S, wherer#p 
@ rq and q =p) 
= p is a limit point os S = p € S'. Hence S' is closed set. 
Theorem : The derived set of a bounded set is bounded, 
Proof : Let S be any bounded set whose bounds are 
m= inf S and M=sup$ 


ie, m<sxsM V xeS (1) 
We shall prove that 
msx<M Vv xeS' 
Let, if possible, there exist some y < S’ such that y > M. 
Now, y>M > y-M>0. 
We choose « > 0 such that 
e<y-M > M<y-e (2) 


From (1) and (2), 
xsM<y-ev xe S, 
In follows that there exists a nbd. ( y — ¢, y + © ) of y which does not contain any point of S and 


so y in not a limit point of S i.e, y ¢ S’, which is contradiction. 


Ex. 


Sol. 


Thus x<M v xe S. 
Similarly, we can show that 
msx v xe S 
Hencem<x<M Vv x € S' and so S' is bounded. 


1 
Show that S = fia wf is closed but not open. 


The only limit points of the set S are 1 and - 1 i.e., S' = {1, — 1}. 
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Since S$’ c §, S is a closed set. 

Since S is not a nbd. of each of its points, S$ is not an open set. 
Notice the for eache > 0,1 « (1-e, 1 te) aS. 

Example : Comment on the following statements : 

(a) Can a singleton be closed? 

Ans. Yes. Every singleton is closed 

(b) Can a finite set be closed? 

Ans. Yes. Every finite set is closed 

(c) Is every finite set closed? 


Ans. Yes, 
(d) Is every infinite set closed? 
11 
Ans. No. S = {1, 23 is an infinite set which is not closed, since its only limit point 0 does 


not belong to the set S. 


(e) Is the union of an arbitrary family of closed sets a closed set? 


Ans. No. {F, = [1/n, 2]: n © N} is a family of infinite number of closed sets, and 4 F, = (0, 2], 


which is not a closed set. 


Ex. 


Sol. 


Ex. 


Sol. 


(f) Is the intersection of an arbitrary family of closed sets a closed set? 
Ans. Yes. 
Give Examples of sets S and S’ such that 


(a SaS =, (b) S cS @S'c§, @s=s. 
(a) Let S = {1, ey ..}. Then S' = {0}. Clearly, SS’ 
(b) Let S = (0, 1) so that S’ = [0, 1]. Obviously, S c S$’. 


(ce) LetS={1,-1,1 . Then S' = (1,- 1} cS. 


(@) Let S = [0,1] so that S’ = [0,1]. We have S = S’. 

Find the limit points of the following : 

(i). N, (i) (a, bl, (ii) R ~ Q, (iv) finite set. 

(i) N has no limit point. 

(ii) { (a, bly = [a,b]. Hence each point of [a, b] is a limit point of (a, bl. 

(iii) R ~ Q, consists of all irrational numbers. Every real number p ¢ R is a limit point of R ~ Q, 


since for each < > 0, (p — «, p + «) contains an irrational number other than p. 


(iv) A finite set has no limit point . 

Example : State whether the following subsets of R are open, closed : 
(i) the set Z of all integers. 

Ans, Z is closed. (~ Z' = $< Z.) 

However, Z is not open as Z is not a nbd. of any of its points. 


(i) S= {nen}. 
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Ex. 


Sol. 


Ex. 


Sol. 


Ans. S is neither closed nor open. 

We have S' = {0} < S. Also S is not a nbd. of any of its points. 
(iii) The segment (a, b). 

Ans. It is an open set, since it is an open interval. 

However, it is not a closed set, since { (a, b) }’ = [a, b] < (a, b). 
(iv) The set N of natural numbers. 

Ans. N is closed. = (. N' = ¢ c N) 

However, N is not open as N is not a nbd. of any of its points. 
(vy) S = {1, 2, 3, 4}. 

Ans. S is a closed set, since it is a finite set and every finite set is closed. 
However, S is not open, since S$ is not a nbd. of any of its points. 
(vi) The set R of real numbers. 

Ans. R is both open and closed. 

(vii) $ = (0, 1) u (2, 3). 

Ans. S being the union of two open sets is an open set. 

Now S'=((0, 1)}'U{ (2,3) = [0 U1, Ics. 

Hence, S is not a closed set. 


1°11~«1 
fist 


Ans. S' = {0} z S and so S is not closed. 

Since S is not a nbd. of each of its points, S is not open. 

(ix) The set Q as rational numbers. 

Ans. We know Q' = R ¢ Q and so Q is not closed. 

Further Q is not a nbd. of any of its points and so Q is not open. 

(x) $= [0, 1 U[2, 3). 

Ans. S being the union of two closed sets is a closed set (Every closed interval is a closed set). 
Since S is not a nbd. of the points 0, 1, 2, and 3, S is not an open set, 

It F is a closed bounded set, then every infinite subset S of F has limit point in F. 

Since S is a subset of the bounded set F, so S$ is a bounded and infinite set. By Bolzano 
Weierstrass Theorem, S has a limit point, say p. Since S c F, so p is also a limit point of F. 
Since F is a closed set and p is a limit point of F, so p ¢ F. Hence S has its limit point in F. 
If Ais open and B is closed, show that A ~ B is open and B ~ A is closed. 

Since B is closed, R ~ B is an open set. Now A ~ B = An (R ~ B), which being the intersection 
of two open sets is an open set. Thus A ~ B is an open set. 

Again B ~ A = Bm (R ~ A), which being the intersection of two closed sets is a closed set. Thus 
B ~ Ais a closed set. 


(viii) S 
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8. INTERIOR AND EXTERIOR OF A SET 


Interior Points of A Set 
A point x is an interior point of a set S is S is a nbd of x. In other words, x is an interior point 
of S if 3 an open interval (a, b) containing x and contained in S, i.e., x € (a,b) cS. 
Thus a set is a neighbourhood of each of its interior points. 
Interior of A Set : The set of all interior points of set is called the interior of the set. The interior 
of a set S is generally denoted by Si or into S. 
Example : The interior of the set N or 1 or Q is the null set, but interior of R is R. 
Example : The interior of a set S is a subset of S, ie, Sic S. 
Interior, Exterior and Boundary of A Set 
Definition : 
0) Let A be a subset of R and let p < A. Then p is called an interior point of A is there exists 
an e-nbd of p contained in A, i.e., if there exists an « > 0 such that] p—e,p—e[cA. 
The set of all interior points of A is called the interior of A and is denoted by A° or by int 
A 
(ii) A point p is called an Exterior point of A if there exists an e-nbd of p contained in the 
complement A of A. The set of all Exterior points of A is called Exterior of A and is denoted 
by Ext A. 
(iii) A point p is called a boundary point (or frontier point) of a if it is neither an interior nor an 
Exterior nor an Exterior point of A. The set of all boundary points of A called the boundary 
(or frontier) of A and is denoted by b (A) [or Fr(A)]. 
Result : 
(0) A° is the set of all those points of A which are not the limit points of A.’ 
(iil) A point p is an Exterior point of if and p is not an adherent point of A. 
(iii) A point p is a boundary point of A if and only if every e-nbd of p intersects both A and A’. 
(iv) A° is an open set, 
(v) A° is the largest open set contained in A 
(vi) — Ais open if and only if A°=A. 
Theorem : Let A, B be any subsets of R Then 


@ cA, (ji) AcB=>A°cBR 
(ii) (ANB)? = A2 A Be (vw) AU Bec (AU BY 
(vy) Am = Ar 


Proof : We prove only (iii). The proofs of others are easy and let as Exercise for the reader. We 
have by (ii) 
ANBcA=> (An BY cA° andAnBcB=> (An BY cB. 
(An BY? c A? ns B®. (1) 
Again A°c Aand Bc B>A° NB cCANB. 
Also A° ~ B® is open, being the intersection of two open sets. 
Thus A°7 B°is an open set contained in A. B. But (A B)° is the largest open set contained 
in An B. Hence 


Aon Bo (An BY (2) 
From (1) and (2), (Am B)? = A° 4 Be 
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9. COMPACTNESS 


(1) Open Cover of A Set : Definition : Let S c R and C = {Ali € I}, R be the group of open 
set in R. Then C is called the open cover of the set S, if 


ScuA, 


ie., every element of S exist atleast is one of the open set of C. 
(ii) Finite Subcover : Definition : Any finite subcover C' = fAliedc I}, S of open subcover 
C= {Al ie I} of any set S is called a finite subcover of S, if 


ScuA 


jen 
Example : Group C = {(— n, n) | n < N} and C' = {(- 3n, 3n) | n © N} are two open covers of 

R and C’ is an open cover of C. 
x 3x 


Example : Group of open intervals {: 2 i xe (0, of is the open cover of the set (0, 1). 


Compact Set : Definition 


A non-empty subset of R is said to be compact if a finite subcover of S is contained in each open 


cover of any set S. 
Example : A finite subset S = {x,, x,, .....x,} of R is a compact set, since if C = {A |i e |} is an 
open cover of S, then for every x, < S, there exist an open A, in C, such that x, ¢ A, r= 1, 2, .....n. 


Now if C'= (A, [r= 1, 2, ....n}, then $< UA, 


Therefore C’ is a finite cover of the set S. 
Consequently, S is compact set. 
Heine Borel (H-B) Theorem : Statement 
Every open cover of a closed and bounded subset S of real number contains a finite subcover 


Proof. Let S be a closed and bounded subset of the set R of real numbers. 
Now since S is bounded, therefore there exists an closed interval 
|, = [a, b] such that S c [a, b] 
where a and b are the infimum and supremum respectively of S. 
Let C = {A | i e N} be an open cover of [a, bl]. 
Hence C is also an open cover of S. 


Therefore Sc[a, blo YA, 
1oN 


If possible, suppose no finite subcover of [a, b] is contained in C i.e., any finite sub group of C 
is not the subcover of |, = [a, b]. 


1 
Then bisecting |, at 7 + b), there will not exist finite subcover in C of atleast one of the intervals 


[az + »)] and i3¢ +b.0]. 
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Denote this interval by |, = [a,, b,. 

Repeating this process, we get a sequence of nested intervals 
yo 3S pm Dow 

in which no finite cover of any interval exist in C. 


b-a 


Clearly, Length of |, = It} = b, - e 


> lim |l,]=0 


Therefore by the property of nested intervals, there exist only one point say x, in nN |, . This point 


pl 
X, exists in each of the above nested interval, therefore x, < [a, b]. But C is the open cover of [a, b]. 
Therefore for x,, there exists an open set say A, in C such that x, « A,. Now since A, is an open set, 
therefore x, « A, => de > 0 s.t. (x, — €, X) + 2) CA. 


Again, since lim |I,| = 0, therefore a natural number k may be chosen such that pe g, then 
Lo®-6%, te) cA, 

Consequently, there will be a finite cover of one element of the interval |, in C. This is contrary 
to the fundamental property of the above intervals |, Ly Serres 

Thus our assumption is false. 

Therefore there exist a finite cover of [a, b] in C. 

Hence finite cover of S is also in C. 

The above theorem can also be stated as follows: 
Alternative definition of Compact set 

A non-empty subset of R is said to be compact if it is closed and bounded. 
Properties of Compact Sets 

Theorem : Every compact subset of real numbers is closed and bounded. A subset of real 
numbers is compact iff it is closed and bounded. 

Proof. S is bounded : 

Let S$ be the compact subset of R and A, = (— n,n), then 

C= {A,|neN} 
is an open cover of R. Hence this is also an open cover of S. 
Since S is a compact set, therefore there exist finite natural numbers n,, N,, .... n, such that finite 


subgroup {Ag eAn roy } of C will also be subcover of S. Let n, = max {n,, Dy ve nJ, then clearly, 


ScA,, =(-Ng.Ng) 
Consequently, S is a bounded set. 


$ is closed : 


For this we shall show that no point of R — S is limit point of S i.e. all the limit points of S exist 
in S itself. 
Therefore let a c¢ R —S, then a ¢ S. For everyn < N, 


ja-Lard] is a closed set. > R — B, is an open set. 


> C’ = {R-— B, | n © N} is a group of open set. 
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Again, clearly N B, = {a}. Now since a ¢ S, therefore 
nt 


Sc[R- 7B, :ncNJ)=U[R-B,:neN [By Demorgan’s law] 
> C’ is a cover of S. 
But S is a compact set, therefore by the compactness property, there will exist finite natural 
numbers m,, m,, .... mM, such that each point of S will exist atleast in one of 
R-B,,R-B,,.....R-B,, 
Therefore if x « S, then 
xeSo>die {1,2,3,..,, prt xe R- B, 


=> any point of S does not exist in B,, = oder 
‘tom, m, 


> a is not the limit point of S = all the limit points of S exist in S. 

=> S is closed. 

Theorem. R is not compact. 

Solution. Let A, = (— n,n), then A, is an open set for each value of natural number and 
C = {A, | n & N} is the open cover of R, 

because Rc UA, 


aeN 


f Co=TAL, Ag, seen Ay} 
be the finite subgroup of the cover C, then let 
n, = max {n,, 0, ... ni} 
then ne A, ViF12 uk. 
Therefore clearly, any finite subset of C can not be the cover of R. 
Consequently, R is not compact. 
Theorem : No open interval (a, b) is compact. 


Solution. Let A, = (a+to), then for every natural number n, A, is an open set and 
n 


C = {A,[ n © N} is an open cover of (a, b) since (a, b) c U A,. 


neN 


Now we will show that no finite subgroup of C can not be the subcover (a, b). If 
Caf R, Ayre A} 
be the finite subgroup of the cover C, then let n, = max {n,, n. 


(20+2}< UA 
n jet” 


0 


n} then clearly, 


2 


Therefore C’ can not be the subcover of (a, b). 
Consequently, (a, b) is not compact. 
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Cantor Ternary Set : [I] 
I Stage : Denote the closed interval [0, 1] by Eye 
Divide the interval into three equal parts and remove the middle one third open interval |, , = 


7 f 1 
Remaining two disjoint open intervals J,, = 102] and J,, = eae of length = 3 
Now Ju, U dio = F, (say) (1) 
Il Stage : Now again divide the above two closed intervals J, , and J, , into three equal parts and 
remove the middle one third open intervals of each of |, , = |1 af and |,, = it § 
Ps 2a 19°91 22" 1979] - 
Thus there remains the following four (22) disjoint closed intervals : 
1 21 27 8 
ig -|05} iy -(3-3} dig -[5.5} iis. -[F.| 
1 
The length of each of the above interval = 9 
Now J,,U J,. U Jo_ U 4,4 = F, (say) (2) 
and 0,=1,UL, 
n Stage : 


In the nth stage (2™") open intervals |, ,,|, 2-01,» , Will be removed and there remains 2" closed 


1Y 
intervals I,,,, |,» + |» (left to right) where length of each subinterval = (3) 
ft) * —-—-+} F, = [0,1] 
q —— Ft ~~ F,=(1) 
3 3 
i a | 2 #78 }, fee) 
9°9 3 3 9 °9 
sella raorhe 
3 5° 9 
# ime 
Now i.=F and Ul,.=90, (say) (ne N) 
p= ped 


Now the set nN F, -orin| U °, is called Cantor's theory sat and is denoted by I’. 
a1 nut 


Remark. The set T is non-empty because the end points of the closed intervals have not been 
removed and are in the set r. 
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10. CONNECTEDNESS 


Connected Set. Definition : A subset S of the set of real numbers R is called connected set 
if no two disjoint open sets A and B of R exist such that 
ScCAUBandANnNS4#4oBNS zo 
The set which is not connected, is known as Disconnected Set. 


Example 1: S = {x ¢ R| 0 <x < 1} is a connected set because no two disjoint subsets A and 
B of R such that 
ScAUBandAnS#$B0S#¢ 
Example 2 : Each open interval (a, b) is a connected set. 
Theorem : Any subset S of real numbers is a connected set iff S is an interval. 
Proof. S is connected = S is an interval : 


If possible, let S be not an interval, then there will exist three real numbers a, q, b such that a 
<q<bandac S.be Sbutqe S. 

Clearly, a < (— «, q) = A (say), b < (q, ~) = B (say) 

Therefore there exist non-empty open sets A and B such that 
AN B=46SCAUB, SNA #6SNB=46 

Consequently, S is not a connected set. 

Therefore, if S is not an interval, then this will not be a connected set. 

Conversely : Set S is an interval > S is connected 

Let S be an interval and A, B be two open sets such that 
AnS#6,B0S 46 and ANB= $9. 

Let aeAnS and be SoS. sinceazb, 

Therefore, let a < b then [a, b] will be a subinterval of the set S. 

Let u be the supremum of the set An [a, bl. 

Since a, b are internal points of A and B respectively 

and An B = 9, therefore a< u<b 

Now if « > 0 is a number such that a<u-e<u+e<b 

then there will be atleast one point of A in (u — «, u) 

and no point of A will be there in (u, u + ¢). 

Consequently, (u — ¢, u + e) is not the subset of the sets A or B. 

Again, since A and B are open, therefore u ¢ A and u ¢ B. 
ScAUB 

> S$ is a connected set. 

Therefore S is connected = S is an interval. 

Theorem : The set R of real numbers is a connected set. 


Proof. If possible, let R be not connected set then there exist two disjoint open sets A and B such 
that 


RcAUBandAN Reo BN Reo 
Let aeA,b «Band 
A, = & € [0, 1] : a + x(b- a) © A} 
and B, = {x € [0, 1] : a + x(b - a) € B} 
Now since [a, b] = {a = a+ s(b- a): O05x<1}CRCAUB 
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A, U B, = [0, 1] 
Again since a ¢ Aanda=a+O0(b-a)>0 eA, >A +6 
Similarly, b ¢ B andb=a+ (b-a)>1¢B,>B, + 
Since A, B are two disjoint open sets, therefore A, and B, are also two disjoint open sets. 
Consequently {A,, B,} shows the disconnectivity of the interval [0, 1] which contradicts the statement 


of the theorem proved eazrlier. 


Ex. 


Sol. 


Therefore our earlier assumption is false i.e., R is a connected set. 

That the only subsets of R which are both open and ciosed are R and 9. 

Let A be a subset of R which is both closed as well as open. 

Then ~ A = R— A= B (say) will also be open as well as closed. 

If A# @ and A = R, then there exist two non empty disjoint subsets A and B such that 
RcAUB, AMR #4 BN R46 

Consequently, R will not be connected set which contradicts the above theorem. 

Therefore A= ¢ or R. 

i.e., @ and R are the only two subsets of R which are both open and closed. 
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11. POWER SERIES 


Definition 1 : A series of the form 2.8,X" = a+ ax t+ ax? +... FA cess 
= 


where ay A, Ay. are constant, is called a power series in x. 


Definition 2 : A constant R > 0 such that Za,(x — x,)" converges for | x - x,| < R and diverges 
for | x - x, | > R is called the radius of convergence of the series. 


Interval (domain) of Convergence 
The interval | x | < R or — R <x < R is called the interval (domain) of convergence. 
Examples 


x 
1. La converges when | x | < 1 and diverges when | x | > 1. 


Radius of Convergence 
The radius of convergence is a number R such that the series 
Ea (x - x)" 
converges absolutely for Ix - x,| < R and diverges for Ix - x,| > R 


Series Series Series 
Diverges Converges Diverges, 
x—-R x, xX,+R 
Series may 
converge OR diverge 
at k- x] = R 


Fig. : Radius of Convergence 


Note that : 
e if the series converges ONLY at x = x,, R = 0. 
e If the series converges for ALL values of x, R is said to be infinite 


Formula for The Radius of Convergence 


; 1 
If the power series Za,x" is such that a, + 0 for all n and limj—)=— , then Za, x" is convergent 


(absolutely convergent) for | x | < R and divergent for | x | > R. 
oR 
The radius of convergence R of a power series Za, x" may be determined by the following 


R= im 


=1+ limsupla, |" 
la bal 


net 


R = =, when lim | a, ['"" = 0 


R = 0, when lim | a, ['" = 
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Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


Sol. 


Find the radius of convergence of ym ‘ 
m= 


Hence the radius of convergence = 1. 
Find the radius of convergence of the series 


(n-1)! n! 
a, = qr Sn = wy 


ii (n-D!(n+1)"" 
nt nv 


sak ‘ 
= lim (4) =im(1+2) (1+2)-e 
noe a melon n 


Hence the radius of convergence = e. 
Find the radius of convergence and the exact interval of convergence of the following power 
series : 


- (nex 


, (n+1) . 
0 Laney” wD ony 


(n+1) ___(n+2) 
0 8, = Ga Dn43)' Oh ean 4) 


a, a(n 1in+ 4) 4 


R= lim 
a, (n+ 2) 


Thus the given series converges for | x | < 1 and diverges for | x | > 1. We now check at the 
end points x = 1, -1. 
For x = 1, the nth term of the series is 


oe) ene 
u, = (n+ 2)(n+3) Wnt which diverges. 


However for x = —1, the given series is an alternating series for which u,, < u, V n and 
lim u, =. Thus, by Leibnitz’s test, the series converges for x = -1. Hence the interval of 
convergence is [-1, 1[. 


(ii) Given > a : 


Let’ =y 
then power series reduces to 


(n'yy" 
z (2n)! 


(nly _ Un+0F 


We have a, = (anyit 21 = (ane 2)! 


a, (nt? 

__(2ny_ 
(CEs ae 
((2(n+1))!) 


a, _ _ (nly (2n+ 2)! 
a “On! “@ +1)? 


nt 


_ (nl? (2n + 2)x(2n + 1)x(2n)! 
~ Qn! (n+1)°(n!)? 


_ (2n + 2)x (2n+1) 
(n+1)? 


mm (20+ 2)(2n +1) 
me (n+1P 


=4 


So the power series converges for | y |< 4i.e.1x ?<4—>1|x| <2 and diverges for | y | > 4. 
ie. | x ? > 4. So the interval of convergence is | x | < 2 ie. (- 2, 2). And Radius of convergence 


is 2. 


Ex. Prove that the power series 


aby P a(a +1) b(b +1) e+ 


1 
*Te** 1.2¢ (+1) 


has unit radius of convergence. 
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a(a+1) ... (a+n—1) b(b +1) .. 


Sol. a = then) (omitting the first term) 
2 1.2...n e(e +1)...(c+n-1) 


a al) (n+1)(c +n) 
Ri an. = 10 (a+n)(b+n) 
(+ Un)+e/n) _ 


“ne (i+a/n)(i+b/n) 


Ex. — Find the domain of convergence of the series 


yor oe I" (x-1! 


@) 2@n=1) 


1 
“(41 


1 
For x = 1, the given power series is ae which is convergent. 


For x = -1, the given power series is 


which is convergent, by Leibnitz’s Test. 
Hence the domain for convergence is [-1, 1]. 
(ii) The given power series is about the point x = 1. We have 


lim 
noe 


The domain of convergence of the given power series is 
—-24+1<x<2+1 or 1<x<3. 


1 
For x = 3, given power series is re. which is convergent by Leibnitz’s Test. 


Hence the domain of convergence of the given power series is -1 < x < 3. 
Ex. Determine the interval of convergence of 


0 Lo wo Tw» 
Gi) yuo +2) 


n 
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Sol. (i) a, is coefficient of x". Thus a, = 1/(2n+1) is wrong. Actually a,,, = 1/(2n+1) and a, = 0 


limsupla,|> = lim 


Hence, R = 1. 


The interval of convergence is (-1, 1). 
For x = 1, the series becomes 
11 
= eee 
305 
For x = —1, the series becomes 


1 .., Which is convergent by Leibnitz’s test. 


141 
-1+ 37+... which is again convergent. 


Hence the Exact interval of convergence is [-1, 1]. 


(i) 


Since the given power series is about the point x = 1, the interval of convergence is —1 
+1ax<1+100<x<2. 


ye 
Ct , Which is convergent by Leibnitz’s Test. 


For x = 2, the given series is >) Fi 


Hence the exact interval of convergence is (0, 2]. 
(ill) — The given power series is about the point x = -2. 


y+ 
“lien nt (n+1) sey n+1 
ase n (n+! roel n 


= tim (142) 
neve n 


*. R = e and the interval of convergence is (- 2 — e, -2 + e). 
Theorems of Power Series 


Theorem : If a power series La, x” converges for x = x,, then 
(0) it is absolutely convergent in the interval | x | < 1 x, | 
(ii) it is uniformly convergent in the interval | x | <| x, |, where | x, | < 1 x, I. 


Proof. (i) Since £ a, x," converges, so Jim a,x," = 0. 


Consequently there exists a positive integer m such that 


lax,"-0|<1v¥n2=morlal vnem (1) 


1 
Ix P 
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> lax |=lalix i < 7 vVn2m, by (1) 
5 " Ixy I 
lax |< [tet arenes 

a er Nie a 


The series on the R.H.S. converges for | x | < | x, | (being a geometric series with common ratio 
< 1), it follows by the comparison test that = | a,x" | is convergent for | x | < | x, |. 


Hence £ a, x" is absolutely convergent for | x | < | x, |. 


byt 
(ii) Let M, = ix F: Then = M, converges, since | x, | < | x, | (being a geometric series with 


common ratio < 1). 
Using (1), we obtain 


Ix? oa? 


lax" = la} [xi < 
a IxsP 1x.P 


| ax" | <M, Vn 2m, where = M, converges. 
By the Weierstrass M-test, Za,x" is uniformly convergent in | x | < | x, |. 
Note : if a power series whose radius of convergence is 1, then it converges absolutely (- 1, 1) 
and uniformly in [- k, k], [kK |< 1. 
Theorem : If a power series Za,x" converges for | x | < R, then it converges uniformly on 
ER +t, R -<], for each e > 0. 
Proof. Let x, = R —« < R so that a,x," converges absolutely. 
For |xl<x, lax isla |x," 
Since £a,x," converges absolutely, therefore, by Weierstrass’s M-test, the series Za,x" converges 
uniformly on 
Lx, x) = ER +e, R- el. 
Hence the theorem. 
Theorem : Suppose a power series = a, x" converges for | x | < R and that f(x) = a, x". Then 
(0) f(x) is continuous in (-R, R). 
(ii) £ a, x" can be integrated term by term on (-R, R) and the integrated series has the same 
tadius of convergence as = a, x”. 
(iii) = a,x" can be differentiated term and term on (-R, R) and f(x) = =n a,x™", |x| < R. Further 
the differential series has the same radius of convergence as © a,x". 
Proof. (i) Since each term of the power series Ea x" is continuous in (-R, R) and the series is 
uniformly convergent on (-R, R), so the sum f(x) of the given series is continuous in (-R, R) 
(li) Since each term of = ax" is continuous in (-R, R) and = ax" converges uniformly to f(x) 


in (-R, R), so £ a, x" can be integrated term by term in (-R, R) and the integrated series is ny ert 


a, 
n+1 


Further 


cs Eduncle Mathematics (Point Set Topology) 


ax” 


n+1 


which shows that a,x" and > have the same radius of convergence. 


(Iii) We know each term of = a,x" is continuous, has continuous derivative in (-R, R) and = a,x” 
is uniformly convergent in (-R, R). Thus the series obtained by differentiating the power series Za, x" 


is En a, x. Further 
na, |_ 
(n+1a,., 


Hence the differentiated series =n a,x™" is also a power series which has the same radius of 
convergence as La, x". 

Note. If f(x) = Zax, then f(x) is called the sum function of the series. 

Abel's Theorem : If a power series converges at an end point of its interval of convergence, then 
the power series is uniformly convergent in the interval which includes this end point. 

Remarks : If a power series with interval of convergence (-R, R) converges at both the end- 
points — R and R, then the power series is uniformly convergent in [- R, R]. 

Theorem : if a power series converges at the end-point x = R of the interval of convergence 
(-R, R), then it is uniformly convergent in (-R, R] or [-R + , R] where « > 0. In particular, the series 
is uniformly convergent in [0, RJ. 

Abel's Limit Theorem : Let Ea, x" be a power series with finite radius of convergence R such 
that f(x) = Za, x"- R <x < R. If the series La, R” converges, then 


u : 
24 = lim 
u noe 


net 


lim 


noe 


lim f(x) =Za,R° 
xR 

Theorem : (Cauchy's product of two power series) 

Two power series )'a,x" and }°b,x" can be multiple to obtain the power series }'c,x" , where 

m0 for no 

c=ajbo+ta b,+a,b+....+ a,b, 

the result being valid for each x within the common interval of convergence. 

Ex, Show that the series Zx°(n? is uniformly convergent in [-1, 1]. 


1 1 
Sol. We have 8, e+ Bt = (ny ty 8° that 


n 
2 
in| 1+] =1 
mS 


(n+? 


im 
~ 


The radius of convergence is R = 1 and so the given series is uniformly convergent in (—1, 1). 


For x = 1, given series is LF which is convergent. 


For x = —1, given series becomes. 


Ayden Lgl 


oF a 


This is an alternating series for which u,,, < u, ¥ n and 


€ Eduncle Mathematics (Point Set Topology) 


Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


Sol. 


0 


dim u, = lim <> 
=> fi 


So by Leibnitz’s test, the series to convergent for x = -1. Hence by Abel's Theorem, given power 
series is uniformly convergent in [-1, 1]. 
Show that the series 


x xX 
1+ —+—+—+ 
2 3 
is uniformly convergent in [-1, k], 0< k <1. 
We have 
lim 


The radius of convergence is R = 1 and so the given series is absolutely convergent in ]—1, 4[. 


1 
For x = 1, given series LF which is divergent. 


1 
However for x = 1, given series becomes 1 —-= ., Which is convergent by Leibnitz’s 


Test. Hence by Abel's Theorem, given power series is uniformly convergent [-1, 1[ or [-1, k], 
where O0< k< 1. 


Show that the following series 


1x° 1.3 x° , 135% 
Xt+o—+ ——— 


23 245 "‘Qae7" 


is uniformly convergent in [-1, 1]. 
Ignoring the first term, we have 


(2n-1)(2n +1) 
.2n(2n + 2)(2n + 3) 


a,= Aga = 


im 2 = im (20 (2n+ 2)(2n+3) _ 
ea me nei 


Since the radius of convergence is R = 1, given power series is absolutely convergent in (1, 1). 
For x = 1, we see that the D’Alembert’s ratio test fails. Now 


im of 2 -1}=4 tim 060+ 8) $y 


ned 


(nse 5 


By Raabe’s test, the series is convergent for x = 1. 
Again for x = —1, the series is convergent. 

(- Ea, is convergent > — Za, is convergent) 
Hence the given power series is uniformly convergent in [-1, 1] (Abel’s Theorem). 


-1) 


Prove that pe 


a - 46 x° is uniformly convergent in [-1, 1). 


Both the series given on the R.H.S. of (1) and (2) absolutely convergent in (-1, 1), so their 


Sica ‘| 
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Ex. 


Sol. 


Cauchy's product converge to (1 — x)-' log (1 — x). Thus 


(1 — x)" log (1 — x) = -[es (ted) freddie 


Integrating, we get 
2 
pllogtt -0F E41 the (1 set 


where the constant of integration vanishes. 


Since the series on the right converges at x = —1, so by Abel's theorem, the above Expansion 
is valid for -1 <x < 1. 


Show that 
8 ys) ot 

@ tan? x = x -S45 St ver 1S X97 

La 11~«21 
if ests ost 
Og sts 7 
(iii) tee TE XS, 
We have 


(V+ ets Tite xt xt i, i xd <1 (1) 
Radius of convergence is 


Thus the series is convergent absolutely for all x such that | x | < 1, and is uniformly convergent 
in Lk, kK], [k | < 1. 

The integrated series is also convergent absolutely in (-1, 0) and uniformly in [-k, k], | k | < 1. 
Integrating (1), we get 


where C is constant of integration. 
Putting x = 0, we get C = 0 and so 
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By Abel's theorem, it is uniformly convergent in [-1, 1]. 


x? xe x? 
H tan’ x = xX ->+—-THt..., -1 SK <1. 
lence tan’ x x 3 + 5 7 x 
(ii) Putting x = 1, by Abel's limit theorem, 
Btant t= im tan’x=1-244-4,.., 
4 eho 3°57 


(iii) We have 


and (1+ x)ts 1s xt xe, -1 <x <1. 


By part (i), both the series are absolutely convergent in (-1, 1), so they can be multiplied and their 
Cauchy's product will be equal to 


(14) tan 'x=x-(1-2 sea lta alse 
3 305 


integrating, we get 


1 ~y oxo =( 4 =( 1 x) 
stan" x)? =—-—|14+=]+—] 1+24+2]-....-1<K<1 
( ) 6 3°05 
Here is the constant of integration vanishes on taking x = 0. 
By Leibnitz's test, the series on the R.H.S. converges for x = 1. Hence the above expansion is 
valid for -1<x <1. 
Ex. Show that 


a, 1x 13 x2 1.3.5 x7 
sin’ x=x+— —+— 


23 °245 2467 


Deduce that 


Sol. We know that 


=(1-x2y"? 


atly 13 a 1355 tiny [XP <1 

2 24 2.4.6 

The series on the R.H.S, is a power series with radius of convergence 1 and so it is absolutely 

convergent in(—1, 1) and uniformly convergent for [-k, k], | k | < 1. The integrated series is also 
convergent in (-1, 1) and uniformly convergent for [-k , k], | k | < 1. integrating, we get 


A x? 938 of , 435 


sin'x=C+X+ + 


i 
7 


Putting x = 0, we get 
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46°70 -1<x<1 (1) 


the R.H.S. of (1) is 


u, _ (2n+2)(2n +3) uw 4\_ 6n? +5 
uy (ane? * ly 'y 


fim n{ Ye —1}=351, 
noe Lu, 2 


ast last 


net 
So by Raabe's test, the series is convergent for x = 1. Hence 


gh 2,13 8 13.5 x 
go 245 Fae Te 


(ii) At x = 1, by Abel’s limit theorem 


sin’ x = 


© imsintxetat 113 1185 1, 

20= ~ 2°3°24°5°246°7 " 
Ex. Prove that 

. nel Cnet) 

j at myn ™ sae, —1¢KS51,X>0, 

o1+t n+1 2n+1 


Sol. For n > 0, we have 
(l+t)t=1-th+ Pre-test. 
It is clear that the series on the right has its radius of convergence R = 1. 
By Theorem this series can be integrated term by term on (—1, 1) and the integrated series will 
also have the radius of convergence as unity. Thus 


x dt yer yan 
eat ae 
At x = 1, the series on the right is convergent, by Leibnitz's test. 
Hence (1) is true for -1 <x <1. 
Theorem (Differentiation of Power Series) 
Let a power series 


1<x<1. (1) 


Yack -c)" 
a 
have non-zero radius of convergence R and 
f(x) = Dia,(x-c)", x e (CR, c+ R) 
aa 


Then, the following holds : 


= 
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The function f is differentiable on the interval (c — R, c + R). Further the series Loe —c)") 
at 
also has radius of convergence R and 10) = S (a,(x-cF), xe(c-R,c+R). 
m 


The function f has derivatives of all orders and f(x) = re —(a,(x-c)"), x e (@-R, c+ R). 


Theorem (Integration of Power Series) 
Let 


Yax-cy" 


be a power series with non-zero radius of convergence R and let 


fx) =Ya(x-cy!, x e @-R, c+ R) 
at 
Then 
(0) The function f has an anti derivative F(x) given by 


mine a 


F(x) = Jf(xax = pated +C, 


where C is an arbitrary constant and the series on the right hand side has radius of 
convergence R. 


(ii) For [a, 6] c (€ — R, c + R), 


J t00dx = Efe -ey'ex], 


where the series on the right hand side is absolutely convergent. 
Example : Consider the power series 
i 
ry ont 


By the ratio test, for every x 


Hence, the series is absolutely convergent for every x. Let 


(=D xe R 


Then, f is differentiable by theorem and 


f')= e3(5] 5 = {(). 


00 
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Some Important Power Series 
Consider the following power series : 


; o ene 
sinx=x- Zt po FD @anit” 
3 2 , +)! 
For the first series, lim ap ee (n+ 1) = 


Theorem : Define cosine and sine functions as sums of power series. Prove that 
) — S& +y) = S@)CY) + CHSY), 

(i) Cx + y) = COYC(Y) - SQX)S(y), 

where C, S denote cosine and sine respectively. 

Proof. The cosine function is defined as 


xe ot x? 
C(x) = ata t (-1° oni * ou VxeER .(1) 
The sine function is defined as 
eo 20-1 
S(x) =x ater + (1) @nopi* 1 VKER (2) 


These two power series are uniformly convergent V x < R and consequently, the functions C(x) 
and S(x) are continuous V x <« R 
Differentiating term by term the convergent series (2), 


2 yA 
$'(x) = x + a + 

which gives us the uniformly convergent series (1), 

Thus S(x) is derivable, ¥ x <¢ R and S'(x) = C(x). (3) 

Similarly C'(x) = —S(x). (4) 

From (1) and (2); S(0) = 0 and C(O) = 1. vi(5) 


Let y be any arbitrary but fixed real number. We write 
f(x) = S& + y) — SQ)C(y) — COYS(y), 
g(x) = C(x + y) — COXC(y) + S~X)S(Y). 
Differentiating w.r.t. x, we obtain 
F(x) = Cx + y) — COQC(y) + SQIS(y) = a(x), 
G(x) = -S(x + y) + S(x)C(y) + CO)S(y) = f(x). [Using (3), (4)] 


Now 2 tro) + o00] = 2100" + 2aeo0') 


= 2f(x)g(x) — 2g(x)f(x) =O Vx eR 
It follows that f(x) + 9?(x) is a constant ¥ x ¢ R 


Us 
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= (x) + g?(x) = (0) + g(0) Vx Ee R 
= [S(y) - S(0)C(y) - C(O)S(yy?? + [C(y) — C(O)C(y) + S(0)S(y)F 
=0 (Using (5)], 


f(x) + g’(x) = 0, V x € R implies that f(x) = 0 and g(x) = 0. 
Hence (6) and (7) yield 
S(x + y) = S&X)C(y) + CX)S(y), 
Cx + y) = C(x)C(y) - CH)S(Y). 
Corollary 1. S(-x) = -S(x) ; C(-x) = C(x) Vx eR 


We have Sx) =-x Foe . 
3 
-| ££ ...|--s09 


Similarly we can prove the second part. 
Corollary 2. S(x — y) = S(x)C(y) — C(x)S(y), 
C(x — y) = C(x)C(y) + S(x)S(y). 
Replacing y by — y in (i) and (ii) of Theorem 
Sx - y) = SQQC(-y) + C(x)S(-y), 
C(x = y) = C(x)C(-y) — S(x)S(-y). 
The desired results follow by Corollary 1. 
Corollary 3. C(x) + S%(x) = 1 of cos’x + sinr@ x=1VxeER 
We have 1 = C(O) = C(x - x) 
= C(x)C(-x) — S(x)S(-x) 
= C(x) + S%{x), by Corollary 1 
Hence cos’? x + sin’ x= 1VxeR 
Corollary 4. | C(x) |< 1,1S@) I< 1.¥x eR 
lcosxl<1,] sin xl <1; vxeER 
This follows by Corollary 3. 
Corollary 5. sin 2x = 2 sin x cos x, cos 2x = cos? x — sin? x. 
Replacing y by x in (i) and (ii) of Theorem we obtain 
S(2x) = 2S(x) C(x), C(2x) = C%(x) — S2(x) 
Hence the results follows. 
Remark. It may be noted that the above properties of C(x) and S(x) are similar to those of the 
trigonometric functions cos x and sin x respectively. Thus we have 
C(x) =cos x and S(x) = sin x. 
Theorem : Define cos x as a power series and determine its domain. Prove that there exists a 


least positive number x such that cos G a 0 


Proof. cos x is defined as the sum of the power series 
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oe 2 
cos 2=17 aT eer ie 
or PY er oF 
= FF) -E-F see 


Since the brackets are all positive, therefore 


2a 2 1 
cos 2<1 F(-F =~gand so cos 2 < 0. 

Thus we see that cos x is a continuous function in the closed interval [0, 2], where cos 0 and 
cos 2 are of opposite signs. By Intermediate value theorem, there exist at least one number a < J0, 2[ 
such that cos a = 0. We now proceed to show that u is unique. 


Let, if possible, B € (0, 2) satisfy cos 8 = 0 so that 
cosa = cos =0,0<a,f < 2. 
By Rolle’s theorem, there exists some number i, a < 4 < B, such that — sin A = 0. 
sina =0,0<2<2. (2) 
By definition, 


sin x 


a 
sin i = af 


This contradicts (2). 


Thus there exists one and only one root of the equation cos x = 0 lying between 0 and 2. ie., 
cosa =0,0<a<2. 


. > 0, forO<2< 2. 


1 1 
We denote a as 52. Hence 5x is the least positive root of the equation cos x = Oi.e., cos 


1 
Also, therefore, we have cos x > 0 when 0 < x < 3 


Theorem : Define Exponential function E(x) as the sum of a power series. Show that the domain 
is the set of all real numbers. Prove that 


E(x + y) = E(X)E(y) for all x, y  R. 
If e denote E(1), prove that E(x) = E* for all real x. 
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Proof. The Exponential function E(x) is defined as the sum of the power series 


EQ)=14 5 tet. (1) 


fim +9! 
nl 


We have R= ii 


tim (n+1=~. 


Thus the radius of convergence of the above power series is R = = so that the power series is 
everywhere convergent i.e., E(x) is defined ¥ x < R. This shows that the domain of the Exponential 
function is R. 

It is clear that the function E(x), defined by (1), is continuous and has derivatives of all orders, 
for each x « R. 

Differentiating (1), we get 

E'(x) = E(x) and so E"(x) = E(x), E(x) = E(x) etc. 


in fact E(x) = E(x) vneN. 
By Taylor's Theorem, for all real values t and x 
E(x) E(x) 


E(t) = E(x) + =r ¢ -x)+ a t xP te 


or E(t) = E(x) + FO) —x)+ FO) — xP +o. 


Replacing t by x + y, we get 
E(x ty) = Fb + 4 te Woes } =E(X)E(y). 


Thus E(x + y) = E(x) EY) vx ye R. +2) 


1A 
From (1), EQ) = 147ytote tite 


The above series on the right converges to a number which lies between 2 and 3. 
We denote this number by e so that E(1) = e. 
The property (2) can be Extended as 


E(x, + x, +... +x) = E(x) E(x) ... E(x) (3) 
for any positive integer n and V x e R. 
Taking x, = x, = ... = x, = x in (3), we obtain 

E(nx) = {E)}" VxeR,VneN. A4) 
For x = 1, we obtain 

E(n)=e" VneN (- E(1) = e) +5) 


Taking x = m/n (m and n being positive integers) in (4), 
E(m) = {E(m/n)}* or =e” = {E(m/n)}", by (5) 
fe E(m/n) = (e™)'" = em”. 
Thus E(q) = e* for all positive rationals q. (6) 
Let x be any positive irrational number. Then there always exists a sequence {x,} of positive 
rational numbers such that x, — x. 
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Using (6), E(x) = e* VneN. 
Since x, + x as n — = and E is a continuous function Vv x € R, therefore 


E(x) = e* for all positive irrationals. (7) 
From (6) and (7), we conclude that 
E(x) = E* for all positive reals. (8) 
Taking y = — x in (2), we get 
E(0) = E(x)E(—x) or 1 = E(x) E(-x) (x > 0) [- E(0) = 1, by (1)] 
or N= a-ak using (8) 


Hence E(x) = EX Vv x < R. 
Theorem : Let f be a continuous function on R such that 
fx+y) =f) +fy) VX ye R. sai(T): 
Show that f(x) = cx for some constant c and V x < R. 
Proof. Putting y = x in (1), f(2x) = 2f(x). 
In fact f(nx) = nf(x) vx e R, Vn eN. 
Replacing x by x/n, we get 
f(x) = nf(x/n) or f(x/n) = (1/n) f(x) V x € R. 
For any integers p and p(q > 0), it follows that 


*(2x}-2roo, V xeR. 


Thus f(rx) = r f(x), for any rational number r. (2) 
Let us write f(1) = e. Taking x = 1 in (2), we get 
f(x) = er, for every rational number r. (3) 


Let a be any irrational number. Then there exists a sequence {r,} of rational numbers such that 
aa 

= f(r) -» f(a), by continuity of f 

= f(a) = lim f(r,) = lim cr, = c lim r, = ca, using (3). 

Hence f(x) = cx ¥ xe R. 

Theorem : Let f be a non-zero continuous function on R such that 

f(x + y) = f(x) fy) Vx ye R. ssi) 
Show that f(x) = e*, for some constant c + 0. 
Proof. It is given that f(x) + 0 V x © R. From (1), 


f(x) = (3x}¢(Fx} or 0) = {r(x} sovxer 
2 2 2 
Let g(x) = log, f(x) Vv x « R. Then by (1), 
a(x + y) = o(x) + aly) Vx ye R. (2) 
Now g, being the composition of two continuous functions f(x) and log, x, is itself continuous on 
R and g satisfies (2). 
By Theorem, it follows that 


g(x) = cx vV x € R, c being a constant 
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=> log.f(x) = cx => fx)=e*VxeER. 

Theorem : Let f be a non-zero function continuous on R’ such that f(xy) = f(x) + fly) Vv x, 
y>0. (1) 

Show that f(x) = log, x, x e R* (a > 0, a # 1). 

Proof. For x > 0, let us take t = log, x > x= ete R (2) 

Let g(t) = f(e') V te R. Then g is continuous on R and 

g(t + s) = fet) = flee) + fle’) by (1) 
or g(t + s) = g(t) + g(s). 


Here t, s e R. By Theorem g(t) = ct, V t e R, c being a constant. 

Thus f(x) = ¢ log, x ¥ x € R’, where c = 0 as f is non-zero. 

Let a = e"*, Then f(x) = log, x V x © R* (a > 0, a #1). 
Taylor Series and Maciaurin Series 

Definition : Let f :1 = (a—5, a + 5) — R be a function which has derivation of all order in |. Then 
the power series 


 g(h), 


is called the Taylor series for f at x = a. We say f has Taylor series Expansion at x = a, if its Taylor 
series is convergent for x € | and its sum is f(x). For a = 0, the Taylor series for f is called the Maclaurin 
Series for f at x = 0. 


Example : For the function fog=4, x # 0, its derivatives of all order exist in domain 
x 


1 = (a, 0) U (0, x) 
For a= 1, since 

£9 (x) = (— 1) aber) 
we have 

fo GQ) = (1pm vne1 


Thus (-1"(x-19 
a 


is its Taylor series at x = 1. Since it is a geometric series, it will be convergent if 
Ix-1[<1 ie, O<x<2. 
Further, its sum is 
ta 
1+(x-1) x 


1 
Hence, f(x) = % has Taylor series Expansion 


LoS ay 9, O<x<2 


=) 
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1. INTRODUCTION 


Function: |f A and B two non-empty sets then a relation defined from A to B is said to be a 
function if every element of A is associated with some unique element of set B 


A f B A f B 


() i) 
Domain, Co-domain & Range 
If y = f(x) is a function such that f is defined from A — B then 
(1) Domain 
Set A is called domain of f(x) and it is the set from which the independent variable ‘x’ takes its 
values. The independent variables ‘x’ must be able to take each and every element of set A 
(2) Co-domain 


Set B is called co-domain of f(x) and it is the set from which the dependent variable y takes its 
values the dependent variables ‘y’ cannot take its values outside the co-domain. 
(3) Range 
The set of values that ‘y’ actually takes for different values of ‘x’ is called range of f(x) 
=> Range is a subset of B 
Range c co-domain 


Real-valued function: A function whose range is in the real numbers is said to be a real-valued 
function, also called a real function. 


1 
Ex : f(x) = x? real-valued function. 


1 
Sol. Each member of the codomain of f(x) ied is a real number. 


Also note that excluding zero from the codomain does not change the fact that every other 
member is a real number. Symbolically, we have 
f:R\{0} > R\{0} 
Since R\{0} is a subset of PR, then the expression above can be read as f is a real-valued 
function of a real-valued variable. 
Ex: The function f, g, and h defined on (—x, ») by 
f(x) = x*, g(x) = sin x, and h(x) = e* 
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have ranges [0, ~), [-1, 1], and (0, x), respectively. 

Ex: The equation 

[foP = x (1) 


does not define a function except on the singleton set {0}. If x < 0, no real number satisfies (1), 
while if x > 0, two real numbers satisfy (1). However, the conditions 


[fF =x and f(x) 20 
define a function f on D, = [0, ~) with values f(x) = x . Similarly, the conditions 
[g(x)P =x and g(x) <0 
define a function g on D, = (x, 0] with values g(x) = —Vx. The ranges of f and g are [0, ) and 
(—», 0], respectively. 
Arithmetic Operations on Functions 
Definition : If D, D, + 0, then f + g, f — g and fg are defined by 
(F + g)(x) = f&) + 9%), 
(F - g)%) = f(x) - a), 
and 


(fa)(x) = foXJa(x). 
The quotient fig is defined by 


£ Vy) - £00. 
(5) 9(x) 
for x in D, 9 D, such that g(x) + 0. 


Ex: If f(x) = ¥4-»% and g(x) = ¥x-1, then D, = £2, 2] and D, = [1, =), sof + g, f—g, and 
fg are defined on D, 1 D, = [1, 2] by 


(f +9)(x) =V4-x? + Vk=1, 
(f -9)(x) = V4—%? - vx=1, 


and 


(fg)(x) = (V4 =x? (vx 1) = 4-7-1. (2) 


The quotient fig is defined on (1, 2] by 


f 4-x? 
(£}9 = i 
g x-1 
Although the last expression in (2) is also defined for x < x < —2, it does not represent fg for 
such x, since g is not defined on (—x, —2] but f is. 
Ex : If cis a real number, the function cf defined by (cf)(x) = cf(x) can be regarded as the product 


of f and a constant function. Its domain is D,. The sum and product of n (2 2) functions f,, ..., f, are 
defined by 


(f, +f, +... + £09) = £0) + £0) + .. + £0) 
and 


(h# f #  # £)0) = £09 * £,0) * -. * £0) (3) 
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on D = ()'_,D,, provided that D is nonempty. If f, = f, 
of f: 


= f,, then (3) defines the nth power 


(PY) = (FO). 
From these definitions, we can build the set of all polynomials 
p(x) =a, tax t+... + ax, 
starting from the constant functions and f(x) = x. The quotient of two polynomials is a rational 
function 


a,t+ax+...4+8,x" 


(x)= 
©) by +b,X+...+b,x™ 


(b,, #0). 
The domain of ris the set of points where the denominator is nonzero. 
Domain of definition: 
The domain on which the function is define is known as domain of definition. 
[let y = f(x) be a rule, D subset of R on which f becomes real valued function, i.e. if f :D > R 
with D subset of R then D is called Dod - domain of definition 
Ex- {(x) = (1/x), Dod ~ R-{Q} 
Ex- f(x) = log,x, Dod ~ R*] 
Types of functions 


Polynomial 


Rational 
Irrational 


Piecewise 


ved 


Exponential 


Logarithmic/Inverse of exponential 


Geometrical curves 


Inverse trigonometric curves| 


Transcendental 


1. Algebraic Functions 
1.1 Polynomial Function 
A function of the form : 
fx) = aptaxtaxt+..+¢ ax; 
where ne N and a, 4, a, .., a, € R. 
Then, f is called a polynomial function. “f(x) is also called polynomial in x". 


ce Eduncle Mathematics (Functions of One Variable-1) 


Some of basic polynomial functions are 
(i) Identity function/Graph of f(x) = x 
A function f defined by f(x) = x for all x < R, is called the identity function. 


Here, y = x clearly represents a straight line passing through the origin and inclined at an angle 
of 45° with x-axis shown as : 
The domain and range of identity functions are both equal to R. 


45° 


Fig. 
(ii) Graph of f(x) = x? 
A function given by f(x) = x is called the square function. 
The domain of square function is R and its range is R* u {0} or [0, x) 
Clearly y = x2, is a parabola. Since y = x? is an even function, so its graph is symmetrical about 
y-axis, shown as : 


Fig. 


(ili) Graph of f(x) = x3 

A function given by f(x) = x? is called the cube function. 

The domain and range of cube are both equal to R. 

Since, y = x* is an odd function, so its graph is symmetrical about opposite quadrant, i.e., 
“origin”, shown as : 


Fig. 
(iv) Graph of f(x) = x7; ne N 
Ifn € N, then function f given by f(x) = x7 is an even function. 
So, its graph is always symmetrical about y-axis. 


oe 
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Also, x? > x‘ > x® > x8 >... for all x € (-1, 1) 
and x < xt < x6 < x? <<... for all x © (-«, -1) U (1, ~) 
Graphs of y = x2, y = x!, y = x®, ..., etc. are shown as : 


Fig. 
(v) Graph of f(x) = x"; ne N 
If n < N, then the function f given by f(x) = x?" is an odd function. So, its graph is symmetrical 
about origin or opposite quadrants. 
Here, comparison of values of x, x3, x5, ... 


x € (1, x) x< xX < xh < 
x € (0, 1) x > xP > xd > 
x € (+1, 0) M <P WS 
x € (-«, -1) X>xXP> x8 >, 
Graphs of f(x) = x, f(x) = x°, f(x) = x°, ... are shown as in Fig. 
=x yx 
y, yxy ys 


Fig. 


1.2 Rational Expression 
A function obtained by dividing a polynomial by an other polynomial is called a rational function. 


PO 
= ')=9q) 


Domain ¢ R — {x | Q(x) = 0} 
ie. domain < R except those points for which denominator = 0. 
Graphs of some Simple Rational Functions 


(i) Graph of f(x) = 2 


1 
A function defined by f(x) = is called the reciprocal function or rectangular hyperbola, with 


1 
coordinate axis as asymptotes. The domain and range of f(x) = xs R — {0}. 
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Since, f(x) is odd function, so its graph is symmetrical about opposite quadrants. Also, we 
observe 


lim f(x)=-496 and lim f(x) =~» 


and asx >t0—> f(x) 30. 


1 
Thus, f(x) = % could be shown as in Fig. 


Fig. 


(li) Graph of f(x) = = 


1 
Here, f(x) = zis an even function, so its graph is symmetrical about y-axis. 


Domain of f(x) is R — {0} and range is (0, =). 


Also, as y —> © as lim, f(x) or lirn f(x). 


Thus, f(x) = 4 could be shown as in Fig. 


Fig. 


(lii) Graph of f(x) = neN 
Here, f(x) = sh 7 is an odd function, so its graph is Symmetrical in opposite quadrants. 
Also, y > %© when lim f(x) and y>- © when lim f(x). 

x90" x40 


Al 
Po 


1 
Thus, the graph for f(x) = e f(x) = 1 +, @te. will be similar to the graph of f(x) = ig which 


has asymptotes as coordinate axes, shown as in Figure. 


€ Eduncle 


Mathematics (Functions of One Variable-l) 


Fig. 
1 
(iv) Graph of f(x) = yer ne N 


We observe that the function f(x) = 


re is an even function, so its graph is symmetrical about 
y-axis. 


As, y7oas lin f(x) or firm f(x) 
and y—>Oas lim. fd or Jim f(x). 


1 1 
The values of y decrease as the values of x increase. Thus, the graph of f(x) = ra f(x) = ee 


«., etc. will be similar as the graph of f(x) = +. which has asymptotes as coordinate axis. Shown 


as in Fig. 


1.3 Irrational Function 


The algebraic function containing terms having non-integral rational powers of x are called irrational 
functions. 


Graphs of Some Simple Irrational Functions 
(i) Graph of f(x) = x" 


Here, f(x) = Vx is the portion of the parabola y? = x, which lies above x-axis. 
Domain of f(x) « R* u {0} or [0, ~) 
and range of f(x) « R* © {0} or [0, x) 
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Thus, the graph of f(x) = x'? is shown as; 
Note : If f(x) = x" and g(x) = x’, then f(x) and g(x) are inverse of each other. 
w. f() = © and g(x) = x’ is the mirror image about y = x. 
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Fig. 
(li) Graph of f(x) = x"? 
As discussed above, if g(x) = x°. Then f(x) = x"? is image of g(x) about y = x. 
where domain f(x) € R. 
and range of f(x) < R. 
Thus, the graph of f(x) = x"? is shown in Fig. 


Fig. 
(ili) Graph of f(x) = x'7"7 n e@ N 
Here f(x) = x" is defined for all x < [0, x) and the values taken by f(x) are positive. 
So, domain and range of f(x) are [0, «). 
Here, the graph of f(x) = x'?> is the mirror image of the graph of f(x) = x?" about the line y = x, 
when x e [0, x). 
Thus, f(x) = x’, f(x) = x", ... are shown as; 
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(iv) Graph of f(x) = x2", when n e N 


Here, f(x) = x’ is defined for all x <¢ R. So, domain of f(x) < R, and range of f(x) < R. Also 
the graph of f(x) = x’? is the mirror image of the graph of f(x) = x?" about the line y = x when x € 
R. 


Thus, f(x) = x", f(x) = x", ..., are shown as; 


Fig. 


1.4 Piecewise Functions 
As discussed piecewise functions are: 
(a) Absolute value function (or modulus function) 
(b) Signum function 
(c) Greatest integer function 
(d) Fractional part function 
(e) Least integer function 
(i) Absolute value function (or modulus function) 


yaixied & Fee 
-x%, x<0 


“It is the numerical value of x”. 
“It is symmetric about y-axis” where domain « R 


and tange ¢ [0, «). 
=X Y y=x 
354 
45° 
0 x 
Fig. 
Properties of modulus functions 
(0) Ixlsa>-asxs<a;(a20) 
(ii) Ix|>a=>x<-—a or xa; (a> 0) 


(i) Ixtylsixt+lyl 
(vy) Ixtyl2ixt-lyll 
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(li) Signum function; y = Sgn(x) 
It is defined by; 


Ix! x +1, if x>0 

—or—;, x#0 si 
y=Sgn(x)=) x Ix] =4-1 if x<0 

0; x=0. [0, if x=0 


Here, Domain of f(x) € R. 
and — Range of f(x) € {-1, 0, 1}. 


x-axis 


(c) Greatest integer function 


[x] indicates the integral part of x which is nearest and smaller integer to x. It is also known as 
floor of x. 


Thus, [2, 3] = 2, [0.23] = 0, [2] = 2, [-8.0725] = -9 
In general; n < x <n +1 (n « Integer) = [x] =n. 
Here, f(x) = [x] could be expressed graphically as; 


a 


x [x] 
x<xKCT 0 
1sx<2 1 
2<x<3 2 


Thus, f(x) = [x] could be shown as; 


Fig. 
Properties of greatest Integer function 
(i) {xl = x holds, if x is integer. 
(ii) {x + 1] = [xd + |, if | is integer. 
(ii) + y] = bd + fy. 
(iv) If [900] 2, then g(x) 2 I. 
(vy) If [600] < 1, then o(x) < 141. 
(vi) x) = -[X), if x € integer. 
(vil) [x] = -{x] -1, if x ¢ integer. 
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“It is also known as stepwise function/fioor of x.” 


y-axis 
t, o—c 
re ot 
71 eH 
39-2 -1 (9 1 2 3 4 xaxis 
et-1 
oe +2 
o— +33 
Fig. 


(d) Fractional part of function 

Here, {.} denotes the fractional part of x. Thus, in y = {x}. 
x = [x] + &} =1 +f; where | = [x] and f = {x} 
y = {x} = x — [x], where 0 < {x} < 1; shown as: 


| x ry 
Os<x<1 x 
Isx<2 x-1 
2<x<3 x-2 
-1<x<0 x+1 
~2<x<-1 X+2 


Properties of fractional part of x 
i) (=x; ifO<x<1 
(ii) {x} = 0; if x € integer. 
(ii) = x} = 1 - &); if x € integer. 
(e) Least Integer Function 

y = (x) = [x], 
(x) or [x] indicates the integral part of x which is nearest and greatest integer to x. 


It is known as ceiling of x. 
Thus, [2.3023] = 3, (0.23) = 1, (8.0725) = — 8, (0.6) = 0 


Ingenera, n<x<n+1_ (ne integral) 
ie., [xl or ()=n+1 
shown as; 
Iden (x) = [x En41 
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x [x] = 09 

-1<x<0 te) 

O<x<1 1 

1<xs2 2 

-2<x<-1 -1 

-3<x<-2 -2 
y-axis 
at >» 
ar >» 
1+ >}—e 


>—e -1+ 

>} -2+ 

>— 3+ 
Fig. 


Properties of least integer function 

0) (x) = [x] = x, if 

ji) (x +) =[x+I1= (x) =1; if | integer. 

(iii) Greatest integer converts x = | + f to [x] = | while [x] converts to (I + 1). 
2. Transcendental Functions 
2.1 Trigonometric Function 

(a) Sine Function : Here, f(x) = sin x can be discussed in two ways i.e., Graph diagram and 
Circle diagram where Domain of sine function is “R" and range is [-1, 1]. 

Graph Diagram 

(On x-axis and y-axis) 


ni 
{(%) = sin x, increases strictly from —1 to 1 as x increases from —> to ei decreases strictly from 


1 to -1 as x increases from $ to = and so on. We have graph as; 
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Here, the height is same after every interval of 2n. (i.e., In above figure, AB = CD after every 


interval of 27). 
.. sin x is called periodic function with period 2x. 


Circie Diagram 
(On trigonometric plane or using quadrants). Let a circle of radius ‘1’, ie., unit circle. 


a 
Then, sin a = T 
ia pw 
sin B = a 
sin y = £ 
Y 7’ 
sin 5 = -4, . , Shown as. 
sin X generates a circle of radius ‘1’. 
eo _.(5)-(2:). 
5, an, x=0, 22, 4n,... 


Sn/2, 7r/2, ... 
Fig. 


(b) Cosine Function : Here, f(x) = cos x 

The domain of cosine function is R and the range is [-1, 1]. 

Graph diagram (on x-axis and y-axis) 

As discussed, cos x decreases strictly from 1 to -1 as x increases from 0 to z, increases strictly 
from -1 to 1 as x increases from x to 2x and so on. Also, cos x is periodic with period 2x. 


Fig. 
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Circle Diagram 
Let a circle of radius ‘1', i.e. a unit circle. 


a b 
Then, cos a = 7 cos B = -— 


1’ 


(c) Tangent Function : f(x) = tan x 
The domain of the function y = tan x is; 


Rateh oe ye 
mie oe 
le, R- {(2n+1)5 and Range e« R or (~», ~) 
The function y = tan x increases strictly from - « to + « as x increases from 


ba Lae 3x 3a Sr 
— 70917 OD ee 


2 zg a 
The graph is shown as : 


» +. and so on. 
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le-1) 


Note : Here, the curve tends to meet at x = + = 
infinity. 


» ». but never meets or tends to 


3x Sn 
2 te ... are asymptotes to y = tan x. 
(d) Cosecant Function 

f(x) = cosec x 


to,4 
xet 5, 
2 


y=cosecx y =cosec x y =cosec x 


(i 
y=cosecx y =cosecx y=cosecx 


Fig. 
Here, domain of y = cosec x is, 
R -{0, tn, £2n, £3n, ...} 
ie, R—{nx|ne¢z} and range <« R-(—1, 1) 
as shown in Fig. 
The function y = cosec x is periodic with period 2n. 
(e) Secant Function : f(x) = sec x 


Here, domain « R - {(2n+1)4|n ez! 
\ yo] 


Range « R - (-1, 1) 


Shown as: 


Fig. 
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The function y = sec x is periodic with period 2m. 

Note : 

(i) The curve y = cosec x tends to meet at x = 0, tx, £2z, ... at infinity. 
xX = 0, tn, 42n, ... 

or X= Nn, Ne integer are asymptote to y = cosec x. 


3x 
(ii) The curve y = sec x tends to meet at x = +—, ... at infinity. 


2 
xn ,3n (5x 1 5 
Ft Gr ty ty Ke (2n + Np: ne integer are asymptote to y = cosec x. 
(f) Cotangent Function 
f() cos x 
Here, domain <« R - {nx | n © z} Range < R. 


which is periodic with period x, and has x = nz, n © z as asymptotes. As shown in Fig. 


=cotx 
y y y ' 
H H H 
{ i 1 
1 ' H 
1 ' ' 
' ' H 
i H H 
' ' t 
' ' ie 
2m —\ Ol Am aN an 
t A oar t 
1 2 2\i 2 \te 
t t 1@ 
1 1 19 
H t iB 
1 1 te 
+ + +e 
g 
Fig. 


2.2 Exponential Function 
Here, f(x) = a*, a > 0, a #1, and x € R, where domain < R, 
Range ¢ (0, ~). 
Case la>1 
Here, f(x) = y = a* increase with the increase in x, i.e., f(x) is increasing function on R. 


y, y=a‘ja>1 


Fig. 


For Ex; 


y=2, y=3% y = 4... have; 
<< a <... forx > 
and 2 > B> a>... forO<x<1. 
and they can be shown as; 
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y-axis 4 
3" 
2 
(0,1) 
ie) x-axis 
Fig. 


Case ll.O<a<1 

Here, f(x) = a* decrease with the increase in x, i.e., f(x) is decreasing function on R. 

“In general, exponential function increases or decreases as (a > 1) or (0 < a < 1) 
respectively”. 


y=a y-axis 
O<a<1 
(0,1) 
0 x-axis 
Fig. 


2.3 Logarithmic Function 
(Inverse of Exponential) 
The function f(x) = log, x; (x, a > 0) and a = 1 is a logarithmic function. 


Thus, the domain of logarithmic function is all real positive numbers and their range is the set 
R of all real numbers. 


We have seen that y = a* is strictly increasing when a > 1 and strictly decreasing when 0 < a 
<1 


Thus, the function is invertible. The inverse of this function is denoted by log, x, we write 
yra > x=logy; 
where x € R and y « (0, ~) writing y = log, x in place of x = log, y, we have the graph of y = 
log, x. 


Thus, logarithmic function is also known as inverse of exponential function. 


fO<a<1 Ifa>1 
y-axis y-axis 
Co) X-axis x-axis 
6 O} /r.0) 


Fig. 
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Properties of logarithmic function 


1 log, (ab) = log, a + log, b {a, b > 0} 
a 
2. log, (2). log, a - log, b {a, b > 0} 
log, a” = m log, a {a > 0 andm « R} 
4. log,a=1 {a > 0 and a + 1} 
5. iog,.a=—+1og, a {a,b >0,b+#1andme R} 
1 
6. log, a = jog, 5 {a, b > 0 and a, b + 1} 
log,, a 
7. 109.9 * (Gab {a, b > 0 + {1} and m > 0} 
8. ae _ mm {a,m > 0 and a = 1} 
9, hab _ pone {a, b, c > O and c # 1} 


x>y, if m>1 
10. If log, x > log, y => x<y, if O<mel 


which could be graphically shown as; 
If m > 1 (Graph of log, a) 


Fig. 
=> log,, x > log, y when x > y and m > 1. 
Again if 0 < m < 1. (Graph of log, a) 


Fig. 
=> log,, x > log, y; when x < yandm<m<1 
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1. log, a= b> a=m {a,m>0;mz#1; be RB} 


a>m’; ifm>1 


i lg, a> b= {2 if O<m<1 


acm’; ifm>1 


13. Ke b 
i ets if O<m<1 


2.4 Geometrical Curves 
(a) Straight line : ax + by + c = 0 (represents general equation of straight line). We know, 


c 
yep where x = 0 


and x= -£ where y = 0 


joining above points we get required straight line. 


Fig. 
(b) Circle : We know, 
0) x2 + y? = a? is circle with centre (0, 0) and radius r. 


Fig. 
(ii) (x - a? + (y - b? =P’, circle with centre (a, b) and radius r. 
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(ii) 


(iv) 


x + y? + 2gr + 2fy + ¢ = 0; centre (0, —f): radius Jo? +f?-c. 


Fig. 
(K - x(x - x) + - ¥)V - ¥) = OF 
End points of diameter are (x,, y,) and (x,, y,). 


(c) Parabola 


@ 


(iil) 


e AS 
rid \ 
Ap}-—_S-—_ 48 
Gy 1 Xa) 
\ , 
a 7 
See 
Fig. 
y? = 4ax (ii) y? = —4ax 
Vertex : (0, 0) Vertex : (0, 0) 
Focus : (a, 0) Focus : (—a, 0) 
Axis : x-axis or y = 0 Axis : x-axis or y = 0 
Directrix : x = -a Directrix : a= 0 


y’=-4ax 


(a,0) Focus 


1 
1 
' 
f 
i) 
1 
1 
1 
' 
i 
y’=4ax ! 
¥ 


Fig. Fig. 
x? = day (iv) x? = - 4ay 
Vertex : (0, 0) Vertex : (0, 0) 
Focus : (0, a) Focus : (0, —a) 
Axis : y-axis or x = 0 Axis : y-axis or x = 0 
Directrix : y = -a Directrix : y = 0 


187 
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*precie fom 
Fig. Fig. 
(vy) (y— k)? = 4a (x - h) 
Vertex ; (h, k) 
Focus : (h + a, k) 
Axis: x =h 


Directrix: x =h-a 


(d) Ellipse 
10) ree = 1 (a? > b’) 


Centre : (0, 0) 
Focus : (tae, 0) 
Vertex : (ta, 0) | 
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Eccentricity : e = 
a 
Directrix : x = +> 
e 


2 2 
(i) ara 1 (a < b? 


Ee eee =—b/e 
direcitix” y 


Fig. 


(e) Hyperbola 


2) gh 
0 Ege 
Centre : (0, 0) 


Focus : (tae, 0) 
Vertices : (ta, 0) 


Eccentricity : e = 


Fn ae a 
Directrix : x = te | 


b 
In above figure asymptotes are y = 2% 


€ Eduncle Mathematics (Functions of One Variabie-|) 


b. 
y=3x 
Roy a 
& 


(ii) =e + 


(iti) ey = (yo-ky 


* 
xeh 
Fig. 

(iv) x7 -y = a? (Rectangular hyperbola) 
As asymptotes are perpendicular. Therefore, called rectangular hyperbola. 
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(v) xy = c? 
Here, the asymptotes are x-axis and y-axis. 


asymptote 


O asymptote 


Ce,-c) 


Fig. 

2.5 Inverse Trigonometric Curves 

As we know trigonometric functions are many one in their domain, hence, they are not 
invertible. 

But their inverse can be obtained by restricting the domain so as to make invertible. 

Note : Every inverse trigonometric is been converted to a function by shortening the domain. 

For Ex : Let f(x) = sin x 

We know, sin x is not invertible for x < R. 

In order to get the inverse we have to define domain as: 


| > [-1, 1] defined by 1(x) = sin x is invertible and inverse can be represented by: 


y=sin'x. (-#s sin'x 5) 


Similarly, 

y = cos x becomes invertible when f: [0, a] — [+1, 1] 

y = tan x ; becomes invertible when f: (-3.3) + (— %, w) 
y = cot x ; becomes invertible when f: (0, 2) + (- =, ») 


y = sec x ; becomes invertible when f: [0, a] — {3 >R (-1, 1) 


y = cosec x; becomes invertible when ff: - 


xml aged 
Pg OR 


(i) Graph of y = sin" x ; 
where, 
xe 4, 1] 
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ot y- [34] 


As the graph of f"(x) is mirror image of f(x) about y = x. 
y 


(i) Graph of y = cos" x; 
Here, 
domain ¢ [-1, 1] 
Range e [0, a] 


x 
f(x) =cos x 
Fig. 
(ll) Graph of y = tan” x ; 
Here, domain < R, Range « (-34). 
22 
Y 


+X 


x=—W/2 xeal2 
Fig. 
As we have discussed earlier, “graph of inverse function is image of f(x) about y = x” or “by 
interchanging the coordinate axes”. 
(iv) Graph of y = cot’ x; 
We know that the function 


: (0, x) > R, given by f(@) = cot 6 is invertible. 
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“. Thus, domain of cot? x < R and Range e« (0, x). 


Fig. 
(v) Graph for y = sec" x; 


The function f : [0, a] - (3 — (-~, -1] u [1, ~) given by f(8) = sec 6 is invertible. 


i 
“y= sec’ x, has domain ¢ R - (-1, 1) and range « [0, x] - {s\, shown as 


y, . 
i yen 
y=sec'x/! : 
y= i2 
= 11 x 
y=sec Xx 
Fig. 


(vl) Graph for y = cosec” x; 


22 
y = cosec" x ; domain € R — (-1, 1) 


As we know, f : [ is 5| — {0} > R - (-1, 1) is invertible given by f(8) = cos 0. 


R -£4]- 0 
ange < [ 23 {0} 
y 


=—W/2 x= 7/2 
y=cosec x 


Fig. 


€. Eduncle 


Mathematics (Functions of One Variable-l) 


Note : If no branch of an inverse trigonometric function is mentioned, then it means the principal 
value branch of that function. 


In case no branch of an inverse trigonometric function is mentioned, it will mean the principal 
value branch of that function. (i.e.,) 


Function 


Domain 


t. sin' x 
2. cos 'x 
3. tan'x 


4.| cosec'x 


5. sec'x 


6. cot"x 


[1 
[4-1 
R 


(-1]U[L 


(-«,1]U[1~) 
R 


Principal Value Branch 


ug ug an 1 
-=Sys—,where y=sin'x 
2°¥89 ” 


O<y< x, where y=cos'x 


ci nx 1 

-> =,where y = tan'x 
2<¥<9 t 

sy « 0, where y = cosec”'x 


osysniye{Z}, where y=seo"x 


O<y <x; where y =cot'x. 


2. BOUNDED FUNCTION 


Definition : A function f : [a, b] > E is said to be bounded in the interval [a, bl, if there exist 
two numbers k and K such that 


k<f®)<K V xe [a, bl]. 
or if its range is bounded. 
Thus a function is bounded in [a, bl, if it is both bounded above and bounded below in [a, b]. 
Ex: 
1. f(x) = x2 is bounded in [1, 2], since 1 < f(x) < 4. vx e€ [1, 2]. 


1 
2. f(x) = 2 is bounded in (0, 1). 
x 
3. f(x) = aa is not bounded in [1, 4]. 
Results : 
(a) Every bounded sequence has a limit points. 
(b) A number p is a limit point of a sequence (a,) iff there exists a subsequence (a,,) of (a,) 
such that a, —p. 
(c) Every closed interval [a, b] is a closed set. 
(d) A closed set contains all its limit points. 
(e) If p is a limit point of a set S and S c T, then p is also a limit point of T. 
Unbounded function 
If a function is neither bounded above nor below, then this is known as an unbounded function. 


Ex: 
‘Ti f(x) = x is unbounded for x (-,2). 
7 to=1 is unbounded on any interval that includes x = 0. 
Properties of bounded functions 
1 If f,g are bounded, then f +g, f - g, f-g, and f/g are also bounded. 
2. If f is bounded, then | f | is bounded and also the composition fog is bounded for any 


function g. In particular, any transformation of f is also bounded. 
Note: If g is bounded, then (fog) need not be bounded. For instance, sin(x) is bounded, but 


cot(sin(x)) is not. (Indeed, values of sin(x) get arbitrarily close to 0, and cotangent tends to infinity 
for argument going to zero.) 


3. If f is bounded and g does not approach 0 arbitrarily close (that is, inf(igl) > 0, then f /g 
is bounded 
4. A sum/difference of a bounded and an unbounded function is again unbounded. 


Note: Adding/subtracting two unbounded functions may yield a bounded function. For product and 
division anything can happen, 
Ex: A product of two unbounded functions may be bounded. 

x-(1ix) = 1. 
5. Composition of two unbounded functions may yield a bounded function. 
For Ex, 1/x is unbounded, so is (e* + 1), but when we substitute the latter into the former, we 
get 1/(e* + 1), which is a bounded function. Indeed, inf(e* + 1) = 1, so we are separated from 
Zero, and 1 is a bounded function (constant), so the ratio is bounded.. 


~ mowremees (runvuuns vr vue ranauiey 


3. LIMIT OF A FUNCTION OF ONE VARIABLE 


If L is a real number, then lim, ,.. f(x) = L means that the vaiue f(x) can be made as close to 


L as we wish by taking x sufficiently close to x,. This is made precise in the following definition. 


y=f(x) 


i 

Vy 
1h y 
14 
114 
Ly = 
Xp-O X_, Xytd 


Figure 
Definition : A function f is said to tend to a limit | as x tends to a, written as fim f(x) = 1, if given 


any e > 0 (however small), there exists some & > 0 (depending on «) such that 
|f@)-I|<e whenever 0<|x-al]<&. 


Figure depicts the graph of a function for which lim, ,,, f(x) exists. 
Note: fim, {(x) should not be understood as substituting x = a in f(x). If fact, f may not be defined 
atx =a, 
Ex: lim (2x +3)=5. 
xo 
Let e > 0 be given. We have 
1 (Qx+3)-5 [=] 2x-2/=2|x-14]. 


1 
Now | (2x+3)-5|<ewhen2|x-1|[<e or Ix-tl<7e 


1 
Choosing 8 = Fe, | (2x + 3)-5|<e when |x-1] <5. 


Hence lim (2x + 3) = 5. 
Ex : If c and x are arbitrary real numbers and f(x) = cx, then 
lim f(x)=c x). 
To prove this, we write 
If(x) — cx, = Iex — ex, = Iclix ~ x). 
If c + 0, this yields 
If(x) — cx,] < ¢ 
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k- x) <8, 


where 6 is any number such that 0 < 6 < e/[cl. If ¢ = 0, then f(x) — cx, = 0 for all x, so (*) holds 
for all x. 


One-Sided Limits 
The function 


f(x) = 2x sin vx 
satisfies the inequality 
HON < 
if 0 < x < 8 = c/2. However, this does not mean that lim, _, f(x) = 0, since f is not defined for 
negative x, as it must be to satisfy the conditions of Definition with x, = 0 and L = 0. The function 


a(x) =x, x#0, 


can be rewritten as 


(x) = x+1 x>0, 
B= ya, x <0; 


hence, every open interval containing x, = 0 also contains points x, and x, such that |g(x,) — g(x) 
is as close to 2 as we places. Therefore, lim, ,,, 9(x) does not exist. 

Although f(x) and g(x) do not approach limits as x approaches zero, they each exhibit a definite 
sort of limiting behavior for all positive values of x, as does g(x) for small negative values of x. The kind 
of behavior we have in mind is defined precisely as follows. 


y 


lim f(x) = 4 lim f(x) =p 
X > Xp— 


Figure 
Left Hand and Right Hand Limits 


Definition : A function f is said to tend to a limit | as x tends to a from the left, 
if given any < > 0 (however small), there exists a 8 > 0 (depending on «) 
such that | f(x) -I | < ©, whenever a-d<x< a. 


lim f(x) = Lb 
It is called the left hand limit at a 
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Definition : A function f is said to tend to a limit | as x tends to a from the right, 
if given any « > 0 (however small), there exists a 5 > 0 (depending on e) 
such that | f(x) - lL |< e, whenever a<x<atd. 


lim f(x) = L 
It is called the right hand limit at a 


Remarks 1. x > a- > X — a through values less than a, 
x7 a > x — a through values greater than a. 


Remarks 2. Clearly, tim, f(x) exists if and only if im f(x) and lim, f(x) both exist and are equal. 


Hence tim, f(x) = im f(x) = Jim f(x). 


Ex: |xl=x,ifx20 and |x|=-x,ifx<0 
fim 10x) = firm YEE i Yay. 
FO) I 
tim (x)= tim 1%! = im % 21. 
ih 100 = tin 
ret 


Hence lim DU does not exist, since lim f(x)# Lim f(x) 
xo X 0 x0 
Ex : Show that the function f, defined on F\{0} by f(x) = sin(1/x), whenever x + 0, does not 


approach 0 as x — 0. 
1 
Sol. Let « = 2 0 and let 5 be any positive number. 
By Archimedean property, for 1/5 > 0, 3 n € N such that 


1 . 


ann+Z>1 or ———~ <6. 
2 6 2nx+n/2 


if then 0 < |[x-0| < 8. 


1 
X* Qnntx/2' 
Now |sin (1/x) — 0 = |sin (2nx + a2) = 1 >. 


1 
Thus there is an « = => 0, such that for each 5 > 0, 3 some point x = for which 


1 
2 Qnx+n/2' 
Isin (1/x) — 0] > « and O< jx-O| <5. 
Hence lim sin (1/x) # 0. 
Ex: Let 


a(x) ESM) ge x+0. 
x x 


If x < 0, then 


a(x) --Kain, 
x 
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so 
lim g(x) =0, 
since 
a 
|o(x) -9| = sin <|x\<e 
if -e < x < 0; that is, Definition is satisfied with 5 = «. If x > 0, then 
A 
(x) =(2+ xine. 
which takes on every values between -2 and 2 in every interval (0, 5). Hence, g(x) does not 
approach a right-hand limit as x approaches 0 from the right. This shows that a function may have a 


limit from one side at a point but fail to have a limit from the other side. 
Left and right-hand limit are also called one-sided fimits. 


lim f(x) = f(x.) and lim f(x) = f(x,"). 


Ex : Let 
1 21x1 , 
f(X) = 1-37, 9%) = Fy» and h(x) = sin x. 
Then 
lim f(x) =1, 
since 
t)-J=4 ce if x>—b, 
x? ve 
and 
lim g(x) =2, 
since 
2x 2 2 
|o(x) - 2] = a |= <2es if xo. 


However, lim, ,, h(x) does not exist, since h assumes all values between —1 and 1. 
Some Theorems on limit 


Theorem : lim f(x), if it exists, is unique. 
Proof. Let lim f(x) = 1, and lim f(x) =I. (1) 


We shall show that I = I'. Let « > 0 be given. 
Using (1), there exists 6, > 0 and 5, > 0 such that 


1 
If) -U< ae where 0 < |x - al <,, «(2) 


A 
and If(x) - TI] < ri where 0 < |[x-a| <5, «.(3) 
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Let 8 = min (8,, &,). Then, by (2) and (3), 


1 
If(x) -U< ae where |x — al < 6, 


1 
If(x) - 1 < ae when Ix - al <5. 


Now I=L = [= 109 + 0) = 0) 


< [lL - fQ)| + If) - U1 < Ls + Le ze 
2 2 
l-l|<e, when O<(|[x-al<8. 
Since « is arbitrarily small, |! — ['| = 0. Hence l= [. 
NOTE : Limit does not necessarily exist. 


Theorem : If lim f(x) = | and lim g(x) = m, then 


id Jim [f) + g(x)] =1+m. (ii) tim, [f(x) 9(x)] = Im. 


(iii) lim [2] ae mz0 
ral g(x) ] om 
Proof. 
i) Let « > 0 be given. There exist 6, > 0, 5, > 0 such that 


1 
If(x) -U< ria whenever 0 < |x-al <5, 
1 
and = Ig(x) — m| < Pig whenever 0 < [x - al < 5, 
Let 6 = min (,, 5,). Then 


1 
If(x) -—U < ria whenever 0< |x -al <6, 


1 
and = [g(x) -— ml < 3 whenever 0 < [x —al <8, 


Now — i{f(x) £ g()} - (F m)| = [(fO0) - Ul & (g(x) — m)] 
< If) — Ul + lg(x) - m| < e/2 + £/2 = &, when 0 < [x-al <5 
K{f(x) + g(x) - (+ m)| < e, whenever 0 < |x - al < 5. 

Hence lim [f&)  g(x)] = lt m. 


(i) = We have If(x) g(x) - Im] 
= 1 9(x) (FX) — D + K(x) - m) | 
sax) 11) -t1+ 101 1a) -m |. (1) 


Since lim f(x) = 1 and lim g(x) = m, for e’ > 0, there exists some 5 > 0 such that 


lg(x)-LI]<e and |g(x)-m[<¢,0<|x-al<5. (2) 
Now |g(x)l=Im+gx)-misimi+igx)-m| 
or lo) 1<|m|+e,when0<|x-al<5. (3) 
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From (1), (2) and (3) ; we obtain 
1 f(x) g(x) - Im | 
<(Imi+eye +] lle, 
<(im[ ++ 1)e, 
Let us choose «’ such that 


when O<|x-al<d 
when O<|x-al<é (+ 


,£>0. 


, é 

. <——— 
(Im1+121+1) 

Im| < ©, whenever 0 < |x - al < 8. 


I) a(x) - 


Hence tim [f(x) a] = Im = tirn f(x) . tim g(x). 


(ii) 


f 
Consider Pome 
_ Lmf(x) —Im + Im—1g(x)] 

I(x} .Im| 


Im(f(x) - 2) +m - 9(x)) 1 
(o(x)|. Im 


<M G) D+ Ug) —mI 
i. Im]. 19(x)| 


Since tim g(x) = m = 0, so there exists a 5, > 0 such that 


1 
log) > >i mi when O<|x-al<6, 


1 2 

=> —_—_<—. when O0<|x-al <6. 

Va(x) Im] : 
Since tim f(x) = |, there exists some 5, > 0 such that 

1 

If) - I< qgelmi when 0<|x-al<6,. 
Since jim, g(x) = m, there exists some 6, > 0 such that 

Ig(x) — m| < adglme mi when 0<1x-—a|<é. 

4°" i 

Let 6 = min (5, by 8). From (1), (2), (3), (4) ; we get 

f(g) _1 271 2 

ea =e, whenO = 6. 

a(x) ml <TmE Laem +g e[mf e, when O<|x-al< 


f(x) 


| - provided m + 0. 


Hence lim | 


e <1) 


AN) 


(2) 


3) 


A) 
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Ex. Let f(x) = x? sin (1/x), when x # 0, f(0) = 0, and g(x) = 


Ex. Evaluate lim §Q) and Jim, f(x) g(x) . 


9X) 
Hint. tim 10). lim x sind = 0, 
9 g(x) 8 x 

lim. f(x) g(x) = lim. x?. lim Bi 0: 

word Kod "x90 x 
Theorem : If fim f(x) = 1 + 0, then there exists a 5 > 0 such that 

MODI > S10, where 0<|x-al <6. 
Proof. Since 1 #0, so|1| > 0. 

1 

Let us choose « > 0 such that « = 7! I} >0. 


Now lim, f(x) = 1 = for any « > 0, 3 a > 0 such that 


If) -I|< 2, when O<[x-al<6. (1) 
Now LLL = 1 l=) +f) | s 1 - f00 | + | £00 |. (2) 
From (1) and (2), | U1 < ¢ +1 f(x) |, whenO<|x-al<é 
Si If) 1>[ll-e, when O<|x-al<6 
tl 
> Hf@)L>1Ul-p =>, when 0<|x-al <8 


Hence | f(x) | > FILL, when 0 <|x-al<s. 
Theorem : Prove that tim f(x) exists and is equal to a number I if and only if both left limit i fim , 
f(x) and right limit . lim , f(x) exist and are equal to I. 
OR 
Let f be defined on a deleted neighbourhood of c. Show that firm, f(x) exists and equals | iff 


f(c + 0), f(c — 0) both exist and are equal to I. 
Proof. Condition is necessary 


Let lim f(x) = L Then for any e > 0, there exists some 5 > 0 such that 


If) - I< e, when 0< [x-c] <6 


or If(x) -l<e, when c-8<x<c+6, x46. 
It follows that |f(x) - |< e«, when c-8<x<c, +1) 
and I(x) - I< e, when c<x<ct5. (2) 


From (1) and (2), we see that 


lim f(x) and im, f(x) both exist and are equal to I. 


€ Eduncle Mathematics (Functions of One Variable-l) 


Condition is sufficient 


Let im | f(x)=I= fim, o f(x). 
Then for any ¢ > 0, there exist some 6, > 0 and 6, > 0 such that 

If) -U<e, when c<x<ecta, (3) 
and If) -U<e, when c-8,<x<c (4) 
Let 5 = min (8,, 3,). Then 5 < 6, and 8, < 8, 
=> c+d5<c+8, and c-52c-8, (or c-5,sc-8). +(5) 


From (3), and (5), we obtain 
If(x) -U<e, when c<x<c+, 


and If) -U<e, when c-8<x<c. 
If) -U<e, when c-5<x<ct+d,x#c 
or If(x) -U<e, when O0< |x-c] <3. 


Hence [im f(x) = 1b 


Ex : Show that lim, X-11 goes not exist. 
Sol. We have 
firm XE tir XO = him 2x9 
130 X x0 OX 0X 
fim 22E tim X2% 0 
a rei arnt 
LHL # RHL 


Hence jim XIX goes not exist. 


Infinite Limits or Limits at Infinity 
Definition : The expression lim f(x) = | means, given any « > 0, there exists some M > 0 such 


that 
| f@) - 11 < e, when x > M. 


Definition : The expression lim f(x) = [ means, given any ¢ > 0, there exists some M > 0 such 


that 
| f(x) - L| < «, when x <—M. 


Definition : The expression lim f(x) = + « means, given any M > 0 (however large), there exists 
rove 


some & > 0 such that 
f (x) > m, whenever | x-a| <6. 
Definition : The expression lim f(x) = — «© means, given any M > 0 (however large), there exists 


some 5 > 0 such that 
f(x) < — M, when | x-a]| <6. | 
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Ex : Show that 
. im 2 . im J es fart 
(0) lim —=+2, (0) lim = =—0, (ii) jim = = +0, 


Sol. 
(i) Let M > 0 be any large number. Let 8 = 1/M. 


14 1 
ThenO<x<6 > =>> > ~=>?M 
x 8 x 


co fh 
Hence lim—= + , by 
0! X 
1 1 1 
>—- => -M>— > ~<-M 
x x x 


(ii) Again-d<x<0 > - 


Hence lim Mew 0, by 
x90- 


1 Z 
Note : lin does not exist. 


1 1 
(iii) Now-8<x<8 > 57>5 > J7>M 


ee ee 
Hence lim gute by 


2 x?-4 
Ex : Find lim —————_. 
x99 x7 + 7X412 


Sol. Dividing numerator and denominator by x?, we get 


x -4 : 1-4/%? 
im = 
xe Xe IKETZ ce 14 71K 4 12) x? 


1-4 lim (1/x2) 
“TET linn) x) +12 im(17?) 


9-x 
x+1 


Ex : Find jim and lim, (9 — x2)(x + 1). 
x2 cae 


Sol. If c is a constant, then lim, ,,, ¢ = ¢, and, from Example lim, ,,, x = x,. Therefore, from 
Theorem 
lim (9 - x?) = lim 9 — lim x? 
2 pay a 


2 
= lim 9— (lim x 


xo? x2 


=9-22=5, 
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and 
lim (x +1) = lim x + lim 1=2+1=3. 
x2 x92 492 
Therefore, 
o-x2 lim(9-x’) 5 
lim ——_=**—___=> 
x2 X47 lim, (x +1) 3 
and 
lim, (9-x?)(x+1)= lim, (9-x’)= lim, (x +1)=53=15. 
Ex : Let 
2x? -x4+1 
x)= 
9%) 3x? +2x-1 


it leads to an indeterminate form as x tends to infinity. Rewriting it as 


_ 2-4 UX? 
0) = sain **O 
we find that 
lim 2- lim 1/x + lim 1/ x? 
iim 9022 20402 


mos lim 3+ lim 2/x- lim 1/x? 3+0-0 3° 


~- marenaes [runvuuns vi vine ranauiey 


4. MONOTONIC FUNCTIONS 


A function f is non-decreasing on an interval | if 


f(x,) < f(x,) whenever x, and x, are in | and x, < x, -(1) 
Similarly, A function f is non-increasing on | if 
f(x,) 2 f(x,) whenever x, and x, are in | and x, < x,. (2) 


In either case, f is monotonic on I. If < is replaced by < in (1), f is said to be strictly increasing 
on |. If 2 is replaced by > in (2), f is said to be strictly decreasing on |. In either of these two cases, f 
is strictly monotonic on |. 

Ex : The function 


x, O<x<] 
too =[% 1<x<2, 


is non-decreasing on | = [0, 2] and —f is non-increasing on | = [0, 2]. 


¥ 


Figure 
The function g(x) = x? is increasing on [0, «) Figure, 


y 


Figure 
and h(x) = -x? is decreasing on (—», «) Figure. 
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Figure 


Properties of Monotonic Functions 


0) 
(ii) 
(ii) 


Ex: 


(iv) 


(v) 


(vi) 


jae Winans cneses nak vcnin aaa Y Poors 


If f is monotonic then, for any monotonic sequence <a_>, <f(a,)> is also monotonic. 
Sum of two monotonically increasing (decreasing) sequence again monotonically increasing 
(decreasing). 

Difference of two monotonically increasing (decreasing) sequence may not be monotonically 
increasing (decreasing). 


f:[0.%4]>R & 9:{0,%4]>R 


such that f(x) = sinx & g(x) = x 

but (f — g)(x) = sinx — x is not monotonic. 

Similarly product of two monotonically increasing (decreasing) sequences may not be 
monotonically increasing (decreasing). 

f:R5OR&g:ROR 

such that f(x) = x & g(x) = x 

but (fg)(x) = x? is not monotonic. 


1 
If the function f is increasing (decreasing), then the inverse function 7 is decreasing 
(increasing). 


Composition of two monotonic functions f: X > Y & g: Y > Z is monotonic gof : XZ. 


SN RRaan Sa AE Ee SAA Re 


aes mawenaues [runeuuns vi une vanauie-y 


5. CONTINUOUS FUNCTIONS OF ONE VARIABLE 


Consider a function f : [a, b] > R, Leta <c< bie. cela,b]. 
Definition : A function f is said to be continuous at a point c, if for any ¢ > 0, there exist some 
8 > 0 such that 
| f() — f(c) |< «, whenever |x-c|<5 (1) 


ox f(x) li f(x) = f(c). 


Definition : A function f is said to be continuous in an interval [a, b], if it is continuous at every 
point of the interval [a, b]. 
Remark : If a function f is not continuous at a point c, then from (1), it follows that there exists 
some « > 0 such that for each 5 > 0, there is some y ¢ [a, b] satisfying 
| fly) - f(c) | >e, when} y—-c[ <8. 
Definition : A function f is said to be discontinuous at a point x = c, if f is not continuous at 


Remark : The discontinuity of a function f at x = c is obtained in either of the following cases: 


HA f is not defined at x = c. 
2. lim f(x) does not exist. 
3. tim. f(x) exists but tim. f(x) # f(c). 
Algebra of Continuous Functions 
i) The identity function f(x) = x is continuous in its domain. 
(ii) If f(x) and g(x) are both continuous at x = c, so is f(x) + g(x) at x = c. 


(iii) If f(x) and g(x) are both continuous at x = c, so is f(x) * g(x) at x = c. 
(iv) __ If f(x) and g(x) are both continuous at x = c, and g(x) = 0, then f(x) / g(x) is continuous 
atx=c. 
(v) If f(x) is continuous at x = c, and g(x) is continuous at x = f(c), then the composition g(f(x)) 
is continuous at x = c. 
Ex. The function defined as 
x?-9 
fo)=}x-3'*79, 
6 , x=3 


is continuous at x = 3. 
Sol. We have 


' oo x =9 - 
lim, f(x) = lim, sam (x +3) =6. 


Since f(3) = 6, sim, f(x) = f(3). 


Hence f is continuous at x = 3. 
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Ex : Show that the function 
1 
{x)= eens x#0 
0, = x=0 


is continuous at x = 0. 
Sol. We know tim, f(x) = tim (xsin 2} = 0. {Since sin(1/x) is bounded} 


Also f(0) = 0.S0 lim, f(x) = f(0). 


Hence f is continuous at x = 0. 
Ex : Show that 


| ane eres 


f(x) = | x-a 
is discontinuous at x = a. 


(x-a), ifx2a 
~(x—a), ifx a 


Sol. We know fr-o|-{ 


~x-a) 
(x-a) 


Now lim f(x) = fim =-l,asxza. 


(x-a) 


(x-a) 


Thus lim f(x) does not exist and so f is discontinuous at x = a. 
roa 


lim f(x)= lim =1as xa, 
xe Per 
Ex : Examine the continuity of the function 


2x, if O<x<1} 
f(x)=42-x, ifl<x<2 
x? -2x, ifx>2 


atx = 1 and x = 2. 
Sol. We have Jim f(x) = lim, 2x = 2, 

Jim f(x) = fim, (2-x)=1. 
Thus lim, f(x) does not exist and so f is discontinuous at x = 1. 
Now lim f(x) = Jim, (2-x)=0, 


sim f(x) = lim, (x? - 2x) =0. 
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Also (2) =2-2=0. 
Thus lim f(x) = lim f(x) = (2) and so f is continuous at x = 2. 
Ex : Show that the function 


ee 
f(X)= 110 **° 
lo, x=0 


is continuous at x = 0. 
Sol. We have 
, a eel 
lim, f(x) = fim, pare 0. 


Fey) 10): (= (0) = 0) 


Hence f is continuous at x = 0. 
Ex : Show that the function 


fel™-1 
(x)= {erat se 
Lo x=0 


is discontinuous at x = 0. 


e*-1 
Sol. f(x)=Je a1 
{0 x=0 


By computing two sided limit 
Left Hand Limit (LHL) 


_ eX 1 i 

fin as x0 >e'* 50 
0-1 

pee | 

O+1 


Right Hand Limit (RHL) 


asx>0°>e"* 50 


_ e'(1_e) 
= IM oamase™) 
x0 e’*(1+e '*) 


RHL » LHL +f(0) 
So f is discontinuous at x = 0. 
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Ex : Show that the function 


Mix gtx 
e+e 
3 ye x20 


f(x)=;e" +e 
1 1x=04 

is discontinuous at x = 0. 
Sol. We know x -> 0- => e*>50 -(1) 
and x > 0+ > e* 50. w(2) 

,e@*-e™* | ett eM*-1 00-1 

lim = lim = = =-1, by (1 

In yet IN ea On y (1) 

_ e'*-e** q-el*e™* 1-00 

lim — = lim —= =1, by (2). 

xara’ pel x0-t¢e™e™* 140.0 y (2), 

ee 

Hence lim ————.— does not exist (* =) 

r0el™ +e '* 


and so the given function is discontinuous at x = 0. 


Ex : Examine the continuity of the function : 
2 


wx 
f(x)=726" when x #0 
O , when x=0 


at x = 0. 


he 
Sol. Clearly, x > OF > Ik? 9 +ta0> el oS +m 


tit ae 


0. 


= le >0>e 


hing, #00) = im, =e = li, 


Similarly, lim f(x) = -1 and so tim, f(x) = -1  f(0) [- f(0) = O] 


Hence f is discontinuous at x = 0. 
Ex : Show that the function f defined on RE by setting 


f(x) = a when x # 0 and f(0) = 0 


is continuous at x = 0. 


" - x 0 Le lim el = 
Sol, Wy 00-40% ( age =9} 

Le i _ xe’ 0.0 _ La sfiey gilli 

JR 1G) = Mites ga oat (: im € =0) 


Also f(0) = 0. Hence f is continuous at x = 0. 
Ex : Show that 


fo) =I xl+lx-1] 
is continuous at x = 0 and x =1 
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Sol. f(x) = — x— (x- 1) = 1 — 2x, when x < 0; -(1) 
f(x) = x - (x-1) = 1 whenOsx<1; w(2) 
Now im f(x)= tim (1) =1, by (2). 
Also {(0)=101+10-1]=14. 
dim_ f(x)= lim f(x) = f(0). 
Hence f is continuous at x = 0. 
Now slim f(x) = lim (1) =1, by (2) 
im f(x) = lim (2x -1) =1, by (3) 


Also f(1)=111+)1-1]=1. 
slim f(x) = tim f(x) = (1) 


Hence f is continuous at x = 1. 
Ex : Let f be the function defined on R by setting 
f(x) = [x], for allx € R, 
where [x] denotes the greatest integer not exceeding x. Show that f is discontinuous at the points 
x= 0, +1, + 2, +3, ... and is continuous at every other point. 
Sol. By definition, we have 
Ix] = 0, forO<x<1, 
Ix] = 1, for 1 <x< 2, 
[x] = 2, for2<x< 3, 


Ix] = -1, for -1 <x < 0. 
Ix] = -2 for -2 < x — 1 and so on. 


Atx=0 
lim (x)= lim [x}=-1, 
20) 
Jing) =f x1 =0. 
(0) 
Since lim f(x) + im f(x), f is discontinuous at 0. 
Atx=1 


lim f(x) = lim [x] = -2, 


xk 
bed) 


lim f(x)= tir, [x] =-1, 
ae boy 


So f is discontinuous at -1. 

Similarly, f is discontinuous at — 2, — 3, - 4, ... 

Let a ¢ R ~ Z be any real number but not an integer. Then there exists an integer n such that 
nsa<n+1. Then 
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[x] = n, fornsx<n+1. 
Now im f(x) = im, f(x) = f(a) =n. 
Hence f is continuous at a. 
Ex : Let f be the function on [0, 1] defined by 


ay it Chexelyre 
(-1 if mi StS i iy ee 
f(x)=; 0, if x=0 
1 if x=1 
‘ — 11 
Examine the continuity of f at 1. 23°" 


Sol. We observe that 


f(x) = -1, if dsxet (r= 1) 
1 
=1, if dex<d (r = 2) 
=-1, if fex<d (r = 3) 
and so on. 
Atx = 1, 
ie f(x) = lim f(x) =-1. Also f(1)=1. 
ree 
Since lim f(x) # f(1), f is continuous at x = 1. 
1 
Atx = z 


tim f(x) = tim f(x)=1, 
ep po 

3) 
lim f(x) = lim f(x) =-1. 


2 t 
ey 


i 
Thus f is discontinuous at a 


ae fa Sah ‘ 111 
Similarly, f is discontinuous at ya" 


Ex : Show that the function f on [0, 1] defined as 


1 1 1 
f(x)=—, when —~<xs—, (n=0,1, 2... 
W=5 Bk Sarr ) 


 dconnwus a 3(3) (3) 
is discontinuous at 5.15] /5].-- 


212 
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Sol. We observe that 


f®) = 1 when * x1 (n = 0) 


when - X <> (n = 2) and so on. 


tiny f(x) =m f(x) =}, 


Zz 2 


lim f(x) = lim f(x) =1. 


nin 


Thus f is discontinuous at x = 


sex e(t. 


" 1 " 1 
lim f)=o5 and tim f)=5- 


- oy 


1¥ 

Thus f is discontinuous at x = (3) and so on. 
1Y 

Atx= (3) : 


7 1 i 1 
ling 160 = 55 and lin f(x)= roa 
z 


Hence f is discontinuous at (3) GA ET Devee 


Ex : Let f be a function defined by : 


xsin(1/x) , if x>0 
f(x)= 0 , ifx=0 
2xsin(lix) , if x<0. 


Discuss the continuous of f at x = 0. 
Sol. We see that 


lim f(x)= lim x sind =o. 
x0 x90 x 


Jim f(x) = fim, 2x sin =2x0=0, Also f(0) =0. 


Hence f is continuous at x = 0. 
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Ex : Examine the continuity of the function : 
f(x) = 2x - [x] + sin (4/x), x + 0; {(0) = 0 
at x = 0 and x = 2, where [x] denotes the greatest integer not greater than x. 


Sol. By Example lim Ix] and tim, [x] do not exist. 


Also tim, sin J does not exist. 
saad x 


Thus lim f(x) and lim, f(x) do not exist and so the given function is discontinuous at x = 0, 2. 
aes Paes 


Ex : Let f be the function defined on FP by setting 


1 F j 
x-[x]-<, when x is not an integer 
f(x) = id-> 9 
0 ,When x is an integer 
Show that f is continuous at all points of R ~ Z and is discontinuous whenever x ¢< Z. 
Sol. Letn ¢ Z = {0, + 1, t 2, t 3, ...} be arbitrary. 


Then tim [x] does not exist and so lim f(x) does not exist. 
0 on 


Hence f is discontinuous whenever n e Z. 
We observe that 

id = 0, ifO<x<1, 

bX =1,if1<x< 2, 

bd = 2, if2<x< 3, 


[x] = m, if m <x < m+ 1 and so on. 
Using these, we obtain 


1 
fQ) = x-5. ifO<x<1, 
1 3 ey 
f) =x-1-p=x- 5, ifl<x<2, 
1 oS 4 
{Q) =x-2-5=x- 75, if 2 < x < 3 and so on. 


The above relations are all linear and so f is continuous at all positive non-integral points. Similarly, 
f is continuous at all negative non-integral points, since 


(0) = x- Ca) pent h, if -1<x<0 
1 3), 
=X-(-2)-p= x4 5, if -2<x<-1 etc. 


Hence f is continuous at all points of R ~ Z. 
Types of Discontinuities 


(0) The function f is said to have a removable discontinuity at x = c, if lim f(x) exists but is 
roe 


not equal to f(c). If we redefine f(c), then f will become continuous. 
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(iil) f is said to have a discontinuity of the first kind at x = c, if lim f(x) and lim, f(x) both 
exist but are not equal. 

(ii) f is said to have a discontinuity of the first kind from the left at x = c, if in f(x) exists 
but is not equal to f(c). 

(iv) fis said to have a discontinuity of the first kind from the right at x = c, if dim, f(x) exists 


but is not equal to f(c). 


(v) f is said to have a discontinuity of the second kind from the left [right] at x = c, if lim 
aoe 


fO9 [ tim, £00 does not exist. 


Ex : The function f(x) = m0) x # 0 and f(0) = 1 has a removable discontinuity at the origin. 
Sol : We have 

Lim 1(x) = fim fen) = lim fen24) 2=1.2=2. 
Also. {(0) = 1, s lim f(x) + £(0). 


Hence f has a removable discontinuity at x = 0. 
Ex : Examine the continuity of the function f defined by 


eet 
f(x) = een x20, f(0)=0 


at x = 0. Also discuss the kind of discontinuity if any. 
Sol. We have, 


lim f(x) =-1 and so dim f(x) # f(0); 
lim f(x)=1 and so Jim f(x) # f(0). 


Hence f has a discontinuity of the first kind from the left and the right at x = 0. 
Ex : A function f is defined by 


-x’, ifx<0 
5x-4, if0<x<1 
4x? - 3x, ifl<x<2, 
[3x+4, — ifx>2 


f(x) = 


Examine f for continuity at x = 0, 1, 2. Also discuss the kind of discontinuity, if any. 
Sol. At x = 0. 


im f(x) = tim, (-x?)=0, 


im. f(x) = fim, (5x - 4) =-4. 


Also f(0) = 0. 
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Thus. lim, f(x)  f(0) and so f has a discontinuity of the first kind from the right at x = 0. 


Atx = 1. 
lim f(x) = lim, (5x-4)=1, 
slim, f(x) = lim (4x? -3x) =1, 
and f1)=5*1-4=1, 


Thus Jim f= lim f(x) = f(1) and so f is continuous at x = 1. 
Atx = 2. 
slim f(x) = tim, (4x? -3x)=4x4-3x2=10, 
lim. f(x) = tim, (3x - 4) =10. 
Also f(2) = 3 * 2+ 4= 10. 
Thus fim f(x) = lim f(x) = f(x) and so f is continuous at x = 2. 
Ex : Obtain the points of discontinuity of the function f defined on [0, 1] as follows : 


f(x) = 


-x, if o<xel 
2 


-x, if pox 


{(0) = 0, ‘(3)- i, (1) =1. 


Also examine the kind of discontinuities. 


Sol. At x = 0. 
lim f(x) = lim f(x) = lim Ts x at 
ae i ee 
Also £(0) = 0. A tim f(x) # £(0). 


Thus f has a discontinuity of the first kind from the right at 0. 
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Thus f has a discontinuity of the first kind at x = 
Atx=1. 


A 
ma 


lim {(3) = tim G e x| a ;: Also f(1) =1. 
lim f(x) #0), 


Thus f has a discontinuity of the first kind from the left at x = 1. 
Ex : Examine for continuity at x = 0, the function 


tx 


—,, whenx<0 


f@)=1Tpe 
0, when x =0. 
el 
Sol. f(x)={14e"" EO 
0 x=0 
tx 
lim —— 
x0] 4 le 


By applying L-Hospital rule— 


E 
In 
al 


" 
LS 


= 0 

=> fis continuous atx = 0. 
Ex : Examine the function 
e"* sin(1/ x) 

T+el™ 

for points of discontinuity, if any. 
Sol. We know that 

x70-> e* 50 and x>0+ > e%* 50. 


f(x) = x40; f0)=0 


lim ef sin(1/ x) _ i Sint) : 
es 


a1 
* i lim sin—, 
x30) THO xO @ IKE] sO X 


which does not exist. Hence f has a discontinuity of the second kind from the right at x = 0. 
Theorems on Continuous Functions 


Theorem : (a) If two functions f, g are continuous at a point c, then the functions f + g, f — g, 
fg are also continuous at c and if g (c) # 0, then f / g is also continuous at c. 
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(b) Prove that if a function f is continuous at x = a, then | f | is also continuous at x = a. But the 
converse if not true. 
Proof. Since f and g are continuous at c, 


tim f(x)=f(c) and Jim, a(x) = g(c). (1) 
We show that f + g is continuous at c. We have 


fim (f+ 9)(x) = fim [fO0) + 960] 


lim f(x) + lim, g(x) 
f(c) + 9(c), by (1) 
lim (f+ 9) = (f+ (0) 


" 


Thus f + g is continuous at c. 


Again, lim (fg) (x) = tim f(x) 9(x) 
= lim f(x). lim g(x) 


= f(c) g(c) = (fa) (©). 
Thus fg is continuous at c 
Similarly, we can prove the remaining parts. 
(b) Since f is continuous at x = a, therefore, for « > 0 there exists some 5 > 0 such that 


| f(x) -f(a)|<e when O<|x-al<é (2) 
We know IIxl-lyllslx-y| Vv xyeR 
11 f@) 1-1 fla) | 1s 1 f(x) - fla) |< e, O< |x-—a] <6, using (2) 
ie., 11 f@) 1-1 f(a) || <e, when 0<|x-al<é. 


Hence | f | is continuous at x = a. 
However, if | f | is continuous at x = a, then f may not be continuous at x = a as seen below : 


1, when x is rational, 
ee to={_ 


1, when x is irrational. 


Then | f(x) |= 1 V¥ x e R and so|f| is continuous at every point of RP, but f is discontinuous at 
every point of B. 

Remarks : 1. Let f and g be defined on an interval |. If f + g and fg are continuous at a point 
p< I, then f and g may not be continuous at p as explained by the following examples : 


(0) Let 


1x2 and f(0) = 0; 


tx 


1-e 


g(x) = eq ** 0 and g(0) = 0. 


Thus f and g are discontinuous at x = 0, but f + g = 0 (being a constant function) is 
continuous at x = 0. 


(ii) Let f(x) = g(x) = 1, when x is rational 
f(x) = g(x) = -1, when x is irrational. 
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By Example, f and g are discontinuous at every point of R, but fg = 1 (being a constant 
function) is continuous at every point of R. 
Similarly, we can give examples to show that if f - g, f/g are continuous at a point p < 
I; then f and g may not be continuous at p. 
Notice that in (ii), fig = 1 V¥ x e RB = fig continuous V x ¢« R. 
If in (i), g(x) = f(x), then f -g = 0 > f -g is continuous v x « R. 

2. A polynomial function f(x) = a, + a,x + a,x? + ... + ax" is continuous for all x « R. 


Clearly, lim x" = c? Vn ¢ N= x" is continuous ¥ x ¢e R, VneN. 
xe 


Also a, (being a constant) is continuous. By Theorem , a,x° is continuous Vn « N and V x 
R. Hence a, + a,x + a,x? + ... + ax" is continuous Vv x ¢ R. 

Theorem : A function f defined on an interval | is continuous at a point p < | if and only if for each 
sequence (p,) converging to p, the sequence (f(p,)) converges to f(p). 

Proof. The condition is necessary. 

We are given that the function f is continuous at p and the sequence (p,) converges to p. We 
shall show that (f(p,)) converges to f(p). Since f is continuous at x = p, therefore for « > 0, there exists 
a 6 > 0 such that 


| f(x) - f(p) |< e, when |x-p| <8. (1) 
Since the sequence (p,) converges to p, so there exists some positive integer m such that 
Ip,-pl<S V nem (2) 
Replacing x by p, in (1), we get 
| f(p,) - (p) |< © when | p,-p] <6. (3) 


From (2) and (3), we obtain 
| f(p.) -f() |<e Y n2m. Thus (f(p,)) - fp). 

The conditions is sufficient. 

let py >p => (f(p)) > f(p). 

We shall show that f is continuous at x = p. 

Let, if possible, f be not continuous at x = p. 

Then for some « > 0 and for each 5 > 0, 3 at least one x such that 
| f(x) - f(P) | > «, whenever Ix-pl<8 

Let 6 = 1/n. Then V n e€ N, there exists x = p, such that 
Ip,-pl<tn => | f(p,) - fp) |2¢ 

ie, Jim P, = P, but lien f(p,) = fp). (+ p,- Pp + Oasn > =) 


Thus we have proved that there is a sequence (p,) such that (p,) converges to p, but the 
sequence (f(p,)) does not converge to f(p). This is a contradiction to the given condition. Hence f is 
continuous at x = p. 

Theorem : Let f be a function defined on an interval | and p < |. Let g be a function defined on 
an interval J such that f(I) c J. If f is continuous at p and g is continuous at f(p), then show that gof is 
continuous at p. 

Proof. Let (p,) be any sequence in | such that p, > p. aT} 

Since f is continuous at p, so by Theorem, f(p,) > f(p). 

Since f(I) c J, so (f(p,)) is a sequence in J converging to f(p) € J. 

Since g is continuous at f(p) and f(p,) > f(p) in J, so 
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a(f(p,)) > a(f(p)) 
or (gof) (p,) > (Gof) (p). (2) 
[By definition, (gof) (x) = g (f(x) ¥ x € L] 
From (1) and (2), it follows that gof is continuous at p 
Ex : F be a function on R defined by 


1, when x is rational 
-1, when x is irrational 


ta-{ 


f is discontinuous at every point of R 


Hint. Since Q, R-Q are dense in R , therefore for every a ¢ R we can always find sequences 
from Q & R-Q that converge to a. 


Ex : Show that the function f defined by 


{= 1, if xis rational 
~ (0, if x is irrational 
is discontinuous at every point. 
Sol. Case I. Let a be any rational number so that f(a) = 1. } 
Then any nbd. (a — 1/n, a + 1/n ) of a contains an irrational number a, for each ne Nie, [ 
i 
a,e_a-tn,at Wn) >la—al< a 
= la -a]>Oasn +x(a) >a. 
Now f(a.) =OVn (-- a, is irrational) and f(a) = 1 
> Jim f(a,) = 0 # f(a) = (f(a,)) does not converge to f(a). 


Thus f is discontinuous at all rational points. 
Case Il. Let b be any irrational number so that f(b) = 0. 
As argued earlier, we can choose a rational number b, such that 


Ib, - bl < 2 vVneN 
n 
=> |b,-bl>O0asn>ax => (b)>b. 
Now f(b,)=1 Vn (- b, is rational) and f(b) = 0 
> Jim f(b,) = 1 # f(b) = (f(b,)) does not converge to f(b). 
Thus f is continuous at all irrational points. 


Hence the given function is discontinuous at every point of R. 
Ex : Show that the function f defined on IR by 


x, when x is itrational 
-x, when x is rational 


t= 


is continuous only at x = 0. 
Sol. Case | : Let a # 0 be any rational number so that 
f(a) = -a. 
Then any nbd. (a — 1/n, a + 1/n_) of a contains an irrational number a, for each n < Ni.e., 
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a, € (a-1/n, a + 1/n) > la, - al < > 
> lja,- al >Oasn>aa = (a) > a. 
Now f(a) =a, vn (a, irrational) 
> fim f(a.) = lim a, = az f(a) (f(a) = -a) 


> (f(a,)) does not converge to f(a), when (a) > a. 

So f is discontinuous at all non-zero rational points. 

Case Il. Let b + 0 be any irrational number so that f(b) = b. 

As argued earlier, there exists a rational number b, Vn € N such that 


1 
Ib,-bl< 7 => |b,-bl > 0asn>x => (b)>b. 


Now f(b)=b von (-b, is rational) 
> im f(b,) = lim b,=b#0 


> (f(b,)) does not converge to f(b). (f(b) = 0) 
Thus f is discontinuous at every non-zero irrational point. 
Now we shall prove that f is continuous at x = 0. 
We have f(0) = 0 and 

If(x) — f(0)| = |f(x)] = |xl, if x is rational 

= 0, if x is irrational 
Let « > 0. Then | f(x) — f(0) | < «, for| x -0] <5 ( =<). 
Hence f is continuous only at x = 0. 
NOTE :we can also use sequential approach to deal with such questions on which f(x) is defined 
explicitly on all rationals & irrationais. It will consume time in exam. 

As letaceR 
Then there exist <a,> « Q such that <a> a 
Similarly, there exist <b,> ¢ R-Q such that <b,> >a 
now to find points of continuity we first look for the points where limit exist 
for that lim <f(a,)> = lim <f(b,)> => a=-a=> a=0. 
It is the only point where continuity is to be checked. 
since Oc Q => £(0)=0 = lim <f(a,)>=lim <f(b,)> vy <a,> ¢ Q such that <a> + 0 
vy <b,> ¢ R-Q such that <b,> — 0. 
Hence f is continuous only at x = 0. 
Ex : Let f be a function defined on (0, 1) by : 


0, if x is irrational 
liq, if x =p/q, where p and q are positive integers having no common factor. 


f(x) -| 


Prove that f is continuous at each irrational point and discontinuous at each rational point. 


Sol. Case I. Let a ¢ (0, 1) be any rational number so that a = p/q, where p and q are positive 
integers having no common factor. Then f(a) = 1/q (as given). 


Any nbd. ( a - 1/n, a + 1/n ) of a contains an irrational number a,, for each n € Ni.e., 


1 
aje(a-tnatiin) = la, - al < 5 
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q<n. 


> la, - a] > Oasn >a => (a,) > a. 
Now f(a)=O0 von (a, is irrational) 
> (f(a,)) > 0 = f(a) Ce f(a) = Wg > 0] 


Hence f is discontinuous at every rational point in (0, 1 ). 
Case Il. Let b € ( 0, 1 ) be any irrational number, so that 
f(b) = 0 
Let « > 0 be given. We can choose a positive integer n such that 
lin < ¢. 
It is clear that there an can be only a finite number of rational numbers p/q in (0, 1 ) such that 


We can, therefore, find some 8 > 0 such that no rational number I/m in ( b — 5, b + 8 ) has its 


denominator less than ni.e., m2n. 


Thus [x-b|]<8 => | fX)- f(b) | =| fo)-0]=0<e, wa) 
if x is irrational. 
If x = I/m is rational such that | x — b | <8, then 
Ix-b|]<6 > _ | f(x) - f(b) =| f(x) | < 1/m < 1in<«. +2) 
(- m2n) 
From (1) and (2), we have 
Ix-bl<38 => If(x)-f(b)|<e. 
Hence f is continuous at every irrational point b in (0, 1 ). 
Ex : Show that the function f defined as 


(x)= x, if x is rational 
1-x, if x is irrational 


1 
is continuous only at x = >. 
1 
2 


We can find an irrational number a, for each n € N such that 


Sol. Case |. Let a + = be any rational number. Then f(a) = a. 


1 
a,e(a-1m,at iin) >la,-al< a > @)7a 
Now f(a)=1-a,vn (a, is irrational) 
= im f(a,)=1- lim a, =1-a¢a. 


(Observe that if a = i then 1- a = a). 


> (f(a,)) does not converge to f(a). (~ f(a) = a) 


1 
Thus f is discontinuous at all rational points a « 2 


1 
Now we shall show that f is continuous at x = only. 


. 
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1) sig Tate nian vf(i}a4 
We have If(x) - f 2 1=1ki— zh if x is rational NO} a 


p-x-3-f-x = 
2| |2 


Thus He) -(3 jiem- te 


nH, if x is irrational. 


Let « > 0 be given. Choose 6 = « > 0. Then 
Wo - (3 } <e, when Ix-31<8 
Hence f is continuous only at 2 
Ex : Let f satisfy 
f(x +y) =f) + fy) Vv x ye R. etl) 
Show that if f is continuous at a point c, then f is continuous at all points of P. 
Sol. (i) Taking x = y = 0 in (1), we obtain 
f(0) = f(0) + f(0) > £(0) = 0. «(2) 
Taking y = — x in (1), we obtain 
f(0) = f(x) + f(-x) => 0 = f(x) + f(— x), using (2) 
f(— x) = - f(x) Vx e B. «.-(3) 
Let (c,.) be any sequence of real numbers such that c, > 0. 
Then c,+c>O0+c= 
> f(c, + c) — f(c), as f is continuous at c 
> f(c,) + f(c) — f(©), using (1) 
> = f(c)> 90 
Thus c,+0= f(c) > 0. (4) 
Let x be any real number. We shall show that f is continuous at x. Let (x_) be a sequence of real 
umbers such that x, > x 
> x,-x70 
f(x, — x) > 0, using (4) 
f(x,) + (-x) > 0, using (1) 
f(x,) — f(x) — 0, using (3) 
f(x.) > f(). 
Since x, > x => f(x,) — f(x), f is continuous for all x « R. 
Ex : Prove that the function h(x) = Vsinx is continuous on [0, al. 


uUUSD 


Sol. First of all, we show that f(x) = Vx is continuous V x > 0. 
Let c > 0 so that f(c) = Vc. For x > 0, we have 
1 


<7 


=F) 


Fe 


Ix-cl. 


Let « > 0 be given. Then 
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If(c) - f(c)| < «, whenever |x-—c]<8,5= ve «>0. 
Hence f is continuous at c > 0. 


Obviously, tim f(x) = 0 = f(0). Hence f is continuous for all x 2 0. 
rm 


Next we show that g(x) = sin x is continuous for all x i R. 
For c € R, we have 


X+C_. X-C 
icos—— sin—— 


= = Isin x — si =2 
| g(x) — g(c)| = [sin x - sin c| ; ; 


2.2 since [cos x] <1 Vx e R 


_X-c 
sin ———] 
2 


x-¢ 
2 | 

=kx-cl, 
Let « > 0 be given. Then Ig(x) - g(c)| < « for K -c] < 8, 5 =e > 0. 
Hence g is continuous for all c ¢ R. 


22) , since |sinx | <|x|] 


It is clear that h = fog, where g(x) = sin x, x € [0, nm] and f(x) = vx: x 2 0. By Theorem h(x) = 


Vsinx is continuous on [0, x). 
Ex : Given examples of two discontinuous functions f and g such that 


(i fog is continuous but gof is not continuous. 
(ii) fog and gof are both continuous. 
Sol. 
(i) We define two functions f and g as follows : 
(x)= when xeQ 
x, when xeR~Q 


when x<Q 


(x) = 1 
and O00 = 0, whenxeR~Q 


Then f is discontinuous at each non-zero point of F and g is discontinuous at each of R 
if xeQ, then (fog) (x) = f(g(x)) = f(1) = 0. 
if x ¢ R~Q,_ then (fog) (x) = f(a(x)) = f(0) = 0. 
(fog) (x) = 0 Vx € BR. Hence fog is continuous V x € R. 
if xe Q, then (gof) (x) = g (f(x) = g(0) = 1. 
if xe R~Q, then (gof) (x) =g (f(x) = g(0) = 0. 


1, whenxeQ 


Thus (gof)(x) = i when xeR~Q 


By Example gof is discontinuous V x <€ R. 
(ii) We define two functions f and g on & as follow: 


1, whenxeQ 
-1, whenxeR~Q 


f(x) = { 
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{-1, when xeQ 
and ar) = | 1, when xeR~Q. 


Thus f and g are discontinuous at all points of FR. 
lf xeQ, then (fog) (x) = f(g(x)) = f(-1) = 1. (~ -1€ Q) 
lf xe R~Qthen (fog) (x) = f(g(x)) = f(1) = 1. (~ Te Q) 
=> (fog) ()=1 ¥xeR = fog is a constant function on R. 
It may be noticed that (gof) (x) = -1 V x € BR and so gof is continuous at all points of R. 
Theorem : If a function f is continuous on a closed bounded interval [a, b], then it is bounded 
in [a, bl]. 
Proof. Let, if possible, f be not bounded above in [a, bl. 
Then for each positive integer n, we can find a point x, < [a, b], such that 
that f(x) >n V neN. (1) 
Since x, < [a, b] for eachne N,a<x,<bV¥neN. 
Thus (x,) is a bounded sequence and so it must have a limit point say p (Bolzano-Weierstrass 
Theorem). 
Obviously, p is a limit point of [a, b]. [Result (e)] 
Now [a, b] being a closed interval is a closed set and so p « [a, bl. 


Since p is a limit point of the sequence (x,), therefore, there exists a subsequence (x) of ax,fi 
such that x, +P. +(2) 


From (1), f(x,) >, for allk = < f(x,)> diverges to 


> f(x, ) does not converge to f(p). (3) 


From (2) and (3), it follows that f is not continuous at the point p < [a, b] 

This is contrary to the hypothesis that f is continuous at every point of [a, b]. Hence f is bounded 
above on [a, b]. 

Now we show that f is bounded below on [a, b]. 

Since f is continuous in [a, b], — f is also continuous in [a, b] and so — f is bounded above . 
Consequently, there exists some k < EF such that 

—f(x)<k vx [a, b] 

> f(x) 2- k or—k < f(X) V x fa, b] 

> f is bounded below in [a, b]. 

Hence f is bounded in [a, bl. 

Theorem : if a function f is continuous an a closed bounded interval [a, b], then it attains its 
bounds in fa, b]. 

Proof. Since f is continuous in [a, b], therefore, it is bounded in [a, b]. Let M = sup f and m = 


inf f. 


m < f(x) < MV x  [a, db. 
We shall show that there exist points a, B ¢ [a, b] such that 
f(a) =M and {(6) = m. 
We shall prove it by contradiction. 
Let fx)+M Vv xe [a,b] 
> M- f(x) #0, Vv. xe fa, bl. 
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Since f is given to be continuous in [a, b] and M, being a constant function, is also continuous 
in [a, b], therefore M — f(x) is continuous in [a, b]. Since M — f(x) # 0, v x ¢ [a, bl], therefore 


1 
M1 's continuous in [a, bl]. 


1 
> Mf § bounded in [a, b] 
1 1 
Let K= SUP M— f(x) and k = inf Mf)" 


<K v xe lab] > M-fxy2 


> Mw wae e [a, b] 


Ala 


> (0) <M—z v xe la, bl. 


1 
> M “KE M) is an upper bound of f, which contradicts the fact that M is the I.u.b. of f. 


Hence there exists some a e [a, b] such that f(a) = 
Similarly, there exists some B € [a, b] such that (8) = 
Remark : If a function is not continuous on a closed interval, then it may not attain its bounds 
as shown below : 
1. The function f(x) = x V x € [0, 1) is continuous and bounded in [0, 1), 0 < fx) <1vx 
e [0, 1) ; inf f = 0 and sup f = 1. Here inf f is attained but sup f is not attained, since there 
is no point of [0, 1) at which f(x) = 
(Observe that the domain of f is not a closed interval) 
2 The function f(x) = x ¥ x € (0, 1] is continuous and bounded in (0, 1], attains the 
supremum 1 and does not attain the infimum 0. 
3. The function f(x) = x V x < (0, 1) is continuous and bounded in (0, 1), but attains neither 
the supremum 1 nor the infimum 0. 
4 The function f(x) =1/x vx € (0, 1]. Here f attains the supremum 1 and does not attain 
the infimum 0. 
Ex. Prove that if f is continuous in [a, b] and c is the infimum of f in [a, b], then there exists an 
x, in [a, b] such that f(x,) = c. 
Proof. We have c = int f in [a, b] ie., c < f(x) v x ¢ [a, bl. 
Let, if possible, f(x) + c V x € [a, b]. It follows that 


1 
iw es continuous in [a, b] 
My _ ; 
> iw-e 8 bounded above in [a, b] 


1 
> ies kv xe [a, b], k being some real number 


> 1) -c2 bvxe la bloe+ Est) v xe [a,b] 
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> c + (1/k) is a lower bound of f in [a, b], where c + (1/k) > c. 

The contradicts the given condition c = inf f. Hence there exists some x, ¢ [a, b] such that 
f(x,) = ¢. 

Theorem : If a function fis continuous in [a, b] and ¢ € (a, b) such that f (c) + 0, then there exists 
some & > 0 such that f(x) has the same sign as {(c) for all x < (c —8, c + 8). 

Proof. Since f is continuous at c, for any « > 0, 3 some 5 > 0, such that 


| f(x) - f(c) | < «, when Ikk-c] <6 
ie, f(c) — e < f(x) < f(c) + ©, when e-8<x<cr+s. (1) 
Case I. Let f(c) > 0. We choose « > 0 such that 

e<f() > f()-e>0. (2) 


From (1) and (2), f(x) > f(c) — e > 0, when x e (c-8,c +8). 
Case Il. Let f(c) < 0 = — f(c) > 0. We choose « > 0 such that 
e<-f(c) > f()t+e<0, (3) 
From (1) and (3), f(x) < f(c) +e <0, when xe(c-8,c+8). 
Hence f(x) has the same sign as f(c) V x € (c — 6, c + 8). 
Corollary. (i) If a function f is continuous at x = a and f(a) + 0, then there exists some 5 > 0, 
such that f(x) has the same sign as f(a) v x ¢ [a, a + 8). 
(ii) If a function f is continuous at x = b and f(b) # 0, then there exists some 5 > 0, such that f(x) 
has the same sign as f(b) Vv x e (b— 4, b ]. 
Theorem : if a function f is continuous in [a, b] and f(a) and f(b) are of opposite signs, then there 
exists some point c < ( a, b ) such that 
f(c) = 0. 
Proof. Since f(a) and f(b) are of opposite signs, we may take 
f(a) > OQ and f(b) < 0. 
Let S be a subset of [a, b] defined as follows : 
S={x:a<x<b and f(x) > 0}. -(1) 
Then S is non-empty Iv f@>0 > ae SJ 
and S is bounded above with b as its upper bound. 
By order-completeness property of F, S has the supremum. 


Let c = sup S, c « [a, bl]. 
Now we shall prove that c x a and c + b, so that c <€ (a, b). 
Since f is continuous at x = a and f(a) > 0, 3 a 4, > 0 such that 
f(x) < 0 V x € (b- 4, bl], [by corollary of Theorem] (2) [ 
= b-46, is an upper bound of S, for otherwise, there exists some y € S such that y > b — 6,. 
ie., b-6,<ysb = fy) < 0, by (2). (3) 


As y « §, f(y) > 0, by (1). This contradicts (3). 
Since c = sup S, soc <b-8,>c#b. 
Thus c  aandc +#b=C € {a, b). 
Finally, we show that f(c) = 0. 
Case I. Let f(c) > 0 
Since f is continuous at c and f(c) > 0, so 3 a 8, > O such that 
f(x)> 0 Vv xe(c-5,c+8,), (4) 
Let « be a number such that c < a <c + 6,. (5) 
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ae(c,c+5,) => f(a) > 0, by (4) >a e §S, by (1). 
a<c (c= sup S$) or c2a, which contradicts (5). 
Thus f(c) 2 0. 
Case Il. Let f(c) < 0. 
Since f is continuous at x = ¢ and f(c) < 0, so 4 a 6, > O such that 
f(x) < OVxe(c-5, c+, ). (6) 
Now c = sup S = 3 at least one f < S such thatc-6,< Bsc 
> Be(c-58, cl = f(B) < 0, by (6). 
But BeS = f(p) > 0, which 
f(c) < 0. Also f(c) > 0. 
Hence f(c) = 0 for some c « (a,b). 
Theorem by (Inverse Function Theorem) 


if a function f defined on the closed interval [a, b] is continuous on [a, b] and one-to-one, the 
f is also continuous. 

Ex : Let f be continuous on [0, 1] and let f(x) be in [0, 1] for each x in [0, 1] then f(x) = x for some 
x in [0, 1] 

Sol : We are given that f(x) < [0, 1] Vv x  [0, 1] 


ie, O< f(x) <1 V [0, 1). (1) 
If {(0) = 0 or f(1) = 1, then the problem is solved. Otherwise, we have 
(0) > 0 and f(1) < 1, by (1). »+(2) 


Let g(x) = f(x) -x V¥ x [0, 1] 
This g is continuous on [0, 1] and 
g(0) = {(0) - 0 > 0, g(1) = (1)- 1 <0. 
there exists some c € (0, 1) such that 
g(c) = 0 > fc) -c = 0. 
Hence f(c)=c for some c « (0, 1). 
Ex : Show that if f and g are continuous on [a, b] and if f(a) < g(a) and f(b) > g(b), then there 
exists some c «€ (a, b ) satisfying f(c) = g(c). 


Sol. Let h(x) = f(x) — g(x) Vv x € fa, bl. (1) 
Since f and g are continuous on [a, b], so by (1), h is continuous on [a, bl. 

Also h(a) = f(a) - g(a) < 0, (~ f(a) < g(a) 

and h(b) = f(b) - g(b) > 0. (f(b) > g(b)) 


Thus h is continuous on [a, b] where h(a), h(b) are of opposite signs. 
Hence, by Theorem there exists some c ¢€ (a, b) such that 
h(c)=0 = f(c)-g(c)=0 = f(c) = g(c). 
Ex : Let f be a continuous function on [- 1, 1] such that {f(x)}? + x2 + 1 for all x in [-1, 1]. Show 
that either {() = Vi—x? for all x in [- 1, 1] or f() = —V1— x? for all x in E14, 1]. 
Sol. Let, if possible, there exists two points x,, x, in [- 1, 1] such that 


f(x,)=y1-x? and f(x,) =-y1- x3. 
Then f(x,) f(x,) < 0. 
Since f is continuous in [- 1, 1] so f is continuous in [x,, x,] and f(x,) f(x,) < 0. By Theorem 3 


some c « (X,, X, ) such that f(c) = 0. 
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We are given {f(P + @=1 V xe 1, 1). 
In particular, {(f@)P +c? = 1 (2 ceC1,1)) 
=> aT (- f(c) = 0) 


=> c= + 1, which is impossible. 
Ex. Discuss the nature of discontinuity of the function f defined by 


log(2 + x) — x" sinx 


f(x) = lim in 
noes +x" 


J0<x<tatx=1. 
z 


Show that f(0) and (3) differ in sign, and explain why f still does not vanish in [3]. 


Sol. First of all we obtain expressions for f in [oz] in a form free from limits. 


0 if O<x<1 

Since lim x*=11 if x=1 
if 1<xs% 

ao fn SxSy 


log(2 + x) if O<x <1 


20 gj 
f(x) = lim log(2+x)-x™ sinx _ jlog3-sinlir ._4 
pe Tex 2 
-2n . 
lim XP log2+)- 80K _ sing if exe 
ae x + 2 


(ex > 2 => x > 0) 
Now f(1) = Flog 3- sin 1) 
fim (x) = fim log(2 + x)= lim log(2 +1—h) =log 3 
tim f(x) = lim (-sin x) = jim - sin( +h)=-sin1 
Since fim f(x) and fim f(x) both exist, but are unequal, also neither of them is equal to f(1), 
therefore, f has a discontinuity of the first kind at x = 1 on both sides, 
Now (0) =log2>0 and (3)- sin 3° 1<0 


So that f(0) and (3) have opposite signs. Also, it is clear that f does not vanish anywhere in 


The function f is not continuous on H |, the point x = 1 being a point of discontinuity. This 


explains the reason why f does not vanish anywhere in | 03| even though f(0) and (5) are of opposite 


signs. 
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Remark. The above example shows that the hypothesis as well as the conclusion of the 


Intermediate value Theorem are not satisfied for the function f in [osx]. 


Ex : Show that the function 


x"? _cosx 
Oe a 
does not vanish anywhere in the interval [0, 2], though (0) and 4(2) differ in sign. 
Hint. We have f(x) = - cos x forO<x<1; 


f(1) = za — cos x) and $(x) = x? for x > 1. 


f(0) = -1 < 0, 9(2) = 4>0. 
Verify that 4 is discontinuous at x = 1. 
Ex : Given an example of a function which satisfies the conclusion but not the hypothesis of the 
Intermediate value theorem. 
Sol. We defined a function f on [0, 1] as follows : 


x, if x is rational 
1-x, if x is irrational 


1 


Then f is not continuous in [0, 1] except at x = 3 


| 


However, f takes every value between 0 and 1. 
Uniform Continuity 
Definition : A function f defined on an interval | is said to be uniformly continuous in the 
interval |, if for each « > 0, there exists some 5 > 0 such that 
| f(x.) — f(,) | < 2, when | x, -— x, | < d and for all x,, x, € 1. 

Remarks. 

4. lt may be noted that whereas continuity of a function is defined at a point, the uniform 
continuity of a function is defined in an interval. Even when we say that a function f is 
continuous in an interval it means that f is continuous at all points of the interval. 

2 In case of continuity of a function at a point c, the choice of 6 > 0 depends upon < > 0 
and the point c. But in case of uniform continuity of a function in an interval, the choice 
of 8 > 0 depends only on « > 0 and not on a pair of points of the given interval. 


3. A function f is not uniformly continuous in an interval |, if there exists some ¢ > 0, such 
that for any 5 > 0, there exists a pair of points x, y < | for which | f(x) - f(y) | 2, when 
Ix-y]<6. 


Ex : The function defined by f(x) = x? is uniformly continuous in (— 2, 2 ). 
Sol. Let < > 0 be any number and x,, x, € (- 2, 2 ). Then 
10x) = 0) 1 = 1x2 — x2 1 = 1% — x) & +x) | 
<1x,-x% 1 (1X, 141%, 1) 


<41x,-x, | (2 x, < 2, x, < 2) 
| f(x,) — f(@,) |< ©, when | x, — x, | < &/4 
or | f(x,) — f(x,) | < «, when | x, — x, | < 8 (= /4) Vx, x, € C2, 2). 


Hence the function f is uniformly continuous in (- 2, 2). 
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x 
Ex : Is the function f(x) = 7 Uniformly continuous for x ¢ [0, 2] ? Justify your answer. 


Sol. Let x, y be two arbitrary points x = [0, 2]. Then x > 0, y2>0 
— x+12 1 andy+121>(x+1py+1)21 (1) 


x st 
x+1 


Ix=yl 
t+ dys < &— vb by (1) 


Now = If(x) - f(y) = 


Let « > 0 be given. Taking 5 = «, we see that 
If(x) - f(y)| < ©, whenever |x — yl < 8, vx, y € [0, 2]. 
Hence f is uniformly continuous in [0, 2]. 
Ex : Show that the function f defined by f(x) = x? is uniformly continuous in the interval [0, 3]. 
Sol. Let > 0 and x,, x, < [0, 3]. x, <3, x, <3. 
Now — If(x.) - f(«,) 1 = 1x,2- x31 
= 10 —%) OG? + x? + 4X) | 
s1x,— x, PED x21 + 0x21 + 1x, x, 17 
=Ix,- x IT) x, P+1x, P+ 1x, 11x, 1) 
<1x,-x,119+9+9] 
| f(x.) - f(x.) 1s 27 | x, - x, | 
or 1 f(,) — f(x) |<, whenever Tx, — x, |< €/27. 
Thus for = > 0, there exists 5 = «/27 > 0 such that 
| f(x,) - f(x,) 1< e, when |x,-x,1<d, V x, Xx, € [0, 3]. 
Hence f is uniformly continuous in [0, 3]. 
Ex : Show that f(x) = x? is not uniformly continuous on [0, «) 
Sol. Let < = 1/2 and 6 by any positive number. We can choose a positive integer n such that 
nga or a w+(1) 
Let x, = Vn and x, = ¥n+1 ¢ [0, x). Then 
| f(x) - () l= 1 x2-x? b= 1 (n+ 1)-n]=1>6, 


(Mee = 
iii a 


and [x,-x,1=1 


n+i-n 


1 — 
aaa aan an 
(. Vn+1+ Jn > vn +n =2vn) 


The | f(x,) - f(x.) |> 2, when [x,-x, 1 <6 

Hence f is not uniformly continuous on [0, =). 

Ex : Let f(x) = x’, x e P. Show that f is uniformly continuous on every closed and finite interval 
but is not uniformly continuous on ®. 

Sol. Let [a, b] be any closed and finite interval. Let x,, x, ¢ [a, b]. We have 

1 f(x.) - fx) |= 1x2 - x? 1= 1x, - x, 11x, +x, PS Ex, — x, 14 1x, b+ 1x, 1} 

Let k = max {| x, I, | x, 1}. Thenk > 0. 
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1 f(x,) - f(x) |< 2k 1x, — x, | 
Let ¢ > 0 be given and let 5 = e/2k > 0. Then 
| f(x,) - f(,) | < ©, whenever [x,- x, 1< 5, Vx, x, € la, bl. 
Hence f is uniformly continuous on [a, b]. 
However, f is not uniformly continuous on RB. 
Ex : Show that f(x) = 1/x is not uniformly continuous on (0, 1]. 


1 
Sol. Let ¢ = 3 and 5 be any positive number. We can choose a positive integer n such that 


1 
nae. (1) 


1 1 
Let x, = 7 and x, = 7 € (0, 1]. Then 


101 
He) =a) = [Pat tna toniet es 


ee ee 
In+1 on ane) © 


and = |x,-x,1= 


< 6 by (1) 


| f(x,) - f(x,) | > e, when | x, - x, 1 < 8 
Hence 1/x is not uniformly continuous on (0, 1). 
Ex : Show that f(x) = 1/x is not uniformly continuous on (0, 1), but it is uniformly continuous on 
[a, «), where a > 0. 
Sol. By Example f(x) = 1/x is not uniformly continuous on (0, 1). Let x,, x, I [a, ») so that x, 2 
a > 0. Now we show that f is not uniformly continuous in (0, ~). 


1 
Lete= 2 and 5 be any positive number. We can always choose a positive integer n such that 


n> > of 5-<6. (1) 


1 1 
Let x wn and x, = Vaeié (0, »). Then 


1°61 
SF in-@eietee 


an t= Le mt Co 


1 Fea 
= tional 
Snariannteani on rationalising 


1 f(x.) — fx) T= 


“Fok te Miediret > sh and Virvt + Mn > 20h 


A) ack 
= ont by (1). 
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Thus | f(x,) — f(x,) | > e, when | x, — x, 1 < 6 
Hence f is not uniformly continuous on (0, «). 


Ex : Show that f(x) = JX is uniformly continuous in [0, 1]. 
Sol. Let x, y < [0, a where x > y > 0. Then 


1f(x)- f(y) | = vx - Jy E 


ce 
vx+ Jy 


_X-y okey 


vat yy VK 
If) -ty) 1s yx-y. 

Let « > 0 be given. Then 
If@)-fy)|<e, when Jjx-y <e 

or 1 f@)-fly)|<e when |x-y|<6= (=e) vx, y € (0, 1]. 

Hence f is uniformly continuous in [0, 1]. 

Ex : Show that sin x is uniformly continuous on [0, ~). 


Sol. Let < > 0 be given and x, y be any two points in [0, ~). Let f(x) = sin x. Then 
1 {(x) - f(y) | = | sin x - sin y | 


y x+y 
=|2sin~— cos **¥ 
2 2 


x-y 
= 2\sin——| 
kin 2 


ry 
cos 3 


<2 


x-y P f 
ae [ since | sin @1 <1 01,1 cos@|<1V 4] 


If) -fy) 1<Ix-y] 
> | f(x) - fy) |< «, when] x-y |] <5, (8 =e) V x, ye [0, ») 
Hence f(x) = sin x is uniformly continuous on [0, ~). 
Ex : Prove that f(x) = sin x2is not uniformly continuous on [0, ~) 


Sol. Let « = 1/2 and 6 be any positive number. We can choose a positive integer n such that 
n> afi (1) 
fa | 
ed S X= (n+95  [0, ~). Then 
1 f(x,) — f0¢,) 1 = | sin x,? — sin x,? | 
nr! 
2 


ae ee if nis odd, 


|+ 1-0] =1 if nis even. 
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1 f(x) - f%) 1=1 >, 


‘iable-I) 


| f(x,) — f(,) 1 > ¢, when |x, — x, 1 < 8 
Hence f(x) = sin x? is not uniformly continuous on [0, =). 


1 
Ex : Show that f(x) = siny is not uniformly continuous on (0, «). 


1 
Sol. Let « = 2 and 5 be any positive number. We can choose a positive integer n such that 


nn | 18. (1) 


1 2 
Let x,= ne, and x, = (nsdn & (0, ~). 


Then | f(x,) — f(x,) 1 = 


sin nsin(2n-+1)5 =lre, 


12 1 41 
tee 1 8 by (0. 
nx (n+ Dn <é by (I 


and |x,-x,]= = Mane) “na 


1 f(,) - f(%,) 1> 2, when [x,-x,1< 6. 


1 
Hence f(x) = sinyis not uniformly continuous on (0, x). 


Theorem : Every uniformly continuous function on an interval is continuous on that interval, but 
the converse is not true. 


Proof. Let a function f be uniformly continuous on an interval |. Then for any « > 0, there exists 
some 6 > 0 such that 


Ifa) -fy)|<e, when |x-y|<6 V xXyel w(1) 
Let c be any point of |. Taking y = c in (1), we obtain 

| f(x) - f(c) |< ©, when [x-c] <3. 
Thus f is continuous at the point c. 


Since c € | is arbitrary, it follows that f is continuous at each point of I. Hence f is continuous on 
the interval |. 


However, the converse of the theorem is not true. 


A function which is continuous on an interval may not be uniformly continuous on that interval. 

For example, the function f(x) = 1/x V x € (0, 1] is continuous on (0, 1], but f is not uniformly 
continuous on (0, 1]. 

However, if a function is continuous on a closed interval, then it is necessarily uniformly continuous 
on that closed interval as proved in the following : 
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Theorem : If a function f is continuous on a closed and bounded interval [a, b], then it is uniformly 
continuous on [a, b]. 


Proof. Let, if possible, f be not uniformly continuous on [a, b]. Then there exists some « > 0 such 
that for any 5, = 1/n (n € N), there is a pair of elements x,, y, € [a, b] for which 


1 
If) - fy) |> =, when Ix,-y,1< 7. (1) 


Since a < x <b, a <y, <b for each n, the sequences (x) and (y) are bounded and so by 
Bolzano-Weierstrass theorem, they have limit points. Let a and f be limit points of (x,), (y,) respectively. 
It follows that « and f are limit points of [a, b]. Since a closed interval is a closed set and further a closed 
set contains all its limit points, so a, B < [a, b]. 


Now a is a limit point of (x,) implies that there exists a subsequence (xa) of (x,) such that 
X, >a. sil) 
Similarly, y, — B, where (y.) is a subsequence of (y_). (3) 
From (1), we conclude that 
Ifx)-y,)I> 6 when Ix, -¥, | — 
It is clear that x, +y, + 0 ask > x 
or lim x, =limy, => a= 8, by (2) and (3). 
But If(x,)-fy,)Jl>e => lim  f(x,,) # lim f(n,, ). 
provided the two limits exist. 
In particular, lim f(x, ) # f(a) and lim (y,) = f(a). 
Thus we have two sequences (x, )(¥q,) satisfying 


xX, 2a and y, >a, 


but (fx, )) and (f0, )) do not converge to f(a), a ¢ [a, b]. 


It follows that f is not continuous at a ¢< [a, b], which is a contradiction to the given hypothesis. 
Hence f must be uniformly continuous in [a, bl]. 

Ex : If f and g are uniformly continuous on an interval |, then prove that f + g is uniformly 
continuous on |. 

Sol. Since f and g are uniformly continuous on |, for any « > 0, 3 some 5, > 0 and 6, > 0 such 
thatV x, ye |. 


1%) - fly) |< 2/2 when I|x-y| <3, (1) 
| g(x) - a(y) | < 2/2, when | x-y]<6,. 
Let & = min (6,, 6). 


Now | (f + g) (x) - (f + 9) (y) 1 = 1 {f() - f(y} + (9%) - gy} | 
<1 f&) - fy) 1+ 19%) - oy) | 
I (f + 9) (x) - (ff + 9) (Y) | < 2/2 + &/2 = ©, when| x-y|]<5 
Vv x,y © 1; using (1), (2) and (3). 


Hence f + g is uniformly continuous in |. 
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Ex : If f is uniformly continuous in an interval | and (x,) is a Cauchy sequence of elements in |, 
then (f(x,)) is a Cauchy sequence. 


Sol. Since f is uniformly continuous in I, for any « > 0, there exists some 5 > 0 such that V x, 


yel, 
| f(x) - f(y) |<, when | x-y]< 6. (1) 
Since (x,) is a Cauchy sequence in I, for « = 5 > 0, 3 a positive integer m such that 
Ix,-x,}<6 V nom. (2) 
From (1) and (2), we obtain 
1 f(x,) - (%,) [<= VYonzm. [Take x = x, y = x, in (1)] 
Hence (f(x,)) is a Cauchy sequence. 
Ex : Prove that if f is uniformly continuous on a bounded interval |, then f is bounded on I. 
Sol. Let, if possible, f be not bounded on |. Then for each n € N, there exists some x, € | such 
that 


Ifx)l>n ¥ neN. (1) 
Since | is a bounded interval and x, « | vn € N, (x,) is a bounded sequence in |. By Bolzano- 
Weierstrass Theorem, (x,) of (x,) has a limit point, say I. Then there exists a subsequence (x,.) of (x,) 
such that x, > las k > » => (Ke, ) is convergent and so (%) is a Cauchy sequence in |. Since f 


is uniformly continuous on |, (fx, ) is a Cauchy sequence and hence (fx, ) is bounded. From (1), 
we obtain 


If(x,,)I >n2k for all positive integers k 


=> (fox, »} is not bounded, which is a contradiction. 
Hence f is bounded on |. 


Ex : Justify with an example that the product of two uniformly continuous functions may not be 
uniformly continuous. 


Sol. We shall prove that f(x) = x + 1 is uniformly continuous on BR. Let e > 0 be given. Then for 
any x, y « R; we have 
1f&) - fly 1=1& + 1)-( +t 1) 1EIx-yl 
| f(x) - fly) |< whenix-y|<S=+e,Vx% ye R 
Thus f(x) = x + 1 is uniformly continuous on R. 
Similarly, g(x) = x — 1 is uniformly continuous on R. 
We shall now prove that f(x) g(x) = x? — 1 is not uniformly continuous on R. For and 5 > 0, let 


Then |x,-x,1 3< 6 and 


4/1, 8) 
es ls 2 


dope 

3°2° 
3 

214254. 


| f(x,) — f0) 1 = x, — x? | = 4 


If we choose e = 1, then | f(x,) — f(x.) | < « for | x, — x, | < 6. Hence the product x? — 1 of two 
uniformly continuous functions x + 1 and x — 1 on & is not uniformly continuous on R. 


6. DIFFERENTIABILITY OF A FUNCTION OF ONE VARIABLE 


Definition : A function f is differentiable at an interior point x, of its domain if the difference 
quotient 
£(x) = f(%0) 
X-xX, 
approaches a finite limit as x approaches x,, in which case the limit is called the derivative of f 
at x,, and is denoted by PX); thus 


Ley 


1%) = 


i f(x) ~F(Xo) 
eae. Al) 


Rg 
It is sometimes convenient to let x = x, + h and write (1) as 
: im {Oko +h) - (0) 
(Xp) = lim a Sa 
If f is defined on an open set S, we say that f is differentiable on S if f is differentiable at every 
point of S. If f is differentiable on S, then f' is a function on S. We say that f is continuously differentiable 
on S if f' is continuous on S. If f is differentiable on a neighborhood of x,, it is reasonable to ask if f is 
differentiable at x,. If so, we denote the derivative of f' at x, be f"(x,). This is the second derivative of f 
at x,, and it is also denoted by f?(x,). Continuing inductively, if f*" is defined on a neighborhood of x,, 
then the nth derivative of f at x,, denoted by f'' (x,), is the derivative of f-" at x,. For convenience we 
defined the zeroth derivative of f to be f itself; thus 
f = f. 
We assume that you are familiar with the other standard notations for derivatives; for example, 
f@ = fr, fo =f", 
and so on, and 


of Lg, 
dx° 
Let f be a real valued function defined on an interval [a, b] i.e., 
f:labl oR 
let a<c<b. 
Definition : The left hand derivative of a function f at x = c, denoted by L f'(c) or f (c — 0) is 
defined as 
Lf (©) = lim Mote, =e) , pfovided the limit exists. 
Definition : The right hand derivative if a function f at x = c, denoted by R f' (c) or f (c + 0), 
is defined as 


R fi(c) = lim , provided the limit exists. 


f(x) - f(c) 
x-c 


Definition : if L f' (c) = Rf (c) then f is differentiable at x = c. 
fe) Ke 
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Definition : A function f defined on an interval [a, b] is said to be differentiable in the interval 
[a,b], if f is differentiabie at all points of the interval [a, bl]. 


Ex : If n is a positive integer and 


f(x) = x", 
then 
f(x) - f%o) _ x= x _ X= Xo 
X=Xy X= Xp 
so 


nt 
(XQ) = lim Sx" * "xs =nxp 


baat 
Since this holds for every x,, we drop the subscript and write 


f(x) =x"! 


dn 1 
or —(x")=nx""'. 
x”) 
Interpretations of the Derivative 
If f(x) is the position of a particle at time x # x,, the difference quotient 
f(x)- f(x.) 
x-x, (1) 
is the average velocity of the particle between times x, and x. As x approaches x,, the average 
applies to shorter and shorter intervals. Therefore, it makes sense to regard the limit (1), if it exists, as 
the particle's instantaneous velocity at time x,. This interpretation may be useful even if x is not time, 
so we often regard f'(x,) as the instantaneous rate of change of f(x) at x,, regardless of the specific 
nature of the variable x. The derivative also has a geometric interpretation. The equation of the line 
through two points (x,, f(x,)) and (x,, f(x,)) on the curve y = f(x) (figure) is 


f(x,) - f(x.) 
=f (x - x). 
= fy) + xm) 
Varying x, generates lines through (x,, f(x,)) that rotate into the line 
y = f(x,) + f(x - x,) 
as x, approaches x,. This the tangent to the curve y = f(x) at the point (x,, f(x,)). Figure depicts 
the situation for various values of x,. 


y’ 


Figure 
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y 
X, xX x 
Figure 
Here is a less intuitive definition of the tangent line: If the function 
T(x) = f(x,) + m(x — x,) (2) 


approximates f so well near x, such that 


im 12)-T) _ 9, 

Xm X—Xq 
we say that the line y = T(x) is tangent to the curve y = f(x) at (x,, f(x,)). 
This tangent line exists if and only if f'(x,) exists, in which case m is uniquely determined by 

m = f'(x,). Thus, (2) is the equation of the tangent line. 
We will use the following lemma to study differentiable functions. 
Lemma: if f is differentiable at x,, then 
f(x) = f(x) + IFO) + EQ - x), 


where E is defined on a neighborhood of x, and 
sim E(x) = E(x) = 0. 


Theorem : Differentiability implies Continuity. 
Proof. Let f be differentiable at x = c, so that 


“ey m XI= 10) He), 
re) = jim 
Now lim [f(x) —f(e}]= tim , {fe-fte) 2 x(K- 9 


= lim =) 
Kove Xe 


= f(c) x 0 =0. 


lim (x-c) 


. lim f(x) = f(c). Hence f is continuous at x = c. 


The converse may not be true. 
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The function f(x) = | x | is continuous at x = 0 but not differentiable at x = 0. 
Ix|= {x, if x20 
We know. =| x ifx<0 
Now lim f®) = lim (- x) = 0, 
lim f(x) = tiny (- x) = 0. Also f(0) = 0. 
lim f(x) = jim f(x) = f(0). 
Hence f is continuous at x = 0. 


£(x)-f(0) _[x1-0 _ Ix! 


Mow x-0 x x" 


Lf (0)= lim SOHO) ig C04. 
x+0- yO x 


x30 


“ove ty 1O- MO) *. 
nr a 


Thus L f (0) + R f' (0) implies f is not differentiable at x = 0. 
Ex : The function 


oA ig 
— ifx#0 
(x)= 480 X# 
0, ifx=0 
is continuous at x = 0 but not differentiable at x = 0. 


Sol. We have [im f(x) = lim (xsing} =0. 


Thus lim, f(x) = f(0) and so f is continuous at x = 0. 


Now — lim 
x40 


AG= HD). lim sint , which does not exist. 
x-0 ae 
Hence f is not differentiable at x = 0. 
Ex : Show that the function f(x) = x | x | is differentiable at the origin. 
Sol. We have 


= lim ——= 
x0 X 


Lf (0)= lim f(x) -f(0) 
a0- 0 


Rf (0) = lim £)- (0) _ im x0) _9, 
x+0+ x-0 


a Lf (0)=Rf (0) =0. 
Hence f (0) =0. 
Ex : Let f be defined by setting 


x, ifx<0 
f(x) = 
me { if x>0. 


Show that f is differentiable at all points except x = 0. 
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Sol. We have 
L(0) = lim f-f) tO). = tim, *=9 24 
Rf'(0)= lim i 9-0 9, 
x+0- y-Q x0 YX 


Since L f'(0) # R (0), f is not differentiable at x = 0. 
Obviously f(x) = 1, if x < 0 and f(x) = 0, if x > 0. 
Hence f is differentiable at all points except x = 0. 
Ex : Discuss the differentiability of the function 
{2x-3,0<x<2 
f(x) =4 
[xP -3,2<x<4 
atx = 2,4. 
Sol. We have 
Lf (2)= lim {0-12 _ tim (2x-3)-1_5 
x+2- x-2 xs2 x-2 


x42 


10) = ym f0-f(2)_ -3)-1_ 7 
Rf’ (2) = lin =e lim er a (x+2)=4. 
Since Lf’ (2) # Rf (2), f is not differentiable at x = 2. 
= jm (drt _,, 8 =3)-13 
a rr i re a 


Since the given function is defined on [0, 4], therefore f' (4) = L f (4) = 8. Hence f is differentiable 
atx=4. 
Ex : Discuss the differentiability of the function 


= lim, (x+4)=8. 


x ifx<1 
f(x) = 2-x ifisx<2 
-2+3x-x? — -x>2 


atx = 1, 2. 
Sol. Lf (1) = lim 2. fen E420 
xt x-2 not x-2 
Rf (1) = lim » OO) =o. aig BEET ay 
rot X=7 
Lf ()#RF (A). 
Hence f is not differentiable at x = 1. 
Now Lt (2) = tim 10-02) _ jog 2-904 
oy = tim (Of) _  (-2+3x-x?)-0 
Rf (2)= im. zr = lim, =r 


= fim Oo. Jim x-)) =. 


wet (xe 
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Lf (2)=Rf (2)=-1. 
Hence f is differentiable at x = 2 and f' (2) = -1. 
Ex : Prove that the function defined as 
hx 
(x)=x.£-—) it x20 
e*+1 


=0, ifx=0 
is not differentiable at x = 0. Further show that f is continuous at x = 0. 
Sol. We have 
f(x) - f(0) 


lim ———— = li 
reo x-0 


( (0) = 0) 


= lim as which does not exist. 
x0 e@* 4] 


Thus f is not differentiable at x = 0. 
Now we show that f is continuous as x = 0. 


x(e'*-1)_0.(0-1)_5 
(e*+1) Ov 


ty 10) in 


( lim e"* =0) 
10- 
: _ yp X(1-e**) _ 0.(1-0) | 
EG igi (l4e") 140 — 
( lie | e**=0) 


Also f(0) = 0. Hence f is continuous at x = 0. 
Ex : Examine the function f where 


ete 
f(x) = a7, @ir™ +0, {(0)=0 

as regards continuity and differentiability at the origin. 

Sol. We have 


{(x)- (0) 


0) _ mn Ste" 
x40 x-O 


x 0e'*+e'*’ 


= lim 
x40 


which does not exist. 
Thus f is not differentiable at x = 0. 


_  x(e’*-e"*) x(a! *.e'* -1) 
Now tim fox) = lim (e'* +e '*) ret (e'*.e'* +1) 


_ 00-1) | 
~~ 041 =o 


. im X-e "te '*) 0. (1-0) | 
1 1G) = my. (i+e'e"*) 140 =o 


Also f(0) = 0. Hence f is continuous at x = 0. 
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Ex : If f(x) = x? sin (1/x) when x + 0 and f(0) = 0, show that f is differentiable for every value of 
x but the derivative is not continuous for x = 0. 


Sol. We have 


. f(x)-f (x) wl 
tin £00 =F) tm £29 = ir xsin==0 (1) 
So f'(0) = 0, which means f is differentiable at x = 0. 
For x + 0, f (x) = 2x sin (1/x) + x? cos (1/x) (— 1/2) 

f (x) = 2x sin (1/x) — cos (1/x). «(2) 
Hence f is differentiable for every value of x. 
Now we discuss the continuity of f' at x = 0. We have 


lim f'(x)=2 lim xsin4 lim cost =0-lim cos. 
x40 x0 X x40 x x0 x 
, 2 1 ‘ F , 
Since lim, cos, does not exist, it follows that f' is not continuous at x = 0. 
pal 
aga 
x’sin—, x#0 
x 


0, x=0, 
prove that f(x) has a derivative at x = 0 and that f(x) and f'(x) are continuous at x = 0. 


Ex : If f(x) = 


Sol. We know lim xsin/= 0. Also {(0) = 0. 
iad x 


£(0) = tim 109-100) _ jig ° sin(x) 
x40 X-O x40 x 


= lim, x? sin(1/x) = Jim, {x(x sin (1/x))} 
= tim, Xx lim x sin(1/x)=0x0=0. 


f'(0) = 0 and so f(x) is differentiable at x = 0. (1) 


Now firm, f(x) = jim, x sin (1/x) = im, x {x sin(1/x)} 
= fim, x? x lim, x sin(1/x) =0x0=0=f(0). 


So lim, f(x) = f(0) implies that f(x) is continuous at x = 0. 


cig wae onl 1 (-z) ; 
Now  f" (x) = 3x? sing + x cos(+ Pao ifx +0 
=2x{ xsin?}—xeos.. 
x x 


oi - " 54 1 
tim, f(x) = lim, (3x) fim, (xsin2) mene: 


=0x0-0=0=f (0), by (1) 


So fim, f'(x) = f (0) implies that f(x) is continuous at x = 0. 
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Ex : Let f be defined on ® by setting 

f(x) = x‘sin (1/x), if x # 0 and f(0) = 0. 
Show that f"(0) exists but f is not continuous at x = 0. 
Sol. We have 


{'(0) = lim {(0-#(0) _ lim xésin(I/x) _ lim. x? sin(1/x) 
x40 Xx-O x40 x x40 
= Lim, [xe . x sin (1/x)] = 0 x 0=0 Ie lim, x sin (1/x) = 0] 


Thus f'(0) = 0. Now 

f(x) = 4x? sin (1/x) — x? cos (1/x), x # 0. 

f(x) = [12 x? sin (1/x) — 4x cos (1/x)] - [2x cos (1/x) + sin (1/x)] 
or f(x) = 12 x? sin (1/x) — 6x cos (1/x) — sin (4/x). 


Now lim f(x) = 12 tim, x. lim, {sin (1/x)} - 6 fim, {x cos (1/x)} — jim, sin (1/x) 
=— lim, sin (1/x), which does not exist 
Thus f” is not continuous at x = 0. Now 
f(x) - (0) 
x_ 


ro = tn 


3 oi 2 
J lim, [4x Sint cos(1/ x)]-0 


= fim, [4x {(x sin (1/x)} - {x cos (1/x)}] = 0. 


Hence f"(0) exists but f" is not continuous at x = 0. 
—x : Show that the function f defined by 


f 


f(x) = re + 4sinosx?)} x40 


0 _ ®=0 


is continuous at x = 0 but not differentiable at x = 0. 
Sol. We have 


1 f() - (0) 1 = 1 fe) T= 1x1 


+ }sin(log x’) 


<1xi[1+21sintoge)] 


<|xl. (1+3)-$1x-01, since sin ost v6. 


Let « > 0 be given and 8 = 3c/4. Then 
| f(x) - f(0) | < «, if | x - 0 | < 5. Hence f is continuous at x = 0. 
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a io) 


Now R f(0) = im fx) 
ay 7 


= tim At 2 
= lim [+g sinGoax | 


aes 
=1 #3 lim. sin (log x2), which does not exist. 


Hence f is not differentiable at x = 0. 
Ex : Show that the function f defined as 
f(x)= | x-1]+[ xt 1] Vv xeR 
is not differentiable at the points x = —1 and x = 1, and is differentiable at every other point. 
Sol. We have| Xx-1]=x-1, ifx21 


and Ix-1|=-(-1), ifx< 1, 
Also |x+1|=x+1,ifx2-—1and|x+1|=-(x+ 1), ifx<1. 
-(x-1)-(x+1)=-2x, if x<-1 (1) 
f(x)s} (x+1)-(x-1)=2, if -I<x<1, «(2) 
(x-1)+x4+1=2x, if x21. (3) 
= f(x)-f(-1) 
Let Lf(-1)= lim YO 
wat KX (1) 
-2x-2 =2(x+1) 


= lim —— = lim 
met xeT eet Xa 


=-2,using (1) 


7 = tim d=) <2 
R f(- 1) = lig: = lim 2=2 Te using (2). 
eh De 


Since Lf (- 1) # Rf (— 1), fis not differentiable at x = -1. 


Now L f'(1) = lim f@)-F@) _ lim 222 =-0, using (2) 
bay, 1 rs a 


= £0) =F) _ ig 2422 2-2, using (3) 


we = om =m 


fos) 
Since L f'(1) # R f'(1), f is not differentiable at x = 1. 
From (1) f (Xx) =-2V¥x< -1. 
From (2), f (x) = 0, if-1<x <1. 
From (3), f(x=2v x1. 
Algebra of Derivatives 
Theorem: If f and g be two functions which are defined on [a, b] and differentiable at any point 
c < [a, b], then 


+9) © =f) +9 (Cc). 
Further for each real number k, the function kf is also differentiable at c and 
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Proof. (i) Since f and g are differentiable at c, therefore 


tim 120—fl0) _ 
x-c 


im f'(c) and tim eC) (1) 


(f+ 9)(x)-(f + 9)(c) 


Consider lim 
roe x-c 


= tim Hx) + 9(X)] = If(C) + 9(0)] 
xe x-¢ 


£0)=F0) | fy 940-900) 
aoe XG owe RSC 
= f' (c) + g' (c), using (1). 
Hence f + g is differentiable at c and (f + g)' (c) =f (c) + g' (c). 
(kF)(%) = (C10) _ fig [toe Kay 
x-c 


x-c jf 


(ii) Now lim 


xo 


ek fim 22=#C) _ Ke), 
xoe) X-6 

Hence kf is differentiable at c and (kf)' (c) = kf (c). 

Theorem : If f and g are two differentiable functions at x = c, then fg also differentiable at x = 
c and 

(f9)' (c) = f(e) g'(c) + gic) Fic). 

Proof. Since f and g are differentiable at x = c, therefore 

fx)-f() g(x) - ac) () 
x-¢ x-c a 


f(c) = tim and g'(c) = tim, 


Since f and g are differentiable at x = c, so f and g are continuous and x = c. Thus 


lim f(x) =f(c), lim 9x) = g(c). (2) 
Now tim (9%) =(F9)(C) _ jing £Ox)9Cx) ~f(e)aCe) 
xe x-c Boe x-c 


= tim £00190) - afc) + ofe)1F() - fe 
xe x-c 


= lim f(x). lim 90-9) | g¢o) . lim f(a afle) 
re xoe XC woe X=6 
= f(c) g'(c) + g(c) f(c), using (1) and (2). 
Hence fg is differentiable at c and 
(fa) (c) = f(e) a'{c) + gic) Fic). 
Theorem : (i) If a function f is differentiable at c and if f(c) # 0, then 1/f is also differentiable at 
c and 


or 


[oP 


247 
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(ii) If f and g be two functions on [a, b] and differentiable at any point c < [a, b] and if g(c) = 0, 
then f/g is also differentiable at c and 


(§ ) (= 9) ME)=fe) gC). 
a (c)J 
Proof. (i) Since f is differentiable at c, so f is continuous at c. 


Thus lim f(x) = f(c). Also f'(c) = lim a 


1 1 
f@)_f(@) __f&)-f(e) 1 1 
no x-c— x-c f(x) f(c) 
ae 
com HO) _ jm (0-10) 1 1 
Oe ge ee gee: Me 


a ee ee 
fo) fe) Hey” 


Hence 1/f is differentiable at c and 


1) -)__ fe) 
(]©--TaF sd 


(ii) Since g is differentiable at c and g(c) + 0. So 1/g is differentiable at c, By Theorem , we see 


=f"). 


that 
i! 1 
f and 9 and differentiable atc => f. gs differentiable at c. 


Hence f/g is differentiable at c. Again by Theorem, we have 


(tjo- He) goto? Jo 


=#(c). 4 -(c) 2, using (1) 


a(c) {a(c)" 


£Y (y_ aed"(e)- fle) a'©) 
Hence (3) ee 7 7 


Theorem : (Chain Rule) 
Let f: 1» R andg: J > P be real-valued functions defined on the intervals | and J, respectively 


such that f(l) c J. Let f be differentiable at c < | and g be differentiabie at f(c). Then gof is differentiable 
at c and 


(gof)’ (c) = 9° (f(c)).F(c). 
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Theorem (inverse Function Theorem for Derivatives) 

Let f be a continuous one-to-one function defined on an interval and let f be differentiable at x, 
with f' (x,) # 0. Then the inverse of the function f is differentiable at f(x,) and its derivative at f(x,) is 1/ 
f(x,). 
The proof is omitted. 

Ex : Let f and g be two functions having the same domain D. If fg is differentiable at x, € D, is 
it necessary that f and g are both differentiable at x,? Give argument in support of your answer. 

Sol. The function f and g may not be both differentiable at x,. 

Let = f(x) = | x | and g(x) =-|x|]vVxeR. 

Then (fg)(x) = f(x) g(x) = - |x P=- (- I xP =x) 

Obviously, fg is differentiable at x = 0, since 

(fg)’ (x) = -2x and (fg)'(0) = 0. 
But f and g are both not differentiable at 0. 


Ex : Let f and g be two functions having the same domain D. If f + g and f/g are differentiable 
at x, € D, is it necessary that f and g are both differentiable at x,? 
Sol. (i) The functions f and g may not be both differentiable at x,. 


Let f(x) = x sin=, x # 0 and (0) = 0. 
Let g(x) = -f(x) V x e RB. 
Then (f + g) (x) = f(x) + g(x) =OVxeR. 
f +g is differentiabie at 0 and (f + g)' (0) = 0 
But f and g are both not differentiable at 0. 
(ii) Let f(x) = g(x) =I xIVxeR. 
Then (f — g) (x) = fx) -g) =OVxeER. 
Obviously, f - g is differentiable at x = 0 and (f — g)’ (0) = 0. 
But f and g are both not differentiable at x = 0. 


1 1 
(iil) Let f(x) = x sing x # 0; f(0) = 0. Let g(x) = xt 0; g(0) = 1. 
Then f and g are both not differentiable at 0. But 


is differentiable at x = 0. 
Ex : Let f(x) = | x | and g(x) = 3 | x |. Show that f and g are not differentiable at the origin. But 


lim {) x) exists and is equal to lim ~~ f'00) 
x40 g(x) go) 
Sol. We know that f and g are not differentiable at the origin (x = 0). 
f(x) Ix} 1 


Now lim —— = lim ——=—. 


We have f(x) = x, if x > 0 and f(x) = — x, if x < 0, 
and g(x) = 3x, if x > 0 and g(x) = -3x, if x < 0. 
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Cleary, (x) = i teat g(x)= { er 
Now 

sin, SS} = i 3-3: 
Hence lim, ate i- ti, 3. 


€x : Let f and g be two functions with domain D satisfying g(x) = x f(x) V x €¢ D. Show that if 
f be continuous at x = 0 < D, then g is differentiable at x = 0. 
Sol. We have 


92)= 9) jg, BOOP - tm, (3) = 110), 


x0 y-Q x40 


since f is continuous at x = 0. 
Hence g’(0) = f(0), which shows that g is differentiable at x = 0. 


Sign of the Derivative 
Suppose a function f is defined in [a, b] and f' (c) exists for any point c « [a, bl]. 


Let f' (c) > 0. 


Since tim *09—K) - f(c), so for « > 0, 3 some 6 > 0, such that 


LO tela when [x-c1<6. 


x-¢ 
= to) e< LOO) <0) +6, 1) 
when xe] c-8,c+5[Lxec 
Let us choose « > 0 so that e < f(c) > f(c) >e« => f(c)—e > 0 (2) 
From (1), we consider f'(c) - <e) 
> fof) fe) >f'(c)-«>0, using (2) 
> inte eee, 
5 f(x) - f(c) > 0, when x e (c,c +5) (> & Sx) 
and f(x) — f(c) < 0, when x e (c- 4, cc). (2 x <c¢) 


{f(x) > f(c), when xe] oc+5[,. 
\f(x) < f(c), when xe] e-, cl. 
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Hence f'(c) >O=> 3 some 4 > 0 such that wn (A) 
f(x) > f(c), ¥ xe]o,c+8[ 
f(x) < f(c), V xe] c-8 cl. 


This property is often stated as follows : 

If f(c) > 0, then f is increasing at c. 

Let f' (c) < 0. 

We define a function g as follows : 

g(x) = - f(x) Vv x ela, bl. 

Then g'(c) = -f (c) > 0. 

Now g'(c)>0 > 3 some 5 > 0 such that 
g(x) > g(c) > f(x) < f(c) Vx e(c,c+5), 
a(x) < g(c) => f(x) > f(c) Vx e (c-3,c). 


Hence If f(c) <0 > 3 some 5 >0 such that ..(B) 
f(x) <f(ce), Vxelec+é[, 
f(x) > f(c), V xe]c-&cL 


In other words, 
If f (c) < 0, then f is decreasing at c. 
We now consider the end points. It may be show that 


f'(a)>0 = f(x) > f(a), Vxelaa+é[, 
f(a)<0 = f(x) < fla), Vxelaa+8L (0) 
f(b) > 0 = f(x) < f(b), V xe] b-8b, 
f(b) <0 = f(x) > f(b), ¥ xe] b—a,b [. (0) 


Note : The students are strongly advised to remember the results (A), (B), (C) and (D) as these 
will be frequently used. 
Darboux's Theorem 

Theorem : If a function f defined in [a, b] is such that 

0) f is differentiable in [a, b] 

(ii) f (a) and f (b) are of opposite signs, 

then there exists some point c < (a, b ) such that f’ (c) = 0. 

Proof. Let us suppose that f' (a) > 0 and f' (b) < 0. 

Since fi (a) > 0 = 3 some 4, > 0 such that 


f(x) > f(a), Vx e (a, at, ). (1) 
Since f' (b) < 0 > 3 some 6, > 0 such that 
f(x) > f(b), Vx e (b- 5, D). w(2) 


Since f is differentiable in [a, b], f is continuous in [a, b] and hence bounded there in and the 
bounds are attained. 


Let K = sup f and k = inf f. Then 3 points c, d ¢ [a, b] such that 
f(c) = K and f(d) = k. 3) 
Now K = sup f = f(x) < K, V x € [a, bl]. w(4) 
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We shall show that c « a and c +b. 

Let, if possible, c = a. Then f(c) = f(a) or K = f(a), using (3) 

= f(x) > K, V xe (a, a+ 6, ), by (1) 

This contradicts (4). Thus c = a. 

Similarly, we can show that c # b. Thus c ¢ (a, b). 

Finally, we show that f’(c) = 0. 

Case |. Let f* (c) > 0. 

> a some 6, > 0 such that f(x) > f(c), v x e (c, c + 8, ) 

> f(x) > K, ¥V x € (¢, ¢ + 6, ), by (3) 

This contradicts (4) and so f'(c) = 0. 

Case Il. Let f(c) < 0. 

= a some 6, > 0 such that f(x) > f(c), Vx e (c-6, ¢) 

> f(x) > K, ¥V x € (c -6,,¢ ), by (3) 

This contradicts (4) and so f'(c) < 0. Hence f'(c) = 0. 

Remark. Darboux’s Theorem may be restated as follows : 

Let f be defined and differentiable on [a, b]. If f(a) f(b) < 0, then there exists some point c  ( 
a, b ) such that f’ (c) = 0. 

Proof. It is clear that 

f(a) f(b) < 0 = f'(a) and f(b) are of opposite signs. 

Now proceed like Theorem. 

Theorem. If f is differentiable in [a, b] and f'(a) + f(b), then for each number k lying between f'(a) 
and f'(b), 3 some point c € (a, b ) such that 


f (co) =k. 
Proof. We are given that f' (a) < k < f' (b). (1) 
Let (x) = f(x) —kx Vv xe Ta, bl). (2) 


Since f is differentiable in [a,b] and kx is also differentiable in [a,b], therefore, by (2), g is differentiable 
in [a,b]. 

Now '(x) = f(x) —k (3) 

> g'(a) = f(a) — k < 0 and g'(b) = f(b) — k > 0, by (1). 

Thus g is differentiable in [a, b] and g’(a), g’(b) are of opposite signs. So by Darboux's Theorem, 
3 some point c < (a, b ) such that 


gic) =0 
> ~~ f(e)-k =0, by (3) 
Hence fic) =k. 


Ex : If f be differentiable at a point c, then show that | f | is also differentiable at c, provided f(c) 
# 0. Show by means of an example that if f(c) = 0, then f may be differentiable at c and | f | may not 
be differentiable at c. 

Sol. Since f is differentiable at c, f is continuous at c. 

Now  f(c) + 0 = f(c) > 0 or f(c) < 0. 

Consequently, 3 5, > 0 and 6, > 0 such that 

fx) > 0 V xe( c-6,ct+5,) 
or fx) <0 V xe( c-6,c+6,). 
Thus | f(x) 1 = f(%) Vv xe (ce-5,¢+8,) 
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or | f(x) l=-fa) Vv xe (c-5,c¢+6,). 

In either case, it follows that | f | is differentiable at c, since f is differentiable at c. 

However, | f | may not be differentiable at c, if (c) = 0. 

For example let f(c) = x Vv x e R. Then f(0) = 0 and 

lf®l=Ixl Vv xeR 

Clearly, | f | is not differentiable at x = 0, although f is differentiable at x = 0. 

Ex : If f be defined and differentiable on [a, b], f(a) = f(b) = 0, and f(a) and f(b) are of the same 
sign, then prove that f must vanish at least once in (a, b ). 

Sol. We are given that f(a) = f(b) = 0. 

Since f(a) and f(b) are of the same sign, we may take 

f(a)>O and f(b)>0. 
Now f(a) > 0 > 3 some 6, > 0 such that 
f(x) > fa) =0 Vv xe(a,a+é,]. 
Again f'(b) > 0 > 3 some 5, > 0 such that 
f(x) > f(b) = 0 v x € [b-4,, b). 

Thus f(a + 5,) > 0 and f(b - 6,) < 0. (1) 

Obviously, [a+ 5, b- 6] c [a, bl). (2) 

Since f is differentiable in [a, b], f is continuous in [a, b] and consequently by (2), f is continuous 
in [a + 5,, b— 5], where f(a + 5,) and f(b — 5, are of opposite signs, by (1). Hence by Theorem , there 
exists some c « (a+ 6,, b—5,) c (a, b ) such that f(c) = 0. Hence f must vanish at least once in 
(a, b). 

Ex : If f is differentiable on [a, bl], f(a) = f(b) = 0, and f(x) + 0 for any x in(a, b), then prove that 
f(a) and f(b) must be of opposite signs. 

Sol. Let, if possible, f'(a) and f(b) be of the same sign. Also f(a) = f(b) = 0. By Example there 
exists some c « (a, b) such that f(c) = 0. This contradicts the given hypothesis that f(x) = 0 for all x 
in (a, b). Hence f(a) and f(b) must be of opposite signs. 

Ex: Letf:[- 1, 1] > R be defined by 


0, -1<x<0 

taf O<x<1 
Does there exists a function g such that g'(x) = f(x) V x e - 1, 1] ? 
Sol. Let, if possible, there exist a function g : [- 1, 1] + B such that 


0, -1<x<0 


o10)="t8)={¢ O<xs1. 


It follows that g is differentiable on [- 1, 1] and g’ (—1) + g'(1) 

[- g(-1) = 0 and g'(1) = 1]. 
By Theorem g’ must assume every value between 0 and 1. 

[- g(-1) = 0 and (1) = 1.] 


But this is impossible, since 
g(x)=1 V xe (, 1). 

Hence there does not exist any function g such that 
g(x) = f(x) ¥ xe F1, 1). 


~~ mawemaues [runvuuns vr une ranauiey 


7. INTERMEDIATE VALUE PROPERTY 


A real function is said to have the Intermediate value property on an interval [a, b] if, for each 
value v between f(a) and f(b), there is some c ¢« (a, b) such that f(c) = v. Thus, a function with the 
intermediate vaiue property takes all intermediate values between any two points. 

The simplest, and most important, examples of functions with this property are the continuous 
functions. 

Theorem by (Intermediate Value Theorem) 

If a function f is continuous in [a, b] and f(a) f(b), then f assumes every value between f(a) and 
f(b). 

Proof. Suppose that f(a) < f(b) and let M be any number lying between f(a) and f(b), i.e., 

f(a) < M < f(b) (1) 

We have to show that 3 some point c < [a, b] such that f(c) = M. 

Let us define a function @ on [a, b] as follows : 

o(x) = f(x) - M, Vv xe fa, b) (2) 

Since f is given to be continuous in [a, b] and M being a constant is always continuous, so @ is 
continuous in [a, b]. 

From (2), (a) = f(a) - M and 4(b) = f(b) - M. 

By (1), f(a)-M<0O and f(b)-M>0 

=> (a) and (b) are of opposite signs, 

By Theorem there exists some point c < ( a, b ) such that 

o(c)=0 => f(c)-M =O, by (2) 

Hence f(c)=M,ce(a,b). 

Remark. If a function f is not continuous on a closed interval, then the conclusion of the Intermediate 
Value Theorem may not hold: 

Consider a function on [0, 1] as follows : 

f(x)=x+1 ¥ xe(0,1]. 
{(0) = 0. 
Obviously, f is continuous on (0, 4). Further 


im f(x) = fim, (x +1) =1. Also f(0)=0. 
linn f(x) # (0) and so f is not continuous at 0. 


ie, — f is not continuous in the closed interval [0, 1]. 
Now £(0) = 0, f(1) = 2. 
We see that f(0) < 1 < f(1). But there does not exist y any x € (0, 1] such that f(x) = 1. 


fb) 


fta) 
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Ex. Is there a solution to x> — 2x3 — 2 = 0, where x ¢ [0, 2] ? 

At x = 0, we have 0° — 2 x 0? - 2 = -2. 

At x = 2, we have 2° - 2 « 2?-2= 14. 

So that IVT implies that there is a solution to x5 — 2x — 2 = 0 in the interval [0, 2]. 

Ex. Suppose that f is continuous on [0, 1] and f(0) = f(1). Let n be any positive integer, then prove 
that there is some number x such that 


to) =1(x+3}. 


: : 1 
Define g(x) = f(x) - (x +2). 


( 
Consider the set of numbers S = {r0o).4(2){2}...0¢0} 
k 
Let k be such that f| a is the largest number in S. Suppose that k # 0 and k #n. 


rn 8} (C2 pana) 2) 


n ] with g(c) = 0, so that f(c) — ie 2) 


By the Intermediate value theorem, there is c < [ 


1 
= 0, or f(c) = i(c 4) as desired. 
Finally, if the largest number in S is f(0) = f(1), then the same argument works with k chosen such 


k 
that (5) is the minimum number in S. 


Note that if f(0) is both the largest and smallest number in S, then they are all the same and 


(0) = (3). 


Suppose that f is continuous on [0, 1] and f(0) = f(1). Let be the hyperreal unit, then prove that 

there is some number x such that 
f(x) = f(x + 2). 

First, assume f(x) is not constant on [0, 1]. The result holds trivially if it is. 

Then, let g(x) = f(x) - f(x +e). 

Since f is not constant, there exists a c < [0, 1] such that f(c) is a maximum (or a minimum, 
but assume for now that it is a max, a min is handied similarly). 

Then g(c) = f(c) — f(c + «) 2 O and g(c — «) = f(c — «) - f(c) < 0 

Now, by the Intermediate Value Theorem, if « > 0, there exists a y ¢ [c — «, c] such that 
aly) = 0. 

(If « < 0, y € [c, c — ¢], instead.) 

Thus, f(y) = f(y + «), as wanted. 

If e = 0, f(x) = f(x + e) Vx 
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Ex. Apply intermediate value property to show that the equation x> — 3x? = —1 has a solution in the 
interval [0, 1]. 

Sol. Let f(x) = x5 — 3x2. Then f(x) is a continuous function with f(0) = 0 and f(1) = -2. As —1 is a value 
between —2 and 0, the intermediate value property of continuous functions indicates that f(x) = 
—1 must have a solution in the interval [0, 1]. 

Ex. Apply intermediate value property to show that the equation x — 5x? + 3 = 0 has a solution in the 
interval [-1, 1]. 

Sol. Let f(x) = x5 -— 5x? + 3. Then f(x) is a continuous function with f(-1) = 7 and f(1) = -1. As 0 is 
a value between —1 and 7, the intermediate value property of continuous functions indicates that 
f(x) = 0 must have a solution in the interval [-1, 1]. 

Ex. Apply intermediate value property to show that the equation y¥x° + 5x* +9 = 3.5 has a solution in 
the interval [0, 1]. 

Sol. Let f(x) = ¥x° +5x*+9. Then f(x) is a continuous function with f(0) = 3 and f(1) = 4. As 3.5 is 
a value between 3 and 4, the intermediate value property of continuous functions indicates that 
f(x) = 3.5 must have a solution is the interval [0, 1]. 

Ex. Show that the equation (1 — x)cosx = sinx has at least one solution in (0, 1). 

Sol. Set f(x) = (1 — x)cosx — sinx. Then f(0) = 1 and f(1) = -sin1 < 0. By the intermediate value property 
there is x, € (0, 1) such that f(x,) = 0. 

Ex. Let f : [0, 1] — [0, 1] be continuous. Show that f has a fixed point in [0, 1]; that is, there exists 
xX, € [0, 1] such that f(x,) = x,. 

Sol. Define the function g(x) = f(x) — x on [0, 1]. Then f is continuous, g(0) 2 0 and g(1) < 0. Use the 
intermediate value property (IVP). 

Ex. Let f: [a, b] + EF be a continuous function. Show that the range {f(x) : € [a, b]} is a closed and 
bounded interval. 

Sol. Since f is a continuous function, there exist x,, y, € [a, b] such that f(x,) = m = inf f and f(y,) = 
M = sup f. Suppose x, < y,. By the IVP, for every a < [m, M] there exists x ¢ [x,, y,] such that 
f(x) = a. Hence ff(a, b]) = [m, Ml. 

Ex. Show that a polynomial of odd degree has at least one real root. 

Sol. Let p(x) = a,x" + a_,x™' +... + a,x + a,, a, # 0 and n be odd. Then p(x) = x" (a * = 


a 
a 1), If a, > 0, then p(x) > » as x —> « and p(x) —» -» as x -» —x. Thus by the IVP, there 


exists x, such that p(x,) = 0. Similar argument for a, < 0. 
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1. ROLLE’S THEOREM : STATEMENT 


If a function f defined on [a, b] is such that it is : 
[R,] continuous in the closed interval [a, b] 
[R,] differentiable in the open interval (a, b) 
and — [R_] f(a) = f(b), 
then there exists atleast one point c € (a, b) such that f(c) = 0. 
Proof : Since f is continuous in the closed interval [a, b], therefore by the property of continuity 
f will be bounded and will attain bounds in [a, b]. 
Let m and M be the infimum and supremum of f in [a, b], then there exist c and d in [a, b] such 
that f(c) = M and f(d) = m 
Case 1: When M = m, then 
fx) =M=m, v x « fa, bl 
> fx) =0, v xe la, b] 
> fi(c) = 0, where c € (a,b) 
Thus the theorem hold good at any point c of (a, b). 


Case 2: When M = m, then by R,, f(a) = f(b), and atleast one of the numbers M and m be 

different from f(a) and f(b) ie., 
M = f(c) # f(a), f(b) 

> c#a,b>C « (a, b) 

Since the function f is differentiable in (a, b), then the derivative exist at a point c. 

Therefore RHD and LHD are 
f(x) -f(c) f(x) - f(c) 

x-¢ 


and tim ———— 


lim ) 
xse'0 X= 


x10 


both exist and each equal to f'(c). 
Since f(c) is the maximum value of f(x) in (a,b), 


f(c + h) < f(c) and f(c — h) < f(c) w(1) 
Now RHD = lim fo)=fe) 
n4se0 X—€ 
= tm Meh He) [Putting x = c + h] 
<0 [-- by(1) f(e + h) - f(c) < 0} 
f(x)-f(c) 


and LHD = lim 
w0-0 X—€ 


= lim 
hoo 


eal es (2) =e Me) puting x = © - hy 


20 by(1) f(c - h) - f(c) < 0} 
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Thus both the derivatives are of opposite signs. 
Therefore both these derivatives will be equal only when f'(c) = 0. 
Geometrical interpretation of Rolle’s Theorem 


Statement : It a curve has a tangent at every point there of and the ordinates of its extremities 
And B are equal i.e. f(a) = f(b); then there exists atleast one point P of the curve other than A and B, 
the tangent at which is parallel to x-axis. 


Case 1: When f(x) = k (constant), 


Then the graph of this function will be a straight line parallel to the x-axis whose equation is y = 
k and the derivative 


f(x) = 0, v xe lab] 
Case 2 : When f(x) + k (constant), 


Then the graph of this function is a continuous curve of the following type in [a, b] as shown 
below: 


x 4 
O! x=a x=c x=b O! x=a xs x=b O! x=a x=b 


From these figures it is quite intuitively that there must be atleast one point P(x = c) (may be 
more) of the curve other than A and B, the tangent at which is parallel to x-axis and at these points f'(c) 
=0. 

Case of Failure : The theorem will not hold good if any of the three conditions fails to hold good 
ie., 

1. the function f is discontinuous at x = c. 

2, the derivative does not exist at x = c. 

3. f(a) = f(b). 

The following figures will illustrate these cases of failure: 


Y ¥ 


x x 
te) x=C ie) x=C 


Algebraic interpretation of Rolle’s theorem: 

Statement : If f(x) be a polynomial in x and x = a and x = b are any two roots of the equation 
f(x) = 0, then there exists at least one root of the equation f'(x) = 0, which lies between a and b. 

Remarks : The Rolie’s theorem is not applicable for those functions which do not satisfy even 
one condition of Roll's theorem. 

Another useful form of Rolle’s Theorem: 

If a function f defined on [a, a + h] is such that it is: 

[R,] continuous in [a, a + hl, 
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[R,] differentiable in (a, a + h) and 
[R,] f(a) = f(a + h), 
then 3 @ & (0, 1) such that f(a + 0h) = 0. 
Ex. — Verify Rolle’s theorem for the function in the interval mentioned against: 
f(x) = x(x + 3)e*2, x ¢ £3, 0] 
Sol. _R,. Since the given function x(x + 3), x is a polynomial of x, therefore it is continuous for every 
value of x and e~*? is also continuous for every value of x. 
Therefore their product is also continuous for every value of x 
Hence the function is continuous, particularly in [-3,0]. 


R,, f'(x) = (2x + 3) e*? + x(x + 3) - o~(-z]-fe" (6+ x- x’) 
which is not infinite or indeterminate at any point of (—3,0). 
Thus f(x) is differentiable in (3,0). 
R,, f(-3) = 0 = (0) 
Thus the given function f satisfies all the three conditions of Roll's theorem. 
Hence Verified. 
Therefore there must be atleast one point c in (3.0), where 


1 
f(c) =0> yew (6 +e+c)=0 

Since e~? is not zero for any finite value c, 

therefore 6+c-C=0>5c=-23 


One value of c = -2 ¢€ (-3,0) Hence Verified. 
Ex. Verify Rolie's Theorem for 


f(x) == in 4,11. 
Sol. The given function being an algebraic function of x is continuous in - 1, 1]. 
i tad 
Now (x)= Fe 
So f(x) is derivable in ] — 1, 1[. Also f(1) = f(-1) = 0. 
Thus f(x) satisfies all the conditions of Rolle’s Theorem. 
So there exists a point c « ] — 1, 1[ such that f (c) = 0 
Clearly f(c) = 0 forc =O <]—1, If. 
Hence the given function satisfies the hypothesis and the conclusion of Rolle’s Theorem. 
Ex. Examine the validity of the hypotheses and the conclusion of Rolle's theorem for the function 
f(x) = 1 — (x — 1? on [0, 2]. 
Sol. The given function, being an algebraic function of x is continuous in [0, 2]. 


»for -1<x<1. 


Now f(x) = a -1y%= 


-2 

3(x-1)'* 

=> f(x) does not exist at x = 1 = f is not derivable at x = 1 

=> fis not derivable in JO, 2[. 

But £(0) = £(2) = 0. 

Hence f does not satisfy all the conditions of Rolle’s theorem. Clearly, the conclusion of Rolle’s 
theorem is not valid for the given function. 


= 


Ex. 


Sol. 


Ex. 


Sol. 


Ex. 


Sol. 
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Show that between any two roots of e* cos x = 1, there exists at least one root of e* sin x — 1 = 0. 
Let a and £ be any two distinct roots of e* cos x = 1. (1) 

- e cos a = 1 and e* cos B = 

Define a function f as follows : 


f(x) = ex - cos x, V x € [a, Bi). (2) 
Obviously f is continuous in [a, p] and f is derivable in Ja, pI. 
Indeed, f(x) = -—e* + sinx Vx Ja, pL 
1 
From (2), f(a) = e* — cos a = Teese. 0, by (1) 


Similarly, f(®) = 0 and so f(a) = f(p). 

Thus f satisfies all the conditions of Rolle's Theorem in [a, B] and so there exists some y ¢€ Ja, 
BI such that f(y) = 0. 

=> siny-et=O>e siny-1=O,0<y< Bp. 

Hence y is a root of ex sinx --1=0,a<y< Bp. 


Prove that between any two real roots of e* sin x = x, there is at least one root of cos x + sin 
=e*, 
Let x = a, x = B be any two distinct roots of e* sin x = x. 
i e sin a = a and e” sin B = B. w(1) 
Define a function f on [a, B] as follows : 
f(x) = ex sinx —x ¥ x € [a, Bl. w.(2) 
Clearly, (i) f continuous in [a. B], (ii) f is derivable in Ja, B[ and f(a) = 0 = f(®).. by (1). Hence by 
Rolle’s theorem, there exists some y € Ju, Bl i.e., a < y < B such that f(y) = 0. +(3) 
From (2), f(x) = e* sin x + e& cos x-1 
> f(g) = e7 (sin y + cos y) - 1 
@: (sin y + cos y) - 1 = 0, using (3) 
or sin y + cos y = lle’ =e", a<y< B. 


Hence 7 is a root of sin x + cos x = e*, wherea <7 <8. 

If p(x) is polynomial and k € R, prove that between any two real roots of p(x) = 0, there is a roots 
of p'(x) + k p(x) = 0. 

Let f(x) = e* p(x), x € R. (1) 

Let @ and f be any two real roots of p(x), where a < B. Then p(a) = 0 = p(p) = f(a) = 0 = f(B), 
by (1). 

Obviously, (i) f is continuous in [«, B], (ii) f is derivable in Ju, Bl and (iii) f(a) = f(B). Hence, by 
Rolle’s theorem, there exists some 7 < Ja, B[ such that f(y) = 0. 

From (1), f(x) = k e® p(x) + e® p’(x) = e [p' (x) + kp (x)]. 

o O=FG)=e (+k 

> p(y) + k p@) = 0, as e* + 0. 

Hence is a root of p'(x) + kp (x) = 0, where a < y < B. 
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2. MEAN VALUE THEOREM 


Lagrange’s Mean Value Theorem 
Statement : if a function f with domain [a, b] is such that it is 
i] continuous in [a, b], and 
[L,) differentiable in (a, b), 
then 3c € (a, b) such that: 
f(b) - fla) 


= ee 


Proof : Let us define a new function 4 with domain [a, b] involving the given function f(x) as 
follows : 


(x) = f(x) + Ax (1) 
where A is a constant to be determined such that (a) = $(b) (2) 
> f(a) + Aa = f(b) + Ab 
f(b) - f(a) 
> ae (3) 


We observe that the function ¢ is also defined on [a, b] and is the sum of two continuous 
functions on [a, b] and differentiable in (a, b), therefore @ is : 


R,. ¢,[a, b] is continuous in [a, b] 
R,. ,(a, b) is differentiable in (a, b) 
and R,. (a) = o(b) [by the condition of constant] 


Thus 9 satisfies all the three conditions of Rolle's theorem, therefore accordingly, there must be 
atleast one point c in (a, b) such that 


g(c) = 0 
> f(c) +A=O>f(c)=-A 
> f(c) = boa a<c<b [by (3)] 


Important Particular Case : If f(a) = f(b), then it reduces to Rolle’s theorem. 
Geometrical Interpretation of Lagrange’s MV Theorem: 

If a curve y = f(x) is continuous between two given points whose abscissae are x = a and x = 
b respectively and a tangent can be drawn to the curve at every point, then there exists atleast one point 
x = c, c € (a, b) such that the tangent there at is parallel to the chord joining the two given end points. 

Let the arc APB represents the graph of the function y = f(x) and a and b be the ordinates of A 
and B respectively. Join AB. Draw perpendiculars from A and B on x-axis. Let the chord AB makes an 
angle with the x-axis, then from the right angled triangle ACB, 


cB 
tan Y = AC 


fe) =f(c),a<c<b 


261 
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Another Useful Form 
Statement : A function f defined on [a, a + h] is such that it is : 
(1) Continuous in [a, a + hj; 
(2) Differentiable in (a, a + h) 
then 3 6 € (0, 1) such that : 
f(a + h) - f(a) = h f (a + Oh). 
If we put b - a=h or b = a + h in Lagrange’s MV theorem, then any point c can be taken as 
c = a + 6 h between a and b, where 0 < 6 < 1. 
Therefore by Lagrange MVT, we have 
f(a +h) - f(a) 
h 
=>  f(a+h)-fla)=h f(a + eh), 0<0<1. 
Important Deduction from Lagrange’s MV Theorem : 
Theorem : If a function f is 
(1) continuous in [a, b] 
(2) differentiable in (a, b), yv x € (a, b), then 
(a) f'(x) = 0 = f is a constant function in (a, b). 
(b) f(x) > O = fis strictly increasing in [a, bl]. 
(c) f(x) < O > f is strictly decreasing in [a, b]. 
If the derivatives of two functions at every point of the interval (a, b) is same, then the functions 
differ by a constant. 


f(a + Oh) = 


Ex. Verify Lagrange’s Mean Value Theorem for the function f(x) = vx —4 in (2, 4]. 


Sol. The function f(x) =v¥x?-4 is an algebraic function of x, so f is continuous in [2, 4]. Also f is 
derivable in ]2, 4[. 


Now f(x) = vxe ]2, 4 


Since f satisfies all the conditions of Lagrange's mean value theorem, therefore, there exists 


some c ¢ ]2, 4[ such that 
£(4) -f(2) =f(c) 
4-2 


> 


Ex. 


Sol. 


Ex. 


Sol. 
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> = 3(? - 4) =? > 20? = 12 > c= tVE. 


Obviously, c = ¥6 ¢ ]2, 4[. 
Hence the Lagrange’s mean value theorem is verified. 
Verify Lagrange’s Mean Value Theorem for the function 


f(x) = x(x - 1)(x - 2) in| 0, 


i 


1 
Since f is a polynomial, f is continuous in 10.3 | and derivable in JO, ri Thus there exists 


ce ]0, zl such that 


Go =f(c). 


1 (1) 
78 


Now f(x) = (x — 1) (x — 2) + x(x — 1) + x(x — 2) 


or f(x) = 3x? — 6x + 2. Now f(0) = 0, (3)-3. 
From (1 3 1 ge 6c +2 

rom (1), g 72 8 — 6c + 2) 

or 1c! — 240 +5 = 0 oro =S2¥21 
Now fat 210, 1 c=85 ah <]0, 1. 
Thus c eae and the theorem is verified. 


Let f be defined and continuous in [a — h, a + h] and derivable in Ja — h, a + h[. Prove that there 
is a real number @ between 0 and 1 such that 


f(a + h) - f(a — h) = hif(a + oh) + f(a — oh). 
Define (x) = f(a + hx) - f(a — hx) on [0, 1]. (1) 
(x) = hf (a + hx) + Af (a — hx). ...(2) 
As x varies over [0, 1], a + hx varies over [a, a + h] and a — hx varies over [a — h, a]. Thus 
0) ¢ is continuous in [0, 1]. 
(i) @ is derivable in Jo, 1[. 
By Lagrange’s mean value theorem, there exists 6, 0 < 0 < 1, satisfying 


2-90) 4) oF 41) - 10) = 41). 


Hence f(a + h) — f(a — h) = hff' (a + @h) + f* (a — @h)], by (1) and (2). 
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Ex. Let f be defined and continuous on [a — h, a + h] and derivable on Ja — h, a + hf. Prove that there 
is real number @ between 0 and 1 for which 
fla + h) — 2f(a) + f(a — h) = hif(a + eh) — F(a — on). 
Sol. Consider (x) = f(a + hx) + f(a - hx) on [0, 1]. 
Then (i) $ is continuous in [0, 1], (ji) is derivable in ]0, 1[. So by Lagrange’s mean value 


theorem. 
0-80) =#0) = (8) for some 0 € JO, 1[ 
or r = “4 = 9'(0) 
or ["(a + h) + f(a — h)] - [f(a) + f(a)] = hif(a + 6h) - f(a — oh)]. 
Hence f(a + h) — 2f(a) + f(a — h) = bff’ (a + Oh) - F(a — oh)]. 


Ex. — Prove that if f be defined for all real x such that 
1 f(x) - fly) |< & = y¥ 
for all real x and y, then f is constant. 
Sol. Letc < R. For x € c, we have 


Fx) -f(e) 


x-c 


<|x-cl, using (1). 


If e > 0, then on choosing 6 = «, we obtain 


f(x) - f(c) 


x-c 


<e, when |x—c| <8. 


jm IMO). 9 Heys OVER. 


xe 


Thus f(x) =OvVxe R. 
Hence f is a constant function. 
Ex. Use mean value theorem to prove that 
T+x<et<1+xe, V x>0. 
Sol. We shall apply Lagrange’s mean value theorem to the function f(x) = e* in the interval [0, x]. The 
function f(x) = e* is derivable in [0, x] and, therefore, there exists some c, 0 < c < x, such that 


ere? oc Vian yee 
"core or xe =e. (1) 
Since 0<c <x, so 1=e9< e< et (2) 
1 
From (1) and (2), 1 < xe -1)<e orx< e-1 < xe (x > 0) 


Hence 1+x< e<1+xe*Vx>0. 
Ex. — Show that 


1 
and deduce that =< tan" —* 


4m 
re. 
ra = 394 6 
Sol. Applying Lagrange’s mean value theorem to the function 
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Ex. 


Sol. 


Ex. 


Sol. 


f(x) = tan-' x in [u, v], we obtain 


f(v)- fu) 
v-u 


= f(c) for some c e Ju, v[ 


sok foru<c<v, +(1) 


or 7 
1+07 


Now c>u>1lt+c?>1+w> (2) 
Again c<v>1+0<1+V¥> .(3) 
From (1), (2), (3) ; we obtain 
1 <tan'y-tan*u < 1 
tev? v-u dtu 
v-u 4 a, V-u 
tan’ v-tan”u cs 

Hence i rr (4) 


(. us<vov—u>o0) 


4 
Taking u = 1 and v = 30 (4), we obtain 
3 14 Be 
Sz < tan’ =-tan1<—. 
BO" 3 “6 
or 2 ear it Be), 
25 3.4 6 


Prove that | tan’ x -tan'y|<|x-y|V¥xyeR. 

Let f(t) = tan“ tin [x, yl, where x < y. 

By Lagrange’s mean value theorem, there exists some c « ]x, y[ such that 
f(y) - fog = (y - ») FO). 


1 1 
— f(t) =—> 
1+¢7 1+ =| 
* f(y) - fo) < (¥ -»). [L 1+4e211 
Similarly, f(x) - fly) < (x - y), when y < x. 
a 1 f@&) - fy) |= 1x-y I. 
Hence, [tart x-tamty|six-y|VxyeR. 
Let f be differentiable on an interval | and suppose that f's is bounded on I. Prove that f is uniformly 
continuous on |. 
Let x,, x, be any two arbitrary points of | with xX, < x,. Suppose f'(x) is bounded on I, there exists 
some k > 0 such that 


or f(y) - f0) = (y-»). 


Ife [<k¥xel (1) 
Applying Lagrange’s mean value theorem to f on [x,, x], we get 


Eduncle Mathematics (Functions of One Variable-II) 


£(%,) —f(,) 
Xp —X 
or 1 f(&,) - f(«,) |= 1x,-x, 11 f(c) |< k 1 x, - x, |, by (1). 
Let < > 0 be given and let 6 = e/k > 0. Then 
| f(x,) — fo) |< 2, when 1x, -x,1< 5, Vx, x € b 

Hence f is uniformly continuous on |. 

Second Mean Value Theorem : 
Cauchy's Mean Value Theorem : Statement: 
If two functions f and g with domain [a, b] are such that both are 
[C,] continuous in [a, b] 
[C,] differentiable in (a, b), and 
[cJ g'%) #0 vy x e(a, b) 
then 3c « (a, b) such that: 


4'(c) _ f(b) -F(a) 
gc) 9(b)-9(a) 
Proof. First we notice that g(b) + g(a) 
Let, if g(b) = g(a), then g would satisfy all the conditions of Rolle’s theorem, particularly [R,], then 
by the theorem, 3 c e(a, b), where g'(c) = 0 which contradicts the condition Ic]. 
Therefore our assumption g(a) = g(b) is false. 


= F(c) for some c € Ix, «I 


Hence g(a) + g(b) (1) 
Now define a new function 6, with domain [a, b] involving the given functions f and g as follows: 
4) = f() + A g(x), (2) 
where A is a constant to be determined such that $(a) = $(b) 
or, f(a) + A f(b) = g(a) + A a(b) Iby (2)] 
f(b) - f@ 
2A g6)=a) 0 


which exists because g(b) + g(a). 
Hence the function @ is expressed as sum of two continuous and derivable functions, therefore 


i continuous on [a, b] 
(i) differentiable on (a, b) and 
(ii) (a) = 4(b) [by A of (3)] 
Thus the given function 6 satisfies all the three conditions of Rolle's theorem. Therefore Rolle’s 
theorem is applicable and accordingly there must be atleast one point x = c in (a, b), where ¢'(c) = 0. 
o(c) = f(c) + Agic) = 0 


_ fe 
> A= “© we (4) 
f(0)-M(@) _ 0) 
By (3) and (4), ‘a(b) fa) 9°) Hence Proved. 


Important Special Case 
When g(x) = x, it reduces to Lagrange’s MV Theorem. 
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Geometrical interpretation of Cauchy's Mean value Theorem 
Statement : There is an ordinate x = c between x = a and x = b such that the tangents at the 


f(b) -f(a) 
points where x = c cut the graph of the function f(x) and ‘9(b) —9(a) g(x) are mutually parallel. 
Another useful form of Cauchy's Mean Value Theorem: 
Statement: If two functions f(x) and g(x) with domain [a, a + h] are such that both are: 
(i) Continuous in [a, a + hl, 
(2) Differentiable in (a, a + h), and 
(3) g(x) 40, xe(a,ath) 
then 3 6 < (0, 1) such that : 
{'(a+0h) _ fla+h)-f(2) 
g(a+on)  ga+h)—gfay 9<°<7 


If we put b = a + h, then any point c = a + 6h, 0 < @< 1 may be taken in the interval [a, a + hl]. 
Generalised Mean Vaiue Theorem 
If three functions f, g and h defined in [a, b] are such that 
(i) f, g and h are continuous in [a, b] 
(i) f, g and h are derivable in Ja, bl. 
Then there exists a real number c ¢« Ja, b[ such that 
Fc) g(c) n(c) 
f(a) g(a) hfa)}=0. 
f(b) g(b)  h(b) 
Proof. Define a function y on [a, b] as follows : 
f(%) a(x) h(x) 
w(x) =|fla) 9a) h(a) 
f(b) g{b)n(b)) 
or y(x) = A f(x) + B g(x) + C h(x), iii) 
where A = g(a) h(b) — h(a) g(b) etc., B and C are constants. 


Applying given conditions (i) and (ii) in (iii), it follows that y is continuous in [a, b] and derivable 
in Ja, bl. 


Also (a) = 0 = w(b). 
(... two rows in y(x) become identical by putting x = a and x = b) 
So y(@) = 4(b). 


Thus y satisfies all the conditions of Rolle’s theorem and, therefore, there exists some c < Ja, 
bl such that w’(c) = 0. 


F(x) a(x) h(x) [P) a(x) HO) 
Now vi) =s]M@)_ gla) nfa)}=|f(a) g(a) ha) 
*{flb) g(b) h(b)] |f(b) 9(b)_h(b) 


Fic) gfe) he) 
Hence w'(c) = 0 gives |f(a) g(a) h(a)}= 0, ¢ € Ja, bh. 
f(b) g(b) hb) 
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Remarks 1. If we take g(x) = x and h(x) = 1 in the Generalised Mean Value Theorem, we obtain 
Lagrange’s mean value theorem. 

2. If we take h(x) = 1 in the Generalised Mean Value Theorem we obtain Cauchy's mean value 
theorem. 

Example : Verify the Cauchy's mean value theorem for : 

@ f(x) = x2, g(x) = x in [1, 2]. 

(ii) f(x) = sin x, g(x) = cos x in F n/2, 0] 

(ii) f(x) = e*, g(x) = e* in [0, 1]. 

Solution. (i) Clearly f(x) = x?, g(x) = x? are continuous in [1, 2} and derivable in ]1, 2[. Further g’(x) 
= 3x? x 0 Vv x ¢ J1, 2[. Thus the conditions of the Cuachy’s mean value theorem are satisfied and so 
there exists some point c ¢ ]1, 2[ such that 


{(2)-f() _ fe) 


i 1x0 <2 


(2)-f() gc)’ 


A-1_ 20 6,32 
is =1 3c? 7 3c 
or o=‘bo1.55¢ hi 2 


Hence Cauchy's mean value theorem is verified. 

(ii) Clearly f(x) = sin x, g(x) = cos x are continuous in [- x/2, 0] and derivable in ] — 2/2, O[. Further 
g'(x) = — sin x + 0 for all x < ] — 2/2, 0 [. Thus the conditions of the Cauchy's mean value theorem are 
Satisfied and so there exists some point c € ] — x/2, 0 [ such that 


f(0) - f(-n/ 2) = f(c) ‘oe 0+1_ cose 
Q(0)-g(-x/2) g(c) 1-0 -since 
or tan c = -1, which gives c = — 2/4 < + w/2, Of. 
Hence Cauchy's mean value theorem is verified. 
(ili) Clearly f(x) = e* and g(x) = e* satisfy the conditions of the Cauchy's mean value theorem 
and so there exists some c < ]0, 1[ such that 


f(1)=100) _ (©) gp e-1 et 
a)=9(0) gfe)" 


or ——=-e" ore’ 


or 2c=1 or ce 


Hence Cauchy's mean value theorem is verified. 
Example : Show that 


sina —sinp 
cosB-cosa 


= cot 0, where O<a<O<pe 5. 


Solution. Let f(x) = sin x, g(x) = cos x vx ¢€ [a, B] and derivable in Ja, BI. 
Further g(x) = -— sinx #0 V xe Ja, bf € JO, w/2[. 
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By Cauchy's mean value theorem, 


fi f f'(0) 
oa MS a for some @ « Ja, Bl. 


sinB-sina _ cos® 


i 1 a<O<B 

Me cosB-cosu —sine p 

if sina -sinB _ whee 3 x 
lence cosp—cosa = Ct where O<a<O<B< 5. 


Example : Let the function f be continuous in [a, b] and derivable in Ja, b[. Show that there exists 
a number c in Ja, b[ such that 
2c [f(a) — f(b)] = f(c) [a? — b4]. 
Solution. Let g(x) = x2 Vv x < fa, b],a<b. 
Then f and g are continuous in [a, b] and derivable in Ja, b[. Further g’(x) = 2x ¢ Ja, bl. By 
Cauchy's mean value theorem, 


eae aa aa for some c ¢ Ja, bl 


fo) -f@) _ £46), 
“pa 2c" 
Hence 2c [f(a) — f(b)] = f(c)[a? - b’], c < Ja, bf 
Example : If f’ and g' exist for all x < [a, b] and if g(x) # 0 V x € Ja, bf, then prove that for some 
ce Ja, bf 


f(c)-f(a) _ f'() 
a{b)-a9(c) 9c) 
Solution. Define a function y on [a, b] as follows : 
y(%) = f(x) 900) - fla) 90%) - g(b) fo), V x € Ja, bf. 
Since f and g are derivable in [a, b], so w is continuous in [a, b] and derivable in Ja, bl. 
Also y(a) = w(b) = —f(a) g(b). 
Since y satisfied all the conditions of Rolle’s Theorem, therefore, there exists some c ¢ Ja, bf 
such that w'(c) = 0. We have 
w'09) = FO) 900) * f(x) g'(x) — fla) g'(x) — g(b) FX). 
y'(c) = 0 gives us 
F(C) g(c) + f(c) g(c) — fla) g'(c) — g(b) Fic) = 0 
or 9c) {f(c) — fla} = F(c) {g(b) - g(c)}. 


Hence ie Ata) Fae Ate aa 
‘a(6)-a(c) (6) 
Example : If a function f is such that its derivative f' is continuous on [a, b] and derivable on Ja, 
b[, then show that there exists a number c between a and b such that 


f(b) = f(a) + (b — a) f(a) + F(b — a} f"(c). 


Solution. Define a function 4 on [a, b] as follows : 
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(x) = f(b) — f(x) - (0 — x) F(x) - (b- x A, (1) 
where A is a constant to be determined by 

(a) = $(b) w=(2) 
ie, f(b) — f(a) — (b — a) F(a) - (bp - ay A= 0 
ie., f(b) = f(a) + (b — a) f(a) + (b-ayPA. ».(3) 


Since f' is continuous on [a, b], so f is also continuous on [a, b]. 

Also (b - x), (b — x)? are continuous on [a, bl. 

Thus by (1), $ is continuous. 

Thus ¢ satisfies the conditions of Rolle’s Theorem and so there exists some point c ¢< Ja, b[ such 


that ¢’(c) = 0. (4) 
From (1), (x) = - F(x) — {- FX) + (© - x) M)} + A%b—-_*A 
or (x) = — (b— x) P(X) + Ab—x)A. (5) 


fic) =0 => —(b-—c)f(c) + ab-c)A=0 
1 
> A= oP(c), since a<c<b=>b-c+0. 


Substituting this value of A in (3), the result is proved. 
Example : If f’ is continuous on [a, a + h] and derivable on] a, a + h[, then prove that there exists 
a real number c between a and a + h such that 


2 
f(a + h) = f(a) + hf'(a) + Tre. 
Solution. Define a function ¢ on [a, a + h] as follows : 


40) = {@) + @th—x Fe) + Fath HPA a) 


where A is a constant to be determined by (a) = (a + h) 
he 
Le., f(a) + hf'(a) wT A= f(a +h). we(2) 


Since f' is continuous on [a, a + h], f and f are continuous on [a, a + h]. Further (a + h — x), (a 
+h-xy are also continuous on [a, a + h] and so by (1), is continuous on [a, a + hI. Since f is derivable 
on Ja, a + hl, so by (1), $ is derivable on Ja, a + hl. Thus satisfies all the conditions of Rolle's Theorem 
and so there exists some c « ] i a+h_[ such that 


f(c) = (3) 
From (1), iden hee tale = x) a (ath-xA. 
0 = #(c) = (a + h—c) [f(c) - (4) 
=> f(c)-A=0, since c ¢ Ja, a+ h[ meansat+h-—c+z0. 
Putting A = "(c) in (2), we obtain 


1 
f(a + h) = f(a) +h f(a) + ge f(c). 
Example : Let f and g be two functions defined and continuous on [a, b] and derivable on (a, b). 

Show that there exists some c ¢€ (a, b) such that 
f(a) a f(a) f'(c) 
=(b-a a 
g(a) 9(b)) ‘ Mata) g'(c)| 


Solution. We define a function 4 on [a, b] as follows : 
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f(a) f(x) 
g(a) 9(x) 


f(a) f(b) 
ja(a)o(b) 
By the given hypothesis, ¢ is continuous on [a, b] and derivable on (a, b). Also $(a) = 0 = $(b). 
Thus ¢ satisfies the conditions of Rolle’s theorem and so there exists some point c € (a, b) such that 
gc) = 0. 
From (1), we have 


4X) = - (1) 


fxs] 


(b-a 


f(a) f(x 1 
loa) g(x} (b-a) 


f(a) f'(c) 
ja(a) gc) 
f(a) f(b)| f(a) fc) 
a(a)9(b) ja(a) 9'(c) 
Example : If f” be continuous on [a, b] and derivable on Ja, b[, then prove that 


1 aalt 
f(b) - fla) - 5 (b — a) {F(a) + P(b)} = P=) mg, [ 


f(a) f(b) 
ja(a) g(b)} 


f(a) f(b) 
g(a) g(b)]” 


$(X)= 


1 
(b-a) 


0=4(c)= 


=(b-a) 


Hence 


for some real number d between a and b 
Solution. Define a function g on [a, b] as follows ; 
1 
a(x) = f(x) - f(a) ~g — a) (F(a) + FOX} + Al — a), 


where A is a constant to be suitably chosen. 
Since f" is continuous on [a, b], so f and f are continuous on [a, b]. 
Thus g is continuous on [a, b]. 
Similarly, g is derivable on Ja, bf. 
Let A be chosen such that g(a) = g(b). 
0 = f(b) — fla) Fo — a) {f(a) + f(b)} + A(b — ay’. (1) 


Since the function g satisfies all the conditions of Rolle's theorem [a, b], therefore, there exists 
@ real number ¢ between a and b such that 


g(c) = 0 
1 1 
We have = g(x) = F(x) —D {f'(a) + FON} —5 (x — a) 00) + 3A (x — a? 


or g'(x) = 309) - fla)} Fo — a) f'(x) + 3A (x - a) 
Thus g'(c) = 0 implies that 


Fre) — f(a)} Fe —a) fc) + 3A(c — a)? = 0. (2) 


Let h be a function defined on [a, b] as follows : 


1 


hx) =F A009) — F(a} -5 (k — a) P%) + 3A (x - ay (3) 
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Then (i) h is continuous on [a, cl, 
(i) h is derivable on Ja, c[, 
(iii) h(c) = 0 and h(a) = 0, by (2) and (3); so that h(a) = h(c). 
Since the function h satisfies all the conditions of Rolle's theorem it [a, c], therefore, there exists 
a real number d(a < d < c < b), such that 
hid) = 0. 


From (3), RYO) = FPO) POW) F(a) MH) + 6A (Ka) 


O=h'() =-T(d-a) f (d) + 6A (d — a). 


ie, A = f"(d)/12, since (d — a) # 0. (4) 
From (1) and (4), we have 


flo) — f(a) - 3 (0 — a) (a) + F(oY =~ (D - ap Me) 
Example : Assuming that f"(x) exists for all x in [a, b], show that 
b-c c-a 1 *(z) = 
fle) f(a) - fe) -—- 5 (e-a)le-b) f (g)=0 w=(1) 


where ¢ and & both lie in [a, b]. 
Solution. The equation (1) can be rewritten as 


1 
f(c)(b - a) - f(ay(b - ¢) - H(b)(c — a) -5 (b - al(c - ay(c - b) FE) = 0 


or f(a)(c — b) — f(b)(¢ — a) — f(c)(b — a) -ea — b)(b — c)(e — a) (2) = 0 


1 1 1 4 1¢°10°1 
on a ob cj--f(é/a b cl=0. (2) 
f(a) f(b) f(c)} la? b? C7} 


We shall prove (2) instead of (1). 
The relation (2) helps us to define a function F(x) on [a, b] as follows: 


14 4 1 £4 
F(x)=]a  b cl-Aja b x (3) 
f(a) f(b) f(x} fa? bb? x?) o 


where A is a constant such that F(c) = 0. (4) 
From (3), F(a) = 0, F(b) = 0. 
Thus F(a) = F(c) and F(c) = F(b), a< c <b. -() 


Since f" exists in [a, b], therefore, f and f' are derivable and continuous in [a, b]| an hence derivable 
on continuous in each of the intervals [a, c] and [c, b]. From (3) and (5), it follows that F satisfies the 
conditions of Rolie’s theorem in each of the intervals [a, c] and [c, b]. Consequently, 

F'\(é,) = 0, for some é, € Ja, cL, 
and F'(é,) = 0, for some & « Ie, bf. 


€ Eduncle Mathematics (Functions of One Variable-II) 
From (3), 


1 1 tt) 1°41 ~«0 
F(x)=|}a ob 1 |-Aja b 1 ©) 
f(a) f(b) f(x) la? b? 2x “ 


As stated earlier, f' is derivable and continuous in [a, b]. So by (6), F’ is derivable and continuous 


in [é,, &) < [a, b] and F'(é,) = F'(é,). Thus F’ satisfies the conditions of Rolle’s theorem in [é,, &,] and 
so there exists x € ]x,, x,[ ¢ [a, b] such that 


Fé) = 0 


1 1 0 1 $1 ~«90 
From (6), F’(x)=]a b 0 |-Ajla b oO 
f(a) f(b) f*%(x)} fa? b? 2 


= f"(x)(b — a) — 2A (b - a) 


FQ #03 M9 -2A=0>A=-7 r0). (- a#b) 


Substituting A = AKC) in F(c) = 0 and using (3), we obtain 


tT a a), 14 4 
a b c|--f(d)}a b cl=0. 
f(a) f(b) fC) la? b? C7 


which proves (2). 
Example : If {(0) = 0 and f(x) exists on [0, ~[, show that 


f 1 
(0) 2) Late), 0<g<x, wall) 
x 2 
and deduce that if f"(x) is positive for positive values of x, then f(x)/x strictly increases in ]0, -. 
Solution. The relation (1) can be written as 


f(x) — x f(x) + 3 f(é) = 0. 


Define a function F as follows : 
F(x) = f(x) — x f(x) + FAX, w(2) 


where A is a constant such that F(c) = 0, where c > 0. 

We have F(0) = f(0) = 0 and F(c) = 0. ES F(0) = F(c). 
Thus F satisfies the conditions of Rolle’s theorem on (0, c]. 
Therefore, there exists ¢ such that 0 < € < c and F'(é) = 0. 

From (2) F'(x) = — x f(x) + AX. 

: FQ) =O > A= F(Z). 


From (2), F(c) = 0 = f(c) - cf(c) + pact =0 
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> (ote ma vero. 
Hence f(x) 3, (6), O< EB < x. 
(i) Let G(x) = f(x)/x, whenever x > 0. 
GR) = ONTO) = Teg > 0, as Mx) >O0Vx>0 
Thus G(x) >OVx>0. »(3) 


If x, and x, be any two positive real numbers such that x, > x,, then by applying Lagrange’s mean 
value theorem to G in [x,, x,], we get 


G(x,) - G&x,) = x, - x) GO), @ € Ix, xf 
Since G' (8) > 0, by (3), and x, — x, > 0, so 

G(x,) — G(x,) > Oie., G(x,) > G(x,) for x, > x, > 0. 
Hence G(x) = f(x)/x is strictly increasing in JO, ~f. 
Example : A twice differentiable function f is such that 

f(a) = f(b) = 0 and f(c) > 0 fora<c<b. 
Prove that there is at least one value & between a and b for which 
f(®) <0. 

Solution. Since f” exists in [a, b], therefore f and f both exist and are continuous in [a, b] and 


as well as in [a, c] and [c, b], since a < c < b. Applying Lagrange’s mean value theorem to f on [a, c] 
and [a, b], we get 


and 10 f(&), ¢ < & < b, respectively. 


Since f(a) = f(b) = 0, the above relationship become 
HG) =A 1(_)= BE, ace, cece cd, 0) 


Since f' is continuous and derivable on [é,, & so on applying Lagrange’s mean value theorem 
of f' on [&,, &J, we obtain 


(6,)-"') 


=f), for &<§ <6, «(2) 


= -tb-eMle)__ og 
(& —&)(b—e)(e—a) 


since f(c) > 0, a< c< b and &, < &,. 
Hence f"(é) < 0 for some & a< & < b. 
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Example : If f” be defined on [a, b} and if | f(x) | < M for all in fa, b], then prove that 
1 1 
| f(b) - fla) -zh — a) f(a) + Fb} | < zo -ay M. 


Solution. Define a function 4 on [a, b] as follows : 


1 
(x) = f(%) — fla) -7& — a) {F(a) + FQ) + AK - ay, (1) 
where A is a constant to be chosen such that (b) = 0 +(2) 
ie, — f(b) - f(a) Fb — a) {f'(a) + P(b)} + Alb — a)? = 0. ..(3) 


Since f” is defined on fa, b], so f and f’ are both derivable on [a, b] i.e., ¢ is derivable on [a, b] 
and so ¢ is continuous on [a, b]. 
From (1) and (2), 6(a) = 0, o(b) = 0 and so (a) = 4(b). 
By Rolle’s Theorem, there exists some c « Ja, b[ such that 
ec) = 0 
From (1), 4") = £08) 2 (Pla) + £00) = — a) Pw) + 2A (x a) 
g(c) = 0 = f(c) - f(a) - (c — a) F(c) + 4 A(c — a) = 0. w(4) 
Applying Lagrange’s Mean Value Theorem to f' on [a, c], we obtain 


f(c) — f(a) = (c — a) f"(d) for some d e Ja, ef. 
Substituting in (4), we obtain 


fd) -f(c) + 4A=0> A= tire) — f"(d)]. 


Putting this value of A in (3), we obtain 


f(b) — f(a) Fo ~ a) F(a) + F()} = 7 (b - ay IFd) - FC). 


1 


Hence | f(b) — f(a) -30 — a) {f(a) + f(b)} | 
< Fb-arlit@ leit oo 
< tay (Mem {- 1fO) [<M vx e fa, BI} 
1 
= ri — aM. 


Example : Show that ‘@’ which occurs in the Lagrange’s mean value theorem tends to the limit 


1 
gas h - 0, provided f" is continuous. 
Solution. We may take f" to be continuous in [a, a + hj. 


So by Example we have 


2 
f(a + h) = f(a) + hf(a) + ore + 6h), where 0 < 6, < 1. (1) 
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Applying Lagrange’ mean value theorem to f in [a, a + h], we get 
f(a + h) - f(a) = hf (a + eh), O< @< 1. w(2) 
From (1) and (2), we obtain 


f(a + 0h) = f(a) + he (a + 6h). 3) 


Applying Lagrange’s mean value theorem to the function f’ in [a, a + hl], we obtain 
f(a + 0h) - f(a) = eh. f(a + 66h), 0 < 6, < 1. (4) 
From (3) and (4), we get 


1 
Oh. f(a + 0,8h) = 5h Ma + 8h) 


av thar On) 
= ¢ 2° f"(a+6,6h) * 
1 f(a) 1. : , 
lim 9=—.——~=-, since f” continuous in [a, a + h). 
a0 = 2 FQ) 2 t 1 
1 
Hence a> 2s h>0. 


Ex : If f(x) exists Vv x ¢ [a, b] and 


f(c)- f(a) _ f(b)-f(c) 
ca ba where c ¢ Ja, bf. (1) 
Then there exists some & < Ja, b[ such that f"(¢) = 0. 
Sol. Since f"(x) exists v x [a, b], therefore, f and f’ exist in [a, b] and are continuous in [a, b]. 
Applying Lagrange’s Mean Value Theorem to the function f on each of the interval [a, c] and [c, 
d], we get 
f(c) - f(a) 
c-a 
f(b)-f(c) _ 
b-c 
Using (1), it follows that f'(é,) = f(,). Further. 
(i) fis continuous in [é, (ii) f derivable in Jé,, é,[ and (iii) f(E,) = f(E,). So by Rolle’s Theorem 
@s applied to f' in [) Gi we obtain 
(8) = 0 for some é € ]é,, & [cla bl. 
Ex : If f(x) > 0 for all x e R, then show that 


= f(é,) for some &, Ja, bf, 


and f(é,), for some &, € Je, bf. 


[3 +x] sea) +f) (1) 


for every pair of real numbers x, and x,. 
Sol, Let x,, x, € R be arbitrary. If x, = x,, then the given relation (1) because equality and so the 
result follows. We may suppose that x, < x,. Since f"(x) exists V x ¢ R, if satisfies the conditions of 


1 
Lagrange’s mean value theorem in each of the intervals [x50 +,)| and Romeo 


Consequently, 
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lo +X,)|-f(x,) = ix +X, )-%, [P(C,),%, <¢, <le +X.) 
gh +X A) =] 5 Oh +X) Hr [PCCM < Cs <5 +X 


and f(x.) - [$0 +x)]-[% =F, +x)| f(c,), Fe +X) <6, < Xx, 
On subtracting the corresponding sides of these equations, we get 


at [Ft + x)|-f0.) —f(x,) = 16% -x,) [F(e,)-f"e,)]- (2) 


Since f"(x) exists V x € R, f satisfies the conditions of Lagrange’s mean value theorem in the 
interval [c,, ¢,] and so 
f(c,) - F(c,) = (c, - ¢,) f(t), for some t ¢ Je,, cf. 
As given f(t) > 0 and c, > c,, so (c, — c,) f" (t) > 0. 
Thus f (c,) - f(c,) > Oi.e., f(e,) - Fc.) < 0. 
Also X,>X%, >, - x, > 0. 
Using these inequalities in (2), we get 


2 [Fx + x)| —f(K,) -f(%,) <0. 


Hence 1[ 3 + x)| z FG) + fx). 

Ex : If f', g’ are continuous on [a — h, a + h] and derivable on ] a —h, a + h [, then prove that 
f(a+h)-2f(a)+f(a—h) _ f"(d) 
(a +h) - 2g(a)+9(a-h) g"(d) 


for some d « ] a—h, a +h [, provided g (a + h) — 2g (a) + g(a — h) # 0 and g’(t) # 0 for each 
tela-hath[. 
Sol. We define a function 6 on [a — h, a + h] as follows : 


(x) = f(x) + Ag(x) + Bx + C, «(1) 
where A, B, C are constants to be determined by 
(a - h) = (a) = g(a +h) = 0. (2) 


Since f and g are continuous on [a — h, a + h] and Bx + C is also continuous on [a — h, a + hj, 
so by (1), 4 is continuous on [a — h, a + h]. Similarly, $ is derivable on Ja — h, a + hf. By virtue of (2), 
¢ satisfies all the conditions of Rolle’s theorem in each of the intervals [a — h, a] and [a, a + hl]. 
Consequently. 
ot.) = 0, for some t, < Jah, af, 


and o(t,) = 0, for some t, € Ja, a + hf. 
For any x ¢ Ja—h, a +h [, we have by (1), 
(x) = f(x) + Ag’) + B. (3) 


Since f' and g’ are continuous on [a — h, a + hj, so by (3), ¢’ is continuous on [a — h, a + h]. 
Similarly, ¢' is derivable on ] a — h, a + h[. Also ¢'(t,) = ¢'(t,) = 0. Applying Rolle’s theorem to ¢' on [t,, 
tJ], there exists some d ¢ It, t,[ such that 9"(d) = 0 for some d « ] t,, t, [. Using (3), 

f(d) + Ag"(d) = 0 = A = — f'(d)/g" (d). (A) 

From (2), o(a + h) — 2 6 (a) + ofa - hy =0 
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or [f(a + h) — 2 f(a) + f(a — h)] + Alg(a + h) - 2g(a) + g(a — h)) 
+ [B(a + h) + C -2 (Ba + C) + Bla-h) + C]=0 


f(a +h) - 2f(a) + f(a—h) 
‘g(a th)—29(a) + g(a—h) (8) 


or 


From (4) and (5), we get the desired result. 
Ex : Show that 


(a) ys log (1 +9) <x > 0. 


2 


(b) < log (1 +x) < x3 Gy Kr 


x? 2 


(c) eta x>0. 


Sol. Let f(x) = log (1 + x) -—, so that f(0) = 


We shall show that f(x) > 0 for x > 0. 


1 


, 
Now 10> ax GaP Tea 


y? 0, for x > 0. 
Thus f(x) is an increasing function v x > 0 


=> f(x) > (0), forx > 0 
=> f(x) > 0, for x > 0 ¢. f(0) = 0) 


= log(1 + x) x7 x>0 
clog (140), x> 0. 
Tex < 99 x), x 
Let (x) = x — log (1 + x), so that 4(0) = 0. 
1 1 a 0, fe >0. 
=4-——=. > 
4) 14+Xx “T+ +X ore. 


Thus (x) is an increasing function of x, for x > 0 


> (x) > f(0), for x > 0 
> ox) > 0 ¢ 6(0) = 0) 
=> x—log (1 + x) > 0, forx> 0 \ 
> log (1 + x) < x, for x > 0. 
x 
Hence Tnx *< 09 (l+x)<x,x>0 


(b) Let f(x) = log (1 + x) {x-%), £(0) = 


g 
Rie: 


1 
100 = 


q7 0. (2 x > 0) 
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= f(x) Is an increasing function of x, for x > 0 «..(2) 
=> — f) > (0), forx>0 => f(x) >0 ¢: {( = 0) 


2 
> bg 1 +x)-(x-¥}>0,forx> 0 


< log (1 +x), x>0. 


2 


x 
Let =x “Ww log(1 + x), so that $(0) = 0. 

gy cg 1 {2x47 | 1 

ed -3/2} 14x 

92 

“Tew? >0 (: x > 0) 
> 4(x) is an increasing function, for x > 0 
> 4(x) > 9(0), for x > 0 
> f(x) > 0 ¢. f(0) = 0) 


sf 
> X74 ~ 9 (+) FO. fora > 0 


x 


log(T +3) < x97 gag fora > 0 


x a 
Hence x->< log (1 +x) < ~~)’ for x > 0 


(c) By part (b), we have 


2 


xe x 
ake > beg + 0) >a > Oo 
e Pa 
or Zt Xr logt #9) Egy FO: 
2 2 


x x 
Hence Al+x) * X — log(1 + x) < a x>0. 


x 
Ex : Prove that x < sin’ x < ingest FOS HST. 


Sol. Let f(x) = sin’ x — x, so that f(0) = 0. 


=! f(x) > 0, forO<x<1 
> f is strictly increasing in 0 < x <1 
> f(x) > (0), forO<x<1 ( x > 0) 
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> f(x) > 0, forO<x< 1. 
> sin? x —x > 0, forO<x<1 
> sin x > x, forO<x<1 
> x < sin x, forO<x< 1. 
Let g(x) = =- sin" x, so that g(0) = 0. 
-x 
Vine + 220) 
g(%)= 2y1- x? 1 
(1-x*) -x? 
se 1 NN 5 pete ME 
(-Wi-w vine (1-X? 
=> g(x) > 0, forO<x<1 


— g is strictly increasing, for 0 < x <1 
= g(x) > g(0), ford<x<1 (. x>0) 


> sin x, forO<x<1 


= sin’ x < forO<x<1. 


Ex : Using Lagrange’s mean value theorem, show that 


Tax < O91 tx <x x> 0. 


1 
Sol. Let f(x) = log (1 + x) in [0, x], so that f'(x) = Tox 
Since f is continuous in [0, x] and derivable in JO, x[, so by Lagrange’s mean value theorem, there 
exists some 6, 0 < 8 < 1 such that 


tae). (8x) (Jo, xf = Jox, 1x [, ¢ = 6x) 


x 
or log (1 + x) “Tuer 


i * f(0) = 0] (1) 


Now 0<6@<1andx>0 > Ox<x 


1 1 
> THOx oUt Tee Tee 
x x x x 
ee — 
- 140x° 1+x  1+x = 14+0x 2) 


Again 0<6<1andx>O>y< 1+ 0x 


— <i>, 
1+ 6x 1+ 6x 


> x (3) 
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From (2) and (3), we obtain 


x x 
< 


< 
1+x 1+6x 


From (1) and (4), we obtain 


x. (4) 


Tax 99 (l+x)<x. 


Ex : Use the mean value theorem to prove 
x , 
Tae < tart x <x, if x > 0. 
Sol. Let f(x) = tan x in [0, x] 


Then f satisfies the conditions of Lagrange's mean value theorem in (0, x]. Consequently, there 
exists some 6 satisfying 0 < @ < 1 such that 


$6) 10) _ ex) |) =—1, and f(0)=0 
x-0 \ 1+x 
ys 
or tan" x Trex: .(1) 
Now 0<@<1andx>0 > @xX<xX > 14+ VP <14+% 
x x x x 
= Teo Text Te? 10 2) 
AgainOd<0<1andx>0 > 1<1+6?x? 
1 x 
aaa 1 9 x 
= Teo | Tren <* sa) 
From (2) and (3), we obtain 
x x 
oo Soe 5% K07 al 
Tex Tox i. (4) 


From (1) and (4), we obtain 


<tan'x<x, x>0. 


x 
+x? 
Ex : Show that 


1 teehee if -1<x<0. 
2 2(1+x) 


Sol. Let f(x) = 


1 
— log (1 + x) -7%, So that f(0) = 0. 


, 1 x? 
te)=1--1 -x=-( 25). & 
Now -1<x<0-—>x +1 > 0. Thus, by (1), 
f(x) < 0, for-1 <x <0 
> f is decreasing for-1<x <0 
> f(x) > f(0), for -1< x <0 


281 
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=> f)>0, for-1<x<0 
1 
> pW ex-log (1 +x), for-1<x <0. 
1x 
Let (x) = 2G pq ¥ + log (1 + x), so that g(0) = 0 
r(x) = 2x+x? > x? 
a 201+ xy 14x 2(1+ x)? 
> g' (x) < 0, for-1 <x <0 
> g is decreasing, for -1 <x <0 
=> a(x) > 9(0), for-1 <x <0 
> g(x) > 0, for-1<x<0 
xa Ie fey elet 1<x<0 
SE) Sage 


Ex : Prove that 


2 < 
x" 9 * 30am) 


2 a 


x x 
Sol. Let f(x) = log(1 + x) Sea], 
3x? +2x? x 
F(x) = az! = 
= +*"SGax? Bae 
> f(x) > 0, forx > 0 
> fis increasing, for x > 0 
= f(x) > f(0), for x > 0 
=> f(x) > 0 
x re 
= X-> i Bix) < O91 +%), if x > 0. 
Pt 
Let g(x) =x <ats log(1 + x). 
xe 
i = - 2 _ ——_— = ——— 
PONS | are x 1+x 14+x 
> g(x) > 0, forx >0 
> g is increasing, for x > 0 
> a(x) > g(0), for x > 0 
> g(x) > 0 
a 
= log (1 +x) < x54, fx > 0. 
Ex: If 0 <x < 1, show that 


2x < ion xe Re afteg. 


1- 


x 
<log(l+x) <x-= +, if x>0. 


(. f() = 0) 


(- 9(0) = 0) 
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Sol. Let f(x) = log-—— — 2x. 


1+x 
1-x 


yy 1X [l= x)+ (1+ x)] _ 2 ny. 2x? 
=x] (I-x}? | a a 


Clearly, f(x) > 0, for 0 < x < 1 = f is increasing, forO < x < 1. 
In particular, f(x) > f(0) = 0 as x > 0 


TES By for O<x<1. 
1-x 


log 


1+x 
Hence 2x< logy forO<x<1. 


/ 2 
1 x 1+x 
Let g(x) = alts: ir) -ool 22. 


ty apo 2] IE X?).Bx7+x7.2K]_ 2 
FQ) S21 (=x Te 


6(1—x?)? + 2(3x? —x*) -6(1— x?) 4x! : 
om 30-2) “Baga H Osxct 


Thus g(x) is increasing, for 0 < x < 1. In particular, 
g(x) > g(0) = 0 => g(x) >0 


(,,1 
Hence og 372 2 


Ex : Prove that tan x > x, whenever 0 < x < n/2. 

Sol. Let c be any real number such that 0 < c < n/2. 

Let f(x) = tan x — x for all x € [0, cl. 

Then f is continuous as well as derivable on [0, cl]. 

Now f'(x) = sec? x — 1 = tan? x > 0, forO<x<c. 

Thus f is strictly increasing in [0, c] 

> f(c) > f(0), for c¢ > 0. 

But f(0) = 0. Therefore f(c) > 0 => tanc-—c>0. 

Since c is any real number such that 0 < c < 7/2, therefore, 
tan x > x, whenever 0 < x < 7/2. 


sinx 


Ex: snowitnet Seeks 1 02 wee. 
® 2 


Sol. Let f be defined as 


sinx , 
toe if x<0, 


1, if x=0. ty) 
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Then f is continuous in [0, 2/2] and derivable in Jo, x/2{. 


We have f(x) = ee +(2) 
Let g(x) = x cos x — sin x in [0, 2/2] 
g(x) = cos x — x sin x — cos x 

=-xsinx <0 in JO, 7/2. 
= g is strictly decreasing in [0, 1/2]. 
=> — g(x) < g(0) = 0 in [0, x/2] (. x > 0) 
Using in (2), it follows that f(x) < 0 in JO, x/2[ 
> f is strictly decreasing in [0, x/2] 
> f(0) > f(x) > f(n/2), for 0 < x < n/2 
> 1> SOX, using (1) 


R 
<1, forO<x< 7 


2_ sinx 
Hence —< 
e & 


Ex : Prove that 
tanx 


x Ea 
—— > ——,, whenever 0< x < >. 
x sinx ps 


x sinx xsinx 
Since x sin x > 0 for all x in JO, 7/2[, therefore, we need to show that 
tan x sin x - x? > 0, V x € JO, n/2[. 
Let c any real number in JO, x/2[. 
Let f(x) = tan x sinx — X Vx € [0, c] 
Then f is continuous as well as derivable in [0, cl]. 
Now f(x) = sec? x sin x + tan x cos x — 2x 
= sin x (sec? x + 1) — 2x. 
The form of f'(x) is such that we cannot decide about its sign. 
Let g'(x) = cos x (sec? x + 1) + sin x . 2 sec? x tanx-—2 


= (Jsecx —Vcosx)? + 2 sin? x sec? x. 
Since g’(x) > 0 for all x < ]0, cl => g is strictly increasing in [0, cl] 
=> g(x) > g(0), whenever 0 < x < c. Since g(0) = 0, this means that g(x) > 0, whenever 0 < x 
< c= f'(x) > 0, whenever 0 < x < c > f is strictly increasing in [0, c] = f(c) > f(0) = 0 = {(c) > 0. 
= tanc sinc-—c?>0 


c sinc 
Since c is any point of ]0, x/2[, it follows that 


mnt tts whenever 0<x< = 
x — sinx 2 
Ex. Verify Lagranges MV Theorem for the function f(x) = | x | in the interval [-1, 2]. 


Sol. L The given function is continuous in [-1, 2], because 
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and — f(a-0) =lim|a—h]=|a| 


L,. At the point x = 0 of the open interval (—1, 2) 
‘ (0+ h|-0 
f (0+ 0) =lim'—]— =1 


110-0)=fim“N-9_ 4 
Thus f'(0 + 0) # f'(0 - 0) 
Therefore the given function is not derivable in (-1, 2). 
Hence Lagrange's theorem is not applicable for the given function. 
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3. TAYLOR’S THEOREM 


Taylor’s theorem with Lagrange’s form of remainder; 
Statement : If a function f with domain [a, a + h] is such that: 
@ ft is continuous in [a, a + h] 
(ii) f" exists in (a, a + h) 
then 3 & (0, 1) such that : 


ye 
(n-1)! 


: ‘i 
f(a + h) = f(a) + hfta) o "(aye + f(a) + Tima +0h) 


Proof : Let us define a new function ¢ with domain [a, a + h] involving the derivatives of f as 
follows: 


(a+h- x)? 


40%) = £0) + (@ + N= x) PQ) BE POD arrereene 
ha)" oa hx) 
eg ees 0) 
where Ais a constant to be determined such that 
4 (a +h) = 4a) (2) 
From (1), o(a+h) =f (a +h) (3) 
he nm hr 
and = (a) = f(a) + hf (a+ f@)* Gay fret (ator A (4) 
Using (3) and (4) in (2), we obtain 
en ee ht hn 
f(a + h) = f(a) + hf (arf (+--+ Go fri(aj4 A (5) 


The value of A is given by (5). 
Now by first condition, f(x), f(x), (x)...f-"(x) are continuous in [a, a + h] and their derivatives exist 
and are finite in (a, a + h). 
(a+h-x)? (a+n-xy° 


2 4 nil are continuous and derivable for all 


Polynomials of x, (a + h — x), 
values of x. 

Therefore the function is also continuous in [a, a + h] and derivable in (a, a + h). 

Thus the function 9 is : 

R,. Continuous in [a, a + h] 

R,. Derivable in (a, a + h) and 

Ry. (2) = Ha + h) Iby (2)) 

Therefore the function satisfies all the three conditions of Rolle’s theorem and accordingly, there 
exists at least one positive number 6, 0 < @< 1, 

where 


(a + oh) = 0, 0<0<1 (8) 
Differentiating (1), 
o(x) = FX) + [a + h- x) FOd - FOO] 
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(a+h-x) ¢., 
-| Tr f 


+ i ate is iy + 


(x)-(a+h-x)f “| 


(a+h—x)"" (at+h—-X) gaa (a+h-xy" 
+| ay Gar oo @-y 4 


The terms cancel in pairs on RHS, therefore 


fy) _(ath-x)" (at+th-x)"" 
00 = Gay 1 a 
Therefore $'(a + 6h) = {a er [f"(a+eh)- A] 
a 60 Sa [f(a +0h)-Al, Iby (6) 
ty) @th= x)" myyy _(ath-x)"" 
$00 = Gay 00-GaaA 
therefore $'(a +h) = St *(a+0h)—A] 
a ag Hanah Inve] 
=>  A=f(a+ oh) [-heoQ-e@20) 


Substituting the value of A from (7) in (5), we obtain the required result. 
Hence Proved. 
Remainder after n terms [R] : 


Tras oh),0<0<1 


This is also known as Lagrange’s form of Remainder. 
Taylor’s theorem with Cauchy’s form of remainder : 
Statement: If a function f with domain [a, a + h] is such that 
@ f+ is continuous in [a, a + h] 
(ii) f exist in (a, a + h) 
then 3 (0, 1) such that : 
f f(a)-+hF'(a)+ Pt ne gt(aye ft " 
h)= he =f" nl => (1- 6)" f"(a + Oh). 
(ath) =f(@) +h (a) + 51) ra. lM) + a ll-OICa +0h) 


Proof. Consider a function » defined as follows : 
(a+h-x)? 
1 


o(x) = f(x) + (a+ h—-x) Fa) + 3 


f(x) +... 


(a+h-xy"! 
(n-1)! 


f™"(x)+(a+h-x)A (1) 
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where Ais a constant to be determined such that 


(a + h) = 6(a) (2) 
From (1), o(a + h) = f(a +h) (3) 
and o(a) = f(a) + hf(a) +. + oan (a) + hA (4) 


Using (3) and (4) in (2), 


ent 


f(a + h) = f(a) + hf(a) + Fre) tae F @-) 


ft (a) + hA wA5) 


The value of A is given by (5). 

Now by the first condition. 

00), £00), £00, ..., 1 Q) are continuous in [a, a + h] and their derivable f'(x), f"(x), .... f(x) exist 
and are finite in (a, a + h). 

(a+h-xP = (a+h-x)" 

and the polynomials (a + h — x), agg ee a 

are continuous and derivable for all values of x. Therefore these are continuous in [a, a + h] and 
derivable in (a, a + h). 

Thus the function 4 is: R,. continuous in [a, a + h] 

R,, derivable in (a, a + h) 

and Ry, 6(a) = 4(b) 

Thus the function 9 satisfies all the three conditions of Rolie’s theorem, accordingly there exists 
atleast one positive number 6, 0 < 6 < 1, where 

o(a+eh)=0, O0<0<1 (6) 
Differentiating (1), we get 
$(x) = F(x) + [(a + h — x) FOX) - FOO] 


" [Serve (a+h-x) ra] 


2! 
(a+h—-x)" (a+h—x)? .,, 
[ean ss sar 9] 


The terms cancel in pairs on RHS, therefore 


#0) PAO ya 


(n-1)! 
Therefore $(a + 6h) = ena + 0h) -A 
h—@h)"" 5, 
o- fot (a+0h)-A [by (6)] 


AD) 
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Another form : 
Replacing h = b — a in the theorem, we get the following useful form : 


(b-aY as 


f(b) = f(a) + (b - a) F(a) + ———f{a) +... 


tba) pe (b=a)"(1-0)"" fn 
@-1) f(a) + (a9! ——f"[a +0(b—a)],0<0<1 


(hy 


f(ath) = f(a) + (h) f(a) + ae to. 


f"(a)+R,,0<0<1 


‘a ¥ 


Remainder after n terms [R,] : 


—f"(a +h) 


This is known as Cauchy's form of Remainder. 
Taylor’s theorem with Schlomitch and Roche form of Remainder. 
Statement : If a function f defined in [a, a + hl is such that : 


(0) its all derivative upto order (n —1) i.e. f" are continuous in [a, a + h] 
(ii) f* exists in (a, a + h) 
(iii) peN 
then 3 6 & (0, 1) such that : 
fa i Ae ges h'(1-0)"? 5, 

f(a +h) = f(a) +hf'(a)+ Th la) Holt =i ‘a)+ p(n) f*(a+0h),0<0<1 
Proof. Consider a function > defined as follows : 

2 

$0) =f) + (a +h—x) FO Orhoy fe) +. 
f(x) + (@th—-xpPa w(1) 


where Ais a constant to be determined such that 


oa + h) = 4(a) 2) 

From (1), o(a + h) = f(a + h) (3) 
and (a) = f(a) + hf(a) +t ra) Fas 

+h cam f(a) +h A wf4) 


Using (3) and (4) in (2), we get 


2 
f(a + h) = f(a) + hf(a) Tra) tit oa ye (a) + hea (5) 
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The value of A is given by (5). 
Now the function 9 is : 
(R,) continuous in [a, a + h], because 
f, f', f, .... fe, (a - bh — x are continuous. 
(R,) derivable in (a, a + h), because 
f, f', fF, ... ', (a- bh — x) are derivable. 
(R) ofa + h) = aa) 
“Thus the function f satisfies all the three conditions of Rolle’s theorem, according 30 « (0, 1), 


where 
g(a + eh) = 0 ++(6) 
(a+h-xy" 
But 6%) = “apr PO) - Apta +h — xy 
> = ¢(at 6h) = (n=)! f(a + @h) — A phe (1 - 8)" 
> o(a + Oh) = 
_ (l-ey? 

— A= pin- 1! ———_ fr(a + 8h) w(7) 


Substituting the value of A from (7) in (5), we obtain the required result 
Important Special Case : 


he 
i When p = n, then R,(x) = a f(a + Oh), 


which is called Lagrange’s form of remainder and we get 
Taylor's theorem with Lagrange's form of remainder. 
he)" 
(n-1)! 
which is called Cauchy's form of remainder and we get 
Taylor's theorem with Cauchy's form of remainder. 
Another form : 
Replacing a +h = x or h = x —a, we get the following form of Taylor's theorem : 


rs <a (x-a)"" 


2: When p = 1, then R,(x) = f(a + 6h), 


Ha) = fa) + (x — a) Peay +SEE prays. # TEA Pe) + Ry 
were R= ESE op la + ox-al 8) 


is called the remainder after n terms. 
Maclaurin’s theorem : Statement : 
If @ function f with domain [0, x] be such that 
(1) all of its derivatives upto order (n -1) are continuous in [0, x] 
(2) f" exists in (0, x) 
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(3) p < N, Then 486 (0, 1) such that 


f(x)= (0) +x6(0) 4" (0) +... a Sr eR, 
x"(1-0)"* ,, 
where R, ee (0x), 0<@<1. 


Proof. First of all we observe that condition (i) in the statement of theorem implies that f, f, f", 
are all defined (i.e., exist) and continuous on [0, x]. 


Consider the function @ defined on [0, x] as 


e ani 
ott) = 1 + &—) FQ) + wo ret fi) + AQ - ty 


re ie 


where A is a constant to be determined such that $(0) = (x). 


a 


But (0) = {(0) + (0) + = 10) +. +a Ti IO) + awe 

and (x) = f(x) 

: 4(0) = 6) 

> f(x) = (0) + xf(0) + x Oe toa fri(0) + Axe mo) 


Now, (i) Since f, f’, f", ..., f-' are all continuous on [0, x] and (x — ty}, r € N is continuous on R. 
is continuous on [0, x]. 

(ii) Since f, f', f", ..., f*! are all derivable on (0, x) and (x — ty, r © N is derivable on R. 
4 is derivable on (0, x). 

(iii) Also (0) = $(x) 

Thus the function » satisfies all the three conditions of Rolle's Theorem on [0, x] and, hence, 

there exists a real number 0 < (0, 1) such that 9'(0x) = 0. 
But o(t) = f(D) -— FI) + &K- NPQ -&-H Pr) +... 


ei 
= ST f(t) — pA — te 


+ 


(x=) 5, 


““@-D! fr(t) -pA(x- 1)?" [other terms cancel in pairs] 


(x —@x)"" 
= HX) = “ray (OX) — PAK — Ox)" 


2X11 0)" engyy — page — 9) 
=a! £"(Ox) — pAx? "(1-8)" 
(6x) = 0 
1-ey 


=> “ay f°(6x) = pAxe (1 — @)Pt 
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X="? 
s a £°(0x) 


Putting this value of A in (1), we have 


“tay? 


10) at a emiygy 7 
F(x) = f(0) + xf"(0) + at Ossett ay (0)+ pn) £"(Ox) 
x" (1-0)? 
The term R, os f(x) 


which occurs after n terms in known as Schlomilch and Roche’s form of remainder. 


x"(1—e)! 
Note. (i) For p = 1, we get R, = ee f(x) called Cauchy's form of remainder. 


x” 
(i) For p = n, we get R, = ar f(8x) called Lagrange’s form of remainder. 
Ex : Prove that the number ‘0’ which occurs in the Taylor's theorem with Lagrange’s form of 


1 
remainder after n terms approaches the limit nai 38 h approaches zero provided that fr*' (x) is 
continuous and different from zero at x = a. 


Sol. By Taylor's theorem with Lagrange's form of remainder after n terms and (n + 1) terms 
successively, we have 


oa 


f(a +h) = f(a) + h(a) +... + ma fm (a) + ue f(a +h) where 0<0<1. 


al 


f(a + h) = f(a) + hf'(a) +... + r fr(a) + mo 


fo (a + @,h) where 0 < 6, < 1. 


not 


hr 
On subtraction, we get 0 = ae {f(a + Oh) — fr(a)] — f(a + 6h) 


(n+1! 


or f(a + 0h) — Fla) = he (a+ 6h) Al) 


Using Lagrange’s mean value theorem for f(x) on [a, a + Oh], we have 

f(a + Oh) = f(a) + hfe"! (a + 6,6h) where 0 < 0, <1 
or f(a + Oh) — f(a) = hf"! (a + 6,6h) (2) 
From (1) and (2), we have 


-_— 1 f"(a+ oh) 
ft (a + 0,h) or 8 = net f "(a+ 0,0h) 


ahi (a + 0,0h) = 


Wiese ere TO ee 
hoo On +1 f"(a+0,0h) n+ f(a) [. f°"(0) is continuous] 


eet [- f(a) = 0] 
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—x : Assuming the derivatives which occur are continuous, apply the mean value theorem to 
prove that 
49) = F'{fOo)} F(x) where 9(x) = FifOd). 
Sol. Let f(x) = t so that $(x) = F(t) 


OX +h)- (x) _ | FAR(x + h)} - FAF(X)) 
h 


h 


Now 41x) = lim =i 


slit 
hed 


im Fat (2) + HE ‘ 8h) FO) where 0<0, <1 


[f(x + h) = f(x) + hf(x + 8,h) by Mean Value Theorem] 
F(t+H)-F(t) 
h 


=lim where H =hf'(x + 0,h) 
nO 


F(t) +HF'(t + 0,H) - F(t) 


= tim hh where 0<@, <1 
[F(t + H) = F(t) + HF(t + 6H) by Mean Value Theorem] 
=lim HF'(t+0,H) = tim hf'(x + Oh) Fit + @,hf'(x + 8,h)} 
nO h no h 


= lim {"(x + @,h) F'{f(x) + @,hf'(x + O,h)} 


= f%) Ff) [.- f and F' are continuous] 
= F'{f(x)} F). 
Ex : Using Taylor's theorem, show that 
x? i? ¥ 
@ CSRET- Vx ER (ii) TAS tee Tt KH exe 0 
2 x? eat 
(iii) X-3)< sinx <x x>0 (iv) x-Gps sin sx-Zit+gy, x20 


Sol. (i) Case 1. Let x =0 


2 


x x 
The cosx= 1, 1-3 = 1 te cos x= 1-—. 
Case 2. Let x > 0 and f(x) = cos x 
Then f(x) = - sin x, f(x) = - cos x 
2 
Since f(x) = £(0) + xf\(0) + 5 f"(@x) where 0 < 8 < 1, 
x? 

cos x = 1-7 cos Ox 

But cos 6 < 1 Ox, x >0 
x? x x 
1-y cos @x>1-> > cosx>1-—>. 


Case 3. Letx <0 
Put y = -x so that y > 0 
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2 


By case 2, cos y > 1% — cos (-x) > 1- = cos x > 1-—> 


2 


x 
Combining all cases, cos x > 1 “7 VxeR. 


(i) Let f(x) = e*, e > 0, then f(x) = f(x) = et 
Since f(x) = f(0) + xf'(0) = F(0x) where 0 <0< 1 


Z 
e=1+x +e 
2 


Now Q0<@<1 and x>0 > Q<6x<x 
> ee < eX < @& [.: e* is an increasing function] 
2 ge a 2 2 2 
> tet Fertexs h ctext et clone Ser 
x? x? 
> a a a 
(ii) Let f(x) = sin x, x > 0, then f'(x) = cos x, f"(x) = — sin x 
f(x) = -— cos x 
x2 x 
Since f(x) = f(0) + xf'(0) + 7) Ly f"'(0x) where 0 < 6< 1 
Pe 
sin x = x ~Fyo0s 0x 
But cos 6x <1 VOx,x>0 
x x 
X gy cos O x FeO 
q i 
> sin x > x -27 (1) 


Also f(x) = f(0) + xf(@x) where 0< 6< 1 
sin x = x cos 0x 


But cos 6x <1 Vv 6x,x>0 

/ xcos@x<x => sinx<x (2) 
ra 

Combining (1) and (2), we get x -5< sin x <x. 


(iv) Case 1. Let x = 0 


a ie 
Then XG = sinx = x-g te, (each x = 0). 
Case 2. Let x>0 and f(x) = sinx 
Then f'(x) = cos x, f(x) =— sin x, f(x) = - cos x, 


f(x) = sin x, f(x) = cos x 
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2 
Since f(x) = (0) + x (0) + 5 (0) + (0x) 
re 
sin x = x —37 cos 0x 
But cos 0x < 1 V 6x,x > 0 
¢ x 
x ~Fpo0s Ox > x -3r 
_ x? 
= sin x > x -7 -(1) 
x? x x 
Also f(x) = f(0) + xf'(0) + rT f"(0) + rT f"(0) + rT "(0) +e = t(0x) 
sin x = 
But cos Ox < 1 V Ox,x > 0 
Cox x x 
X-3y tg c0s Ox < xX 3 
i ys 
> sink < x-a ty «(2) 


Combining (1) and (2), 


Combining the two cases, we have x -t< sinxsx-y+a,x>0. 


3! 3° 5!" 
Taylor’s Series : 


If a function f is defined in the interval [a + ah] and satisfy all conditions of Taylor's theorem, then 
by Taylor's theorem, 


fa +n) =fle) +hF(a)+ E1(@) ++ A f(a) +R 


(n-1! 
or, f(a +h) = S. + R., where S. represents the sum of first n terms and R, is called the 
Taylor's remainder after n terms. 
lim f(a+h)=lim S, + lim R, 
or, f(a + h) = lim S, 
Therefore if the function f is expressible in an Infinite series, then clearly 
(1) ff (a) exists Vn ¢ N and 


(2) for the convergence of the Taylor's series, 
Taylor's remainder after n terms, R, > 0 when n - =, then 


f(a + h) = f(a) + h f(a) a) tot at fr(a) +... 


The infinite series on RHS is known as Taylor’s Series. 
Maclaurin’s Series : 


When a = 0 and replace h by x, then the Taylor's series reduces to the following form : 
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f(x) = (0) + xf'(0) 4 "O)+ + $00) +. 


This series is called Maclaurin’s Series and is very useful in the expansion of functions. 
Ex : Expand e* as an infinite series. 

Sol. Let f(x) = e* so that f"(x) = e* and f"(0) = ee =1V¥neN 

Clearly, f and all its derivatives exist and are continuous for every real value of x. 
Lagrange’s form of remainder is 


R, = f"(6x), 0<0<1=~-0™ 
nt nt 


x xin 
Let a= yp Vine Nthen a, = Gy ar 
re. 

so that im—— =0<1 

bade: as Co | 
a lim a, = 0 be if tim Ses =land|?|<1 then lim a, -0| 

bas 1 a, nee 
> 


fim R,, = lim Xt = -(1 
n! - 


Thus the conditions of Maclaurin's infinite expansion are satisfied. 
For ail x < R, ex = f(x) 


= {(0) +x (0) ~ (0) +. + x (0) +... 


x? 


S1tx+ 5, nl 


Ex ; Expand sin x as an infinite series. 


Sol. Let f(x) = sin x so that f"(x) = sin (F+x} 


and f-(0) = sin > VneN 
ko 0 , ifniseven 
rs #0) = ly? itnis odd 
> (0) = f*(Q) = = 0, f'(0) = 1, f"(0) = -1, f(0) = 


Clearly, f and all its derivatives exist and are continuous for every real value of x. 
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Lagrange’s form of remainder is 


R) =e t(@x),0.<0.<1=sin{ + ox} 
nt nt 2 


pin + ox] 


‘| 


But 


lim | R, |= 0 and hence lim R, = 0 


Thus the conditions of Maclaurin’s infinite expansion are satisfied. 


2 
For ail x < R, sin x = f(x) = f(0) + xf(0) + a (0) +... =X -—S 


Ex : Expand (1+ x)", me R. 

Sol. Two cases arise according as m is not a positive integer. 

Case 1. When m is a positive integer. 

Let fx) = (1 +x xe R 

Then f*(x) exists for all x and all n. 

In fact, if 1 <snsm, then f(x) = m(m—- 1)(m — 2)... (m—n + 1) (1+ x)™ 
so that f(x) =m! and f(x) =0,ifn>m 


ng). (Mm—-1)...(m-n+1) ifl<sn<sm 
> r0)={ ) ifn>m 


Since f(x) = 0 for all n > m, it follows that R, > 0 as n > ». Thus the conditions of Maclaurin’s 
expansion are satisfied. 


2 r 
(1 + x)” = f(x) = f(0) + xf) + = (0) +... + 5 (0) +0+0+... 


5 (m1) 7 
=1+mx+ 2i +..+% 
Case 2. When m is not a positive integer. 
Let f(x) = (1 +x)" x 4-1 


Taking Cauchy form of remainder, we have 


x 


(n-1) 


R, = (1 - oy" fox), 0< <1 


8 


. aa = 0)", m(m = 1). (m= + 1)1 + Ox) 
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_fm(m-1)...(m-n+) 1-0)" oxy! 
-( (n-1)! #8) (ext 


Now let a= uals) Bu) Sa Dye 


_m(m-1)...(m=n+1)(M=N) ona 
om at as 


so that a 


It follows that if | -x | = |x| <1, then lim a, = 0 


m(m -1)...(m-n+1) 


> rr x" Ofor|x|<1 .(1) 
Since a<0<1 and -1<x<1 
0 < 6x <6 = 1-0<1+0x<1+0 
1-8 1 
> O<1-0<1+6 > ie toe 
Consequently, lit ee J'-0 (2) 
"ome (44 0x = 


Also, since-—|x|<x<lx|l and 0< 0<1 > -OlxIl<Ox<Olx] 
> -—|[x|<-OlxlsOx<Olxl<Ixl > 1-|x]<1+0x<1+/xI 


If m>1, then (1+ Ox)" < (141 x1)"* 
1 


“C+ ox)” 3) 
=(E Ix)" 


and if m<‘1, then (1+ 6x)" 


gE 
(Hix) 

From (1), (2) and (3), we find that for | x |< 1, lim R, = 0. 
Thus the conditions of Maclaurin’s infinite expansion are satisfied and 


2 


Xe og, 
7 f(0) tt a (0) + ... 


(1 + x)” = f(x) = (0) + xf(0) + 


mma) ag ad m(m —1). TFT) oy - 


=1+mx+ 


2! . a 
Ex : Expand log (1 + x) as an infinite series. 
Sol. Let f(x) = log (1 + x) where 1 +x>O0 ie, x > -1 
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(-)""(n-1)! 
Then fr(x) = tex VNEN and x>-1. 


Case 1.When 0<x<1 
Writing Lagrange's remainder after n terms, we have 


x" 
R, = (0x), 0<0<1 


Cya-9!_ cy 
(1+ 0x) n 


x 
onl! 


5 (a) ae 
x= t,then 1R,1= 2(=75) <7 and— > 0 asn > =. 


lim R, =0 


if O<x <1, then sinceO0<6<1 
O<x<1+ 6x 


ej cl te aE 
IRAN * nip ex nan i asn—> x. 


lim R, =0. 
Case 2. When -1<x<0 


need not be less than unity, therefore, it may not be easily shown that 


Since in this case, 


x 
1+ 6x] 


R, > 0 as n > by considering Lagrange’s remainder. 


Writing Cauchy's remainder after n terms, we have 


R= Gopi - 0" Fe), 0< 8 <1 
. . 1 
- a yp! (= ay, Cre =O ) 4 == 
Now -1<x<0 and 0<0<1 > -@< Ox 
> 1-0<1+0x > O<e eet 
14 0x 
Also, -|x|[sx > -6|x|< ox 


-|x|<-OlxI< ox 


> 1-|[x|<1+0x => 


€Eduncle 
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1-9 1 xf 
Gonseauentiy, PR,T= TX 0 i rox] [te ox] Lx 
and |xl*>O0asn>x (since | x | < 1) 
lim R, =0 
ton 


Thus, we find 


Hence 


that if -1 <x <1, then lim R, = 0. 
nv 


2 : 
log(1 + x) = f(x) = £(0) + xf(0) + (0) + SP) to 


af x go a 
=log1+x.1 tt a2 we ER 


SPEER ee ye 
pport@ 
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4. MAXIMA AND MINIMA OF ONE VARIABLE 


Let | be an interval. 

A function f : | + 2 is said to have a global maxima (or an absolute maximum) on | if there exists 
a point c € | such that f(c) > f(x) for all x < |. c is said to be a point of global maxima for f on |. 

f is said to have a global minima (or an absolute minimum) on | if there exists a point ¢ ¢ | such 
that f(c) < f(x) for all x € |. c is said to be a point of global minima for f on |. 

A function f : | -» B is said to have a local maximum (or a relative maximum) at a point c ¢ | 
if there exists a neighbourhood N (c, 8) of c such that f(c) > f(x) for all x € N (c, 8) 1. 

f is said to have a local minimum (or a relative minimum) at a point c ¢ |, If there exists a 
neighbourhood N(c, 8) of ¢ such that f(c) < f(x) for all x e N(c, 8) nL. 

We say that f has a local extremum (or a relative extremum) at a point c ¢ I, if f has either a 
local maximum or a local minimum at c. 

Note : If f: 1 > B has a local maximum (a local minimum) at a point c < | then c is a point of 
global maxima (a point of global minima) for f on N(c, 5) 7 1 for some suitable 3 > 0. 

N(c, 8) =(c-5,¢+8) 

Theorem : Let f : | > ® be such that f has a local extremum at an interior point c of |. If f'(c) 
exists then f'(c) = 0. 

Proof. We prove that theorem for the case when f has a local maximum at c. The proof of the 
other case is similar. 

Since f'(c) exists, either f(c) > 0, or f(c) < 0, or f(c) = 0. 


Let f'(c) > 0. Then tm He), 0. 


Therefore there exists a positive 5 such that > Ofor allx e Nic, OL 


fog -f(c) 
x-c 
Let c <x <c +8. Then x—c > 0 and therefore f(x) > f(c) for all x € (c, c + 8). This contradicts 
that f has a local maximum at c. 


Consequently, f'(c) 20... ... (i) 


Let f(c) < 0, Then tin PI=HO) 0. 


Therefore there exists a positive 3 such that 


Hope IG) < 0 for all x e Nic, 8) AI. 
x-c 


Letc -85<x<c, Then x—c <0 and therefore f(x) > f(c) for all x € (c — 5, c). This contradicts 
that f has a local maximum at c. 

Consequently, f'(c) < 0... ... (ii) 

From (i) and (ii) we have f'(c) = 0. 

This completes the proof. 

Corollary : Let f: | + R and be an interior point of |, where f has a local extremum. Then either 
f'(c) does not exist, or f(c) = 0. 

Note 1. The theorem says that if the derivative f(c) exists at an interior point c of local extremum, 
f'(c) must be 0. A function may, however have a local extremum at an interior point c of its domain without 
being differentiable at c. For example, the function defined by f(x) = | x |, x = R has a local minimum 
at 0 but f'(0) does not exist. 
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Note 2. The condition f'(c) = 0 (when f(c) exists) is only a necessary condition for an interior point 
c to be a point of local extremum of the function f. 

For example, for the function f defined by f(x) = x°, x < R, 0 is an interior point of the domain of 
f. (0) = 0 but 0 is neither a point of local maximum nor a point of local minimum of the function f. 

Note 3. The theorem hoids if c is an interior point of |. 

Let a function f be defined on [0, 1] by f(x) = x, x € [0, 1]. Then f has a local maximum at 1 (not 
an interior point of |), f is differentiable at 1, but f(1) + 0, 

Theorem : (First derivative test for extrema) 

Let f be continuous on | = [a, b] and c be an interior point of |. Let f be differentiable on (a, c) 
and (c, b). 


1 If there exists a neighbourhood (c — 5, c + 8) cI such that f(x) > 0 for x < (c - 8c) and 
f(x) < 0 for x € (c, c + 8), then f has a local maximum at c 

2. If there exists a neighbourhood (c — 5, c + 8) < | such that f'(x) < 0 for x < (c - 8,c) and 
f(x) > 0 for x © (c, ¢ + 8), then f has a local minimum at c. 

3. If f(x) keeps the same sign on (c — 6.c) and (c.c + 8), then f has no extremum at c. 


Proof. 1, Let x < (c — 4, c). Applying Mean value theorem to the function f on [x, c], we have f(c) 
— f(x) = (c — x) f(&) for some x e (x, c). 

Since f'(&) 2 0, we have f(x) < f(c) for x € (c - 6, c). 

Let x © (c, ¢ + 8). Applying Mean value theorem to the function f on [c, x], we have f(x) — f(c) 
= (x — c) f(y) for some n « (¢, x). 

Since f'(n) < 0, we have f(x) < f(c) for x € (c, c + 8). 

If follow that f(c) 2 f(x) for all x ¢ N(c, 8) N11. 

Therefore f has a local maximum at c. 

2. Similar proof. 

3. Let f(x) > 0 for x ¢ (c — 4, c) and for x € (c, c + 8). 

Then f(x) < f(c) for x © (c — 6, c) and f(c) < f(x) for x € (c,¢ + 8). 

Therefore f has neither a maximum nor a minimum at c. 

Similar proof if f(x) < 0 for x € (c - 8, c) and for (c, c + 8). 

Note. The converse of the theorem is not true. 


1 
For example, let f(x) = 2x? + x? sin Pee 0 


=0, x=0. 
Then f has a local minimum at 0. 


1 1 
f(x) = 4x + 2x sin =< cosy. x20 


=0, x=0. 
f takes both positive and negative values on both sides of 0 (in the immediate neighbourhood). 
Examples : 


1 Let fx) =|x|,xeR 
f is continuous on B. f is not differentiable at 0. 
f(x) < 0 for x € (-8,0) and f(x) > 0 for x e (0, 8) for some 6 > 0. 
Therefore f has a local minimum at 0. 

2 Let f(x) =1x-1]+1x-2],x © [0, 3] 
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Then f(x) = 3 - 2x, fO<x<1 
=1ifl<x<2 
=2x-3,if2<x<3. 
f is continuous on [0, 3]. f is not differentiable at 1 and 2. 
f(x) < 0 for x < (1 - 4, 1), f(x) = 0 for x € (1, 1 + 8) for some 3 satisfying 0 < 8 < 1. 
Therefore f has a local minimum at 1. 
f'(x) = 0 for x < (2 - 6, 2), f(x) > 0 for x © (2, 2 + 8) for some 6 satisfying 0 < 8 < 1. 
Therefore f has a local minimum at 2. 
3. f(x) = (kK - 17 (x - 3f, x © R. 
f(x) = 2(x — 1x — 3)) + 3K — 1 (x - 3p 
= (x — 1)(x — 3 (5x — 9), xe R. 


f is continuous on R. f'(x) = 0 at the points 1, 3, 2. 


f(x) > 0 for x € (1-8, 1) and f(x) < 0 for x € (1, 1 + 8) for some 5 > 0. Therefore f has 
a local maximum at 1. 

f'(x) > 0 for x ¢ (3 — 8, 3) and f(x) > 0 for x € (3, 3 + 8) for some & > 0. Therefore f has 
neither a maximum nor a minimum at 3. 


f(x) < 0 forxe (2-82) and f(x) > 0 for x < (22+) for some 5 > 0. Therefore f 


9 
has a local minimum at 5 


Theorem : (Higher order derivative test for extrema) 
Let f: | + R and be an interior point of I. 
If f(c) = f'(c) = ... = f' (c) = 0 and fr(c) 0, then f has 
(0) no extremum at c if n be odd, and 
(ii) a local extremum at c if n be even: 
a local maximum if f*(c) < 0, a local minimum if f*(c) > 0. 
Example : 
1. f(x) = x8 — 5x! + 5x? + 10, xe R. 
Show that f has a maximum at 1 and a minimum at 3 and f has neither a maximum nor 
a minimum at 0. 
For an extremum f'(x) = 0. f(x) = 0 at x = 1, 3, 0. 
f(x) = 20x? — 60x? + 30x. Therefore f"(1) < 0, f'(3) > 0, f(0) = 0. 
Since f'(1) = 0 and f'(1) < 0, f has a local maximum at 1. 
Since f'(3) = 0 and (3) > 0, f has a local minimum at 3. 
Since f'(0) and f'(0) = 0, in order to decide the nature of f at 0, we are to examine 
derivative of higher order at 0. 
f"(x) = 60x? - 120x + 30. f'(0) = 30 #0. 


Therefore f has neither a maximum nor a minimum at 0. 
x 
2 Find the local extremum point of the function f(x) = Ts’ x#1. 


2(1- x)*x + 3x7(1- x)? _ xl —x)'(x+2)_ x(x+2) 


H09)'= ay (-x =») 
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f(x) = 0 at x = -2, 0. 
Let h be an arbitrarily small positive number. 
f(- 2-h) > 0, f(-2) = 0, f(-2 +h) <0. 
(0 - h) < 0, F(0) = 0, F(0 + h) > 0. 
f is continuous at -2. f(x) > 0 for x « (—- 2-6, 2) and f'(x) < 0 for x © (-2, -2 + 8) for 
some 5 > 0. 
f is continuous at 0. f(x) < 0 for x < (—3, 0) and f'(x) > 0 for x € (0, 3) for some 5 > 0. 
Hence f has a local maximum at -2 and a local minimum at 0. 

3. Find the global maximum and the global minimum of the function f on R, where f(x) = 
x?-2x+4 
x 42x44" 
" A(x? -4) 
iG)-—e +2x+4) 

f(x) = 0 at x = £2. f(x) < 0 for |x] < 2 and f(x) > 0 for |x| > 2. 

f is continuous at 2. f'(2 + h) > 0 and f'(2 — h) < 0 for sufficiently small h > 0. Therefore 


eR. 


1 
f has a local minimum at 2 and f(2) = z 


fis continuous at -2. f(-2 + h) < 0 and f\(— 2 — h) > 0 for sufficiently small h > 0. Therefore 
f has a local maximum at -2 and f(-2) = 3. 


As f(x) > 0 for x > 2 and f is continuous at 2, f is an increasing function [2, =) and lim 
f0) = 1. 


- 

3 

As f(x) > 0 for x < -2 and f is continuous at —2, f is an increasing function on (—«, —2] 
and fim f(x) = 1. 


Therefore sup f(x) = 1 and inf f(x) = £(2) = 


ree) 


Therefore sup f(x) = f(-2)=3 and inf f(x) = 1. 
xe(ne2} He(-#.-2] 
1 
f(x)=3 and inf, f(x)==. 
Sup f)=3 and inf, {0)=3 
i 
3 
Ex : Find the maximum and minimum points of the function f given by 
f(x) = (x — 1) (& — 2) (x - 3). 


Therefore sup f(x) = f(-2) = 3 and inf f(x) = £(2) = 
ae ke 


Sol. f(x) = x? - 6x? + 11x - 6 
f(x) = 3x2 - 12x + 11 
f(x) = 6x - 12 


For maximum or minimum, 
f(x)=O0 => 3x°-12x+11=0 
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Atx= 2+ 148, ree = 6(2+2 |-12-248>0 


=> fils minimum at x = 2 +a 
Atx=2 “i, f(x) = o(2+308]- 12 =-2¥3 <0 


> fis minimum at x = 2- 28. 


Ex : Show that x° — 5x* + 5x? — 1 has a maximum when x = 1, a minimum when x = 3 and neither 
when x = 0. 
Sol. Let f(x) = x° — 5x4 + 5x? - 1 
f'(x) = 5x4 — 20x8 + 15x? 
f(x) = 20x? — 60x? + 30x 
For maximum or minimum. 
f(x) = 0 => Sx{x? - 4x + 3)=0 


> w(x - 1) (K-3)=0 > x=0,1,3 

Atx = 0, f(x) = 0 

Since f"(x) = 60x? — 120x + 30, f"(0) = 30 #0 
=> f has neither a max. nor mini. when x = 0 

AUx=1, f(x) = 20 - 60 + 30 = -10 <0 

=> f has a maximum when x = 1 

AUx = 3, f(x) = 20(3)° - 60(3)? + 30(3) = 90 > 0 


=> f has a minimum when = 3. 
Ex : Examine the following function for extreme values : (x — 3)° (x + 1). 
Sol. Let f(x) = (x — 3)5 (x + 1)4 
then f(x) = (x — 3)5. A(x + 1)? + 5(x — 3) (x + 1/4 
= (x — 3)! (x + 1)! [4(x — 3) + 5(x + 1)] = (x — 3)¢ (x + 1)? (9x - 7) 
For maximum or minimum, 
f(x)=0 > x=3,-1, 7/9 
Let us test values one by one. 
(i) For x slightly < 3, f(x) = (+)(+)(+) = +ve 
For x slightly > 3, f(x) = (+)(+)(+) = tve 
Since f'(x) does not changes sign as a passes through 3, f is neither maximum nor minimum 
atx = 3. 
(ii) For x slightly < -1, f(x) = (+)(-)(-) = +ve 
For x slightly > — 1, f(x) = (+)(+)(-) = - ve 
Since f'(x) changes sign from +ve to -ve as x passes through —1, f is maximum at x = -1 
fax = f(-1) = 0 


7 
(ii) For x slightly < o 


F(R) = (#)(4)-) = -ve 
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For x slightly > i. FR) = (YAY) = tve 


7 
Since f'(x) changes sign from —ve to +ve as x passes through ru f is minimum at x = 


BAT eV OV es? 

tw =t(5)-(5-3) (51) Se 
Ex : Find the maximum and minimum values, if any, of the function (1 — x)? e%. 
Sol. Let f(x) = (1 - xP e&* 

f(x) = (1 -— x)? . et - 2(1 — xjer 

= (1 —x)(1 — x — 2) e* = (1 — x)-1 -x) &* 

= (x + 1)(k — 1) e = (? - 1) @& 

f(x) = (? — 1)e% + 2x . ef = (x? + 2x - 1) e* 
For maximum or minimum, f(x) = 0 


wln 


ry (@-1)e*=0 > x-1 [. e« #0 for any x € RI 
a x=i1 
When x = 1, f(x) = 2e > 0 = f is minimum at x = 1 

ft, =f) =0 


When x = -1, f"(x) = -2e7 < 0 => f is maximum at x = -1 
fia = f(C1) = de" = die. 


I 
Ex : Find the maximum value of a O<x< a, 


c 
Sol. Let f() = = 
1 
xX.—-log x.1 
7 1-logx 
then f(x) = “a 3 
2f_ 1) ge 
noth x a 109%)2X oy tog x-3x 210g x-3 
al x! = x! oe x? 


For maximum or min., f(x) = 0 = 1-logx=0 
> logx=1=loge>x=e 


2loge-3_2-3_ 19 


When x = e, f(x) = @ ae 


=> fis maximum at x = e. 
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y 
For x slightly > — 


3° FX) = (YAH) = tve 


woln 


% 
Since f'(x) changes sign from -ve to +ve as x passes through a f is minimum at x = 


TV AT AV av es 
tm =1(5)=(5-9)] (5¢1) =e 
Ex : Find the maximum and minimum values, if any, of the function (1 — x)? ex. 
Sol. Let f(x) = (1 -— xP e&* 
f(x) = (1 -— x? . ex - 2(1 — xje* 
= (1 -—x)(1 — x- 2) et = (1 — x)(-1 -x) e* 
= (x + 1) — 1) & = G2 - 1) & 
f'(x) = 0? - 1)e% + 2x. e* = (x? + 2x - 1) e* 
For maximum or minimum, f(x) = 0 
> (@-1)e*=0 > xX -1 
xe 


[.: e* #0 for any x e R] 


When x = 1, f(x) = 2e > 0 = f is minimum at x = 1 
fin = f(1) = 0 

When x = -1, f"(x) = —-2e-'< 0 = f is maximum at x = -1 
fax. = f(-1) = 4e" = die. 


i 
Ex : Find the maximum value of en O<x< a, 
logx 
Sol. Let fQ) = as 


1 
then f(x) = = —— 


7 x & at logx).2x 


_ 2xlogx-3x 2 log x-3 
r x!  e 


For maximum or min., f(x) = 0 > 1—logx=0 
> logx=1=loge>x=e 
2loge-3_ 2-3 1 


When x = e, PQ) = “a = <0 


=> fis maximum at x = e. 


fous =f(e) 292 = 2. 


1\¥ 1 
Ex : Prove that the function (3) ,X > 0 has a maximum at x = er 
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1V 1 
Sol. Let f(x) = ri then log f(x) = x logy = -x log x 


iw” =[xt+109x]= f(x) =—-f(x) [1+1ogx] 


1 
f(x) = f(x) « = F(x) . [1 + log x] 


For max. (or min.) f'(x) = 0 => — f(x) [1 + log x} = 0 
> 1+logx=0 [- f(&) # 0] 
=> log x 1 > xeet 
Also f(e") = -f(e") . e - F(e“)[1 + log e-'] = - (e)". e-0<0 
be fe) =a) 


|= 


=> fis maximum at x = e" = 


Ex : Show that sin x(1 + cos x) is a maximum when x = ee 
Sol. Let f(x) = sin x(1 + cos x) 
then f(x) = sin x(— sin x) + cos x(1 + cos x) 
= cos? x — sin? x + cos x = cos 2x + cos x 
f(x) = -2 sin 2x - sin x 
For max. or min., f(x) = 0 


> cos 2x + cosx=0 > 2 cos Kcosk= 0 

hier ee pes % . 
> either =5 Of G=p > KER 8 XER 
Here we have to consider only the point x = 3 


x WS _ INE CG 


(3 )=-2sin2% sind 2-8 838 
3 3 2 2 2 


=> f(x) has a maximum at x = = 


Ex : Find the maximum and minimum values of the function 


1 1 
sin x + >sin 2x + > sin 3x,O<xsx 


2 3 
. pe; ty 
Sol. Let f(x) = sin x + z sin 2x + 3 sin 3x 
then f(x) = cos x + cos 2x + cos 3x 
f"(x) = - [sin x + 2 sin 2x + 3 sin 3x] 


For max. or min., f(x) = 0 
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= cos x + cos 2x + cos 3x = 0 > (cos 3x + cos x) + cos 2x = 0 
= 2 cos 2x cos x + cos 2x = 0 => cos 2x(2 cos x + 1) = 0 
1 
> either cos 2x = 0 or GOs KF 
Wher dx «KBB op ye 2h _ & Qn 3x 
> either 2x = 5. orx= J > KE BGG 
When x= =, f(x) = -| sin + 2sind + 3sin Sz |= ~| Loe 2] - +2422) <0 
4 4 4 ID = 
+ “ us 
> f is maximum at x = vi 
tom =*(3)= sin + sin + Mein 3% - L,1,1 1 Av2+3 
4 42°23 4 22°32 6 
= 2% gy =| gine o5in ot 8 48 RE] 
When x = 3° f(x) [sn 3 + 2sin 3 +3sin2x |-- [3 22s 5 +0}= 2 >0 
" F 2n 
= fis maximum at x = z 
Lane w(2t)=sin2 + 2nd» Lsinae= St 8 mec 
3 a° 2 3.3 ae 2 4 


3: 
When x = Fi f(x) = -[sin3 + 2sin St +3sin3E | 
fa 1] 
=-|—=-2+3.—= |=-[2V2-2<0 
v2 V2) 


7 F 3x 
=> f is maximum at x = -e 


1.1.11 4/2-3 


“2s . 


Ex : Prove that the function f(6) = sin? 6 cos’ ® has a maximum at 


q = tan (i. 


Sol. f(@) = sin? 8 cos? @ 
f'(8) = sin? 6 . 6 cos*' 6 (— sin 6) + p sin®" 6 (cos 6) cos?0 


a 
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= -q sin’' 6 cost’ @ + p sin?’ 8 cos™' 8 
= sin?’ @ cos*’ 6 (p cos? 6 — q sin’ 0) 
For maxima or minima, f'(@) = 0 
= sinO=0 or cos@=0 or p=cos?@=q sin’@ 


x lp 
> @=0 or e=5 or tno = fe 


Also (8) = sin?" @ cost" @ (p cos? @ — q sin? 6) 
_ Sin? @cos*8 
= “sindcoso | 

(0) = (8) [- p cosec? 6 — q sec? 6] + f(@) (p cot 6 — q tan 8) 


'p cos? @ — q sin? 6) = f(@) [p cot @ — q tan 6] 


At @ = tan” f(0) = 0 


f"(0) = -f(0) [p cosec? © + q sec? 6] at 6 = tan’ AA which is negative 


} 
Hence f(8) is maximum at @ = tan* (2). 
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5. INDETERMINATE FORMS AND L’HOSPITAL’S RULE 
Theorem : (L'Hospital's Rule) : Suppose f and g are differentiable and g’(x) + 0 near a (except 
possible at a). Suppose that 
lim f(x)=0 and limg(x)=0 
or that 


lim f(x)=+2 and limg(x)= + 
0 oe 
(In other words, we have an indeterminate form of type 7 =) Then 


£0) _ jp £08 


g(x) 


if the limit on the right side exists (or is 2 or —«). 


0) 
Indeterminate Forms of Type ry and as 


Ex. Find tim 2X-2 
x" 7X43 
Sol. We have 
li 5x-2 [=| 5-1-0 5 5 
im = =lim== 5 
x 7X43 Lo 7140 er 7 7 
In short, 
wc SX=2 ,. (Sx=2) ,. 5 5 
lim —— = lim =lim === 
or x43 (Ixa3y oe 7 7 
Ex. Find lim mee 
x2 In(x +3) 
Sol. We have 
XK+2 -(§]-« (x+ 2) _) jig +2)" _ x'+2' 
x2 in(x+3) LO} 2 (In(x+ 3) jee he ae re 
Por} (x+3) xa (X38) 
1 3 
ee ee eee ee a a pe | ee 
wn 7 1+0) x? m2 7 (x+3) r2 7 x? 
x+a | x+3 x+3 
In short, 
oy 
mee (x#2) = lim = = lim (x+3)=1 
x2 In(x +3) 2 in(x 43) meal Cre) ocd 
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Ex. Find lim 2. 
wn X? + X-7 
Sol. We have 
; 3 ¢ (3*)' _ 3tn3 [x]. (3tIn3y 
lim = im =lim = = lim 
x ax (x +x-T! 0! Ox41 [x] (2x +1) 
2 13% 
sien 1n3(3*) allies In 3-3" -In3 _ 
xD re 2 
Ex. Find lim 
Sol. We have 
Inx [x (In xy x" xx 1 
lim —=lir so =l = = =0 
wn aay Ot aay EE ty 
2 2 2 
Ex. — Find lim oxten ox 
Sol. We have 
tim Sx—tan5x _ Oy_ lim (5x - tan 5x)' lim 5 -sec? 5x-(5x) = lim 5 -sec? 5x5 
pees 3 LO] x (0)! aay 3x? Sel 3x? 


Ari 5(1- sec? 5x) _ 5 imi sec? 5x 
=) 3 “3 doy x? 
~sec? 0 
Since tim See" 8x is an indeterminate form of type 0 we can use L'Hospital’s Rule again. 
Fal x 


But it is easier to do trigonometry instead. Note that 1 — sec? 5x = -tan? 5x. Therefore 


sin? 5x sin? 5x 
5, 1-sec’5x 5, -tan?5x 5, tan’5x 5, cos? 5x iS 1 
alt 2 “git 2 = sl gla = gine 
5i, sin’ 5x _[0 m(sindx) 5, sinSx) 
=-glim——=| 5 |= = lim 
3x0 x 0 sin{ x “Bleo x 
-| in Se - 1|-- S06: ajo: 3.25=-128 
Ex. Find jim **80% 
x X+608K 
lim Xtsinx fe] _ (x+sinx) _ x'—(sinx)' _, 1+cosx 
Sol cosy, Lal ee (x+cosx) > x'+(cosx) - 1-sinx 
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1+cosx 


One can show, however, that lim 1 does not exist. In fact, we first note that 1 + cos x and 
won Ta 


1+cosx 
1—sin x may attain any value between 0 and 2. From this one can deduce that = attains 


1 


any nonnegative value infinitely often as x — x. This means that tim LE605% does not exist, so 


-si 


L'Hospital's Rule can’t be applied here. 


Ex. Find lim —S0%__ 
xor 1-cosx 
Sol. We have 
lim —SIDX = (sin x)’ = tim £28% __. 


ror T=COSK (1-cosx)’ «+= sinx 


The is WRONG. In fact, although the numerator sin x + 0 as x > 7, notice that the denominator 
(1 — cos x) does not approach 0, so L'Hosptial Rule can’t be applied here. The required limit is 
easy to find, because the function is continuous at x and the denominator is nonzero here: 


Ex. = Find lim—— 
40 


Sol. We have 


lim sinx [2-1 (sinx’) = tim £28% _ _cos0 aly 
tt) x Eo | 1 1 

Indeterminate Forms of Type « - © and 0 - 

Ex. Find lim (x - In x). 


Sol. We have 


lim (x-In x)= [e- ~]=lin{xt- Xs x) lim x{1- na 


Note that 


tim me -[]- lim (may = 


therefore 


lim (x=In x) = lim (1-0 
bh be x 
OR We have 


lim (x In x) =[2.-] = lim (In(e)* ~Inx) = lim n=) 


(rs) s(t] fe) 


Fe 


a 
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Ex. Find lim gt P 
soi tinx x-1 
Sol. We have 


= Vx=-1)  Inx-1 
[==e]=im ( x= 1) In net 


xin oi (x=1-In x)" 


=lim =|—|=lim 
xt In x(x-1) LO} 7 (In x(x-1))’ 
1 1 
x’ -T-(In xy "x 
=lim =ltt 
aot (In x)'-(x- 1) +I x(x - 1) eA X=T ny 
x 
tx-Lx 
=lim x 
xAX=7 
——-x+IN xx 
x 
fin | ain Oty Ret 
xtx—T4 xin x LO} xt (x-1+x In x) ot x'-T+x' In x+x(in x)’ 
" 1-0 i 1 1 1 
=i =lim = == 
mt Ts" 2+inx 240 2 


1-0+1INx+x-— 
x 


Ex. Find im (tanx)"*. 
Sol. Note that lim, (tan x)** is »° type of an indeterminate form. Put 


y = (tan x)?" 
then 
In y = In ((tan x)*") = (2x - x) In(tan x) 


ze | =x) In (tanx) _ (2x - x) "(2x - x) In(tan “| In(tan x) 


1 (2x-2) 1-4 © (2x—n)" 
We have 
—_tanxy 
In(tanx) -[=]- im Linttanxyl _ tanx 
xow2 (2x— a)! Loe] re 2[(2x— x) PO 2 (-1(2x- x) ?(2x- 2)! 
ii 1 
—| sec? SiNX cos’ x SINK cog? x 
tanx at es cosx =—— lim £98% 


i" (-1)(2x—n)"-2 0 22 (Qx—ny? — 2¥? (2x—z)' 
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1 
1 jim sinxeosx __1 jim sinxcosx 
Qe? (2x—n)' 242 (2x—n) ?-sinxcosx(2x— x) glee 


-sinxcos x(2x - ny (2x—n)? 


= i X= 1 im Ge-ah [2 ]--4 tim M2x=aT 
2 gin{ 5 Joosx 2em2 cosx  [O|  2*2 (cosxy 


ug 
22x-n)(2x-nY 1 A2K-n)-2_ 2(25-x}2 


1 .2:0-2 
lim = lim =-> =-— =0 
=-3,im 2 —sinx “Qen” —sinx 2 -sin= Zw 
2 
Therefore lim (tan x)" =e=1 
Ex. Find lim x*. 
40" 
Inx 
Sol. In short, y=x, > Iny=xInx= > 
We have 
Therefore 
lim x* =e° =1 
x10 
Ex. Find lim (tan 5x). 
par 
Sol. Note that lim (tan 5x) is 0° type of an indeterminate form. Put 
y = (tan 5x) 
then 
x In (tan5x) — x"'=x In(tan5x)] _ In (tan 5x) 
In y = In(tan 5x)* = x In(tan 5x) = 1 = x4 ami 
We have 
lim In(tan5x) [x im Lin(tan5x)’ = Win ae ‘(tah Sx) 
bo aera al ay ae 
1 sec? 5x-(5xy’ 1. se¢? 5x-4 
= lim tan 5x = lim 1208 
190" -x? 1-90" =x? 
1.590? 5x:5 1 _.s9¢?0-5 
“sin5x in 5x 
lim cos 5x = lim cos0 
0 x? x40" ax 
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1 


= lim SiDSX__— jim SinSx 
wo =X? ed XK? +X? gin 5X 


-5-x? sin5x 


5x? [3] . (5x?) 


= lit || sims 
pL -sin5x [0 pl (-sin5x)° 


Ni OX ji 10K 10-0 
* x0" C08 5x-(5X) 90" —cos 5x5  —cos0-5 


Therefore 


lim (tan5x)" =e" =1 
Ex. Find lim (sin 2x)! *, 
Sol. Note that lim (sin 2x)" * is 0° type of an indeterminate form. Put 
10 


y = (sin 2x)" * 
then 
3x 2 
In y = In((sin 2x)#" *) = tan 3x In(sin 2x) = smSxingon?s) 


We have 


sin3x In(sin2x) Z lim (sin 3x In(sin 2x)) 


jn cos 3x tim cos 3x = lim (sin 3x In (sin2x)) =[0-~] 
.  sin3x In(sin 2x), (sin 3x)*-sin 3x In(sin 2x) . In{sin2x) [2% 
=4 lim = lim : ; = lim — =r 
x0! 1 x40 (sin 3x) "+4 x40 (sin 3x)" Lo 
_ [in(sin2x)'_, —sin'2x-(sin 2xy)__ sin" 2x-cos 2x-(2x)" 


* sett (Sin3x) 'Y «0° —(Sin 3x) ?-(Sin 3xy #0" ~(sin 3x) *-cos 3x-(3x)’ 


é, sin'2x-cos 2x-2_ 2, sin'2x_, cos2x__ 2, sin’! 2x 
© x90 -(gin 3x) ?-cos3x-3 3x0" (Sin 3x)? x0 cos 3x 3x0" (Sin 3x)? 


3x0 (sin 2x) 


= 2 jim SiN 2x-sin 2x-sin?3x___2 |, sin’3x _[0]__2 4 (sin’ 3x)’ 
~~ 3x90 (sin 3x) ?-sin 2x-sin? 3x 3x0 sin 2x LO} 


2 li 2sin3x-(sin 3x)’ _ 2 2sin3x-cos 3x-(2x)’ 


=-= lim 
3x0 cos 2x-(2x)' 3x0 cos 2x-2 

= —2 jim 28iN3x:C0s 3x:3 __2 2sinO-cos0:3 __2 2:0-1:3_9 
3x0 cos 2x:2 3 cos 0:2 3 14:2 


yee 3x 


Therefore lim (sin2x 
10 
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Ex. Find im (2 any 
x+2 


Sol. Note that lim (4) is 1~ type of an indeterminate form. Put (4) 
E i — = it mi q = > 
SO ls) Seem Y= (x42 


then 


+2 x+2 1 x4 x 
We have 
2) MERI gE 
x+2) [0], \ kx+2)) . atlxe2 
int 7 -[3]-1m « y =in= —x? 
X42 (x+1(K+2)-(x+ I(x +2)" X42 14x+2)-1(x+1) 
lim X41 (x+2) aim 21 (x+2}" 
bes x ore =x 
x+2 x+2-x-1 x+2 01 1 
li x4+1° (x+2) x47 RE mm K* (x +2) 
=lim ~ =lim z 
ae x se aa a x 
+1 2) 
cea +2) K(K+ M+ 2) «fim x? =| =] <—tim x 
=x? -x?(x + 1x + 2) wor (x4 1x42) [x] tr x? +3x41 
x< #2 
=lim x =i x =-li =- io 
ne eoxet Ox, 1 ty, 3, 1 1040 
+t tors 
x xe oF x x 


‘ 1V 
Therefore, = lim (= ) =e! 
wo (x42 
Ex. Find lim (1 + sin 7x)**. 


Sol. Note that tien (1 + sin 7x) * is 1° type of an indeterminate form. Put 


= (1 + sin 7x) * 
then 


cos 5x In(1+sin7x) 
sin 5x 


In y = In((1 + sin 7x) *) = cot 5x In(1 + sin 7x) = 


€ Eduncle Mathematics (Functions of One 


We have 
lim £98 5x I(t +sin 7x) _ in G88Sie- ia In(1+ sin7x) 
1 sin 5x 10" 0 sin5x 
(1+ sin7xy 
tim INL SIN7X) _ [0] _ jpg Lin(1+ sin 7x)" _ joy Te sin 7X at 
x0 sinSx O| «0  (sin5x)' 1410" cos 5x-(5x)’ 
1 1 1 
=—=— '60S7x:(7x) ————'0087x'7  ——1-7 
= tim Tesin7x iat Y im Tesindx wY leo 2 
a9" cos 5x5. x90" cos 5x5 15 5 


cot Sx. i 
=e” 


Therefore lim (1+sin 7x) 
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